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STRUCTURAL  DYNAMICS 

STRUCTURAL  MODIFICATIONS  BY  VISCOELASTIC  ELEMENTS 


Paul  J.  Riehle 
Anatrol  Corporation 
Cincinnati,  Ohio 


This  paper  describes  a  modeling  technique  which  predicts  the 
reduction  in  vibration  transmitted  from  one  structure  to  another 
through  a  viscoelastic  isolation  system.  Analytical  or 
experimental  representations  of  structure  compliances  and 
viscoelastic  element  stiffness  and  damping  values  are  used  in  the 
analysis.  Predicted  results  of  an  Isolation  system  are  presented 
and  compared  to  experimentally  obtained  results. 


INTRODUCTION 

The  use  of  modal  analysis  as  an  effective 
tool  for  the  definition  and  solution  of 
structural  noise  and  vibration  problems  has 
been  Increasing  in  recent  years.  One  of  the 
more  interesting  developments  In  this  area 
deals  with  modeling  Individual  components  to 
predict  the  overall  system  behavior. 

Although  this  approach  has  been  limited  to 
low  frequency  ranges.  It  has  enabled 
designers  working  on  structural  dynamics  to 
recommend  changes  to  each  Individual 
component  and  predict  their  effect  on  the 
overall  system.  The  particular  value  of  the 
modeling  approach  Is  that  the  dynamics  of  a 
complete  system  can  be  predicted  if  the 
dynamic  properties  of  the  Individual 
components  and  their  connecting  elements  are 
known.  However,  until  recently  those 
developments  have  been  concentrated  on  the 
joining  of  structures  by  links  of  constant 
stiffness  [lj.  Such  developments  could  be 
more  useful  to  designers  If  such  links  could 
be  of  the  viscoelastic  type  and  the  analysis 
extended  to  high  frequency. 

Introducing  viscoelastic  links  between 
structures  affects  not  only  the  damping;  but, 
also  the  Isolation  characteristics.  In  this 
paper,  a  general  Impedance  model  Is  developed 
for  joining  two  structures  at  a  mmber  of 
locations  by  viscoelastic  elements.  The 
model  can  be  used  to  predict  structural 
compliances  of  linked  structures,  vibration 
transmlsslblllty  and  Isolation  effectiveness 
resulting  from  the  dynamic  characteristics  of 
the  viscoelastic  links.  The  frequency  range 
of  analysis  can  be  extended  using  the  general 
Impedance  linking  model  because,  unlike 


present  modal  analysis  linking  techniques,  it 
is  not  limited  by  the  need  to  extract  modal 
parameters.  The  general  impedance  linking 
model  computations  are  performed  on  a 
frequency  basis  using  physical  coordinates 
rather  than  a  modal  parameter  basis. 

The  predicted  results  will  be  based  on  knowing 
the  directional  and  cross  frequency  response 
functions  at  each  of  the  structural  attachnent 
points  and  the  dynamic  properties  of  the 
viscoelastic  elements.  The  properties  of  the 
viscoelastic  elements  can  be  Incorporated  Into 
the  analysis  in  either  of  two  different  ways. 
The  first  Is  to  use  fixed  stiffness  and 
damping  values  for  the  element,  which  could  be 
either  assuned  or  measured  experimentally. 

The  second  is  to  use  the  measured  properties 
of  the  viscoelastic  material  along  with  the 
shape  of  the  viscoelastic  element  to  compute 
Its  stiffness  and  damping  values  [2]  [3].  The 
properties  of  the  viscoelastic  material  can  be 
used  In  the  program  in  the  form  of  analytical 
functions  of  temperature,  frequency,  and 
static  preload. 

As  an  example  two  slngle-degree-of- freedom 
systems  were  linked  together  with  a 
viscoelastic  element  at  different  temperatures 
and  also  with  different  thicknesses.  Although 
the  analysis  Is  applicable  to  a  wide  range  of 
damping  and  isolation  situations,  it  will  be 
verified  experimentally  In  this  paper  for  the 
case  of  an  isolation  problem  where  a 
compressor  Is  mounted  via  four  viscoelastic 
Isolators  to  a  flexible  plate.  The  agreement 
between  the  measured  and  computed 
transmlsslblllty  Is  shown  to  be  good  over  a 
wide  frequency  range. 


RECEIVER 


VISCOELASTIC 

ELEMENTS 


SOURCE 


Figure  1:  Block  Diagram  of  System  Model 


ANALYSIS 


displacement  at  point  1, 


Die  linking  analysis  assunes  two  bodies,  a 
receiver  and  a  source,  to  be  joined  together 
by  two  viscoelastic  elements  as  shown  in 
Figure  1.  To  predict  the  dynamic 
characteristics  of  the  linked  bodies  it  is 
necessary  to  know  the  compliance  at  the 
attactment  points  of  the  receiver  and  source 
structures  and  the  stiffness  and  damping 
properties  of  the  viscoelastic  elements. 


F.  *  force  at  point  j,  and 
X1 

H..  « -  =  directional  compliance 


between  point  1  and  j  when 
1«J,  or 

cross  compliance  between 
point  1  and  j  when  Itf . 


Rewriting  In  matrix  form: 


Extending  the  work  perforated  by  Klosterman 
[4]  and  VanLoon  [S],  the  general  Impedance 
method  [6]  Is  used  to  derive  the  equations  of 
motion  of  the  system.  By  assuming  only  one 
direction  of  motion  and  adopting  the  sign 
conventions  shown  In  Figure  2,  It  can  be 
shown  that: 


lala  lalb 


lbla  lbl 


Hla2a  Hla2b 


Hlb2a  Hlb2 


UlalaFla+HlalbFlb+Hla2aF2a+Hla2bF2b=Xla 


2a la  2alb 


HlblaFla*HlblbFlb+Hlb2aF2a+Hlb2bF2b'xlb 


[2bla  2blb 
simplifying: 


H2a2a  H2a2b 


H2b2a  H2b2b. 


F2a  JX2aL). 


H2alaFla+H2aIbFlb+H2a2aF2a+H2a2bF2b“X2a 


H2blaFla+H2blbFlb+H2b2aF2a+H2b2bF2b*X2b 

where: 


(3) 

[HuR]  ifj}  +  [H^r]  {  FR) 

(7) 

(4) 

[^ir]  +  1*^22r]  ^  ^2)  *  ^2^ 

(8) 

where  the  subscript  R  indicates  compliance 
measurements  on  the  receiving  structure. 
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Figure  2:  General  Impedance  Symbol  and  Sign  Convention 
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Similarly  the  equations  of  motion  for  the 
source  become: 


3b3b  3b 


simplifying: 

[H33s]  (Fj)  +  [1*345]  <F4>  =  <x3> 

[H43S]  (F3>  +  CH44S]  {F4l  =  {X4>  (12) 

where  the  subscript  S  Indicates  compliance 
measurements  on  the  source  structure.  The 
components  of  equations  (7),  (8),  (11),  and 
(12)  may  be  expanded  to  Include  many 
attachment  points  with  up  to  three  directions 
of  motion  for  each  point. 

If  the  viscoelastic  elements  are  assuned  to 
be  massless  links  and  either  extended  or 
compressed  In  only  one  direction,  their 


equations  of  motion  are: 

**a(X3a-V  5  F2a 

(13) 

VX3b"X2b*  *  F2b 

(14) 

“a'W  "  F3a 

(15) 

KbfX2b'X3bJ  *  F3b 

(16) 

SOURCE 


VISCOELASTIC 

ELEMENT 


RECEIVER 


Figure  3:  Linked  Single  Degree-of- 
Freedom  Systems  Model 
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Figure  4:  Compliance  of  Single  Degree-of 
Freedom  Systems 

where  K**k(l+jn)  =  complex  stiffness 

and  k  and  n  are  the  stiffness  and  loss  factor 
of  the  viscoelastic  element,  respectively. 

Rewriting  In  matrix  form: 


3a  _ 

Xa 

0 

X2a 

.F» 

3b 

0 

*b 

X2b 

F2b 

:2a  _ 

* 

Ka 

0 

X3a 

,F3< 

‘2b 

0 

+ 

Kb 

X3b 

simpl  Ifylng: 

[X*]  <X3>  -  [X*]  (X2>  =■  (F2>  (19) 

[X*]  lX2>  -  [X*]  (X3>  =  (F3)  (20) 

The  components  of  equations  (19)  and  (20)  may 
likewise  be  expanded  to  Include  many 
viscoelastic  elements  with  up  to  three 
directions  of  motion  for  each  element. 

The  dynanlc  compliances,  H,  and  the  complex 
stiffnesses,  X  ,  of  the  system  can  be  obtained 
from  experimental  data,  analytical 
expressions,  or  a  combination  of  the  two.  If 
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experimental  compliance  data  Is  to  be  used 
and  the  modal  density  Is  low,  the  amount  of 
data  which  needs  to  be  measured  can  be 
reduced  by  using  a  curve  fitting  technique 
such  as  the  complex  exponential  algorithm  [7] 
to  complete  the  compliance  matrix.  If  the 
modal  density  Is  high  over  a  desired 
frequency  band,  the  frequency  band  can  be 
subdivided  into  bands  which  have  lower  modal 
density  or  all  the  data  needed  for  the 
compliance  matrix  can  be  measured  directly. 
Likewise,  experimental  or  analytical 
expressions  can  be  used  to  describe  the 
complex  stiffness  of  the  viscoelastic 
elements. 


Provided  that  compliances  and  complex 
stiffnesses  can  be  measured  or  predicted,  the 
system  equations  can  be  solved 
simultaneously.  Combining  equations  (71, 

(8),  (11),  (12),  (19),  and  (20)  Into  matrix 
form  gives: 


— 

* 

★ 

1 

f 

1  0 

0 

0 

K 

-K 

F2 

* 

* 

0  1 

0 

0 

-K 

K 

F3 

”H12R  0 

1 

0 

0 

0 

< 

X1 

0  -H43S 

0 

l 

0 

0 

Y 

*4 

~H22R  0 

0 

0 

1 

0 

Y 

*2 

_°  "H33S 

0 

0 

0 

1 

^  X3- 

11RF1\ 


44S'4| 

21RF1 

34SF4 


(21) 


After  several  row  and  column  operations, 
equation  (21)  becomes: 


110  0 
|  0  1  0 

rH12R  0  1 

I  0  -H43S  0 

i  0  0  0 

0  0  0 


*  * 

K  -K 

F2 

!  0  S 

-X*  K* 

F3 

'  0  1 

0  0 

X1 

k=iGnRFii 

0  0 

jX4 

1 G44SF4 

1+H22RK  "H22RK 

X2 

|  H21RF1 

*H33SK  1+H33sH 

H) 

'\H34F4 

Equation  (22)  can  then  be  partitioned  and  the 
following  matrix  equation  extracted: 


r  * 

|  1 

1+H22RK 

* 

'H22RK 

♦ 

H21RF1 1 

_*H33SK 

1+H33SK  j 

l"’; 

H34SF4  j 

At  this  time  two  assumptions  can  be  made. 
First,  all  the  elements  In  the  vector  IF.) 
are  zero,  thus  the  product,  Is  zero. 

This  Is  true  if  the  points  la  and  tb  in 
Figure  2  do  not  have  an  external  force 
applied  to  them.  Second,  If  the  force  output 
of  the  source  can  be  characterized,  It  must 
be  Input  through  the  points,  4a  and  4b,  shown 
In  Figure  2.  If  only  the  relative  magnitude 


of  the  displacement  vectors  (X-)  and  (X,)  are 
desired,  the  magnitude  of  F.  Is  arbitrary. 

Now  matrix  equation  (23)  becomes: 

1+H22RK  'H22RK  X2  s  0 

'H33SX  1+H33SK  X3  H34SF4 

where  F.  may  be  a  known  quantity  or  an 
arbitrary  constant.  From  this  set  of 
equations  (X,)  and  (X,)  can 
be  determined.  The  remaining  unknowns 
matrix  equation  (22)  can  be  found  with 
following  equations: 

{F2>  =  [K*]  tX3>  -  [K*]  (X2> 

(Fj)  =  [K*]  (X2)  -  [K*]  tX3> 

(Xi>=[Hhr]iFi)+[Hi2R)1f2) 

noting  again  that  (F.)*0,  equation  (27) 
becomes: 

(XlKH12R],F2)  (28) 

Also: 

(29) 

If  {F.}  is  a  known  quantity,  these  equations 
will  yield  correct  force  and  displacement 
values;  otherwise,  the  values  will  be  relative 
to  the  arbitrary  value  of  force  IF.}. 

Equations  (24)  through  (26),  (28)  and  (29)  can 
be  solved  for  any  nimber  of  discrete  frequency 
values  to  generate  the  displacements,  (X.), 

<X_) ,  {X,} ,  and  IX.),  and  the  forces,  (Fi)  and 
(Fj) ,  over  a  specified 
frequency  band.  Since  the  analysis  can  be 
performed  on  compliance  data  directly,  the 
need  for  extracting  modal  parameters  as 
required  by  other  structural  modification 
techniques  [1]  Is  eliminated.  This  type  of 
analysis  is  very  advantageous  when  the 
structures  to  be  modified  or  coupled  possess 
high  modal  density  over  the  frequency  band  of 
Interest. 

Of  particular  interest  when  structures  are 
coupled  by  viscoelastic  elements  Is  the 
isolation  performance  of  the  viscoelastic 
element.  One  measure  of  isolation  performance 
Is  displacement  transmisslbil  Ity,  defined  as 
the  ratio  of  the  displacement  of  the  receiver 
to  the  displacement  of  the  source.  A 
transmisslbil  Ity  measurement  across  a 
viscoelastic  element  In  Figure  2  can  be  found 
by  dividing  the  appropriate  displacements 
calculated  in  equations  (24),  (28)  and  (29). 

In  general,  as  pointed  out  by  Ungar  and 
Dietrich  [8]  and  halvorsen  and  Smiley  [9], 
transmisslbil ity  provides  an  accurate 
description  of  Isolator  performance  only  with 
certain  types  of  Idealized  sources.  A  better 
Indicator  of  isolator  performance  Is  Isolation 
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Figure  5:  Predicted  Source  Compliance  of 
Coupled  Systems  for  Various  Link 
Temperatures 


effectiveness,  which  takes  into  account  the 
output  characteristics  of  the  source. 
Isolation  effectiveness  is  defined  as  the 
ratio  of  the  receiver  displacement,  with  the 
receiver  and  source  structures  connected  with 
a  rigid  link,  to  the  receiver  displacement 
with  the  receiver  Isolated  from  the  source. 
Assuming  the  dynamic  response  of  the  source 
is  Independent  of  the  load,  the  above 
analysis  will  predict  Isolator  effectiveness. 
After  calculating  the  displacement  of  the 
receiver  for  the  Isolated  case,  the 
calculations  are  repeated  for  the  rigidly 
attached  case  by  replacing  the  stiffness  of 
the  viscoelastic  elements  with  a  stiffness  of 
at  least  two  orders  of  magnitude  greater  than 
the  source  and  receiver. 

The  above  derivation  is  based  on  the  system 
configuration  shown  in  Figure  2  with  only  one 
direction  of  motion.  By  a  similar  process 
the  analysis  can  be  expanded  to  Include  many 
more  points  and  viscoelastic  elements  with  up 
to  three  directions  of  motion. 

MODELING  RESULTS  AND  EXPERIMENTAL 
VERIFICATION 

Single  Oegree-Of -Freedom  Model 

To  demonstrate  the  impedance  linking  model,  a 
computer  program  was  developed  which 


Incorporated  Equations  (24)  through  (26),  (28) 
and  (29).  As  a  first  test  the  source  and 
receiver  systems  shown  in  Figure  3  were 
modeled  using  the  analytically  generated 
compliance  data  shown  in  Figure  4.  A 
viscoelastic  material  with  known  dynmslc 
properties  was  used  to  link  the  two  single 
degree-of-freedom  systems  together  in  the 
computer  model .  The  computer  model  was  run 
using  three  link  temperatures  and  three  link 
thicknesses  to  predict  the  dynamic 
characteristics  of  the  coupled  systems. 

Figure  S  shows  the  source  compliance  predicted 
for  three  temperatures  and  Figure  6  shows  the 
source  compliance  predicted  for  a  viscoelastic 
link  with  different  thicknesses.  The  link 
stiffness  and  damping  varied  over  the 
frequency  span  as  a  function  of  the  material 
properties. 

The  vibration  transmlsslbll Ity  across  the 
viscoelastic  link  was  also  predicted  with  the 
Impedance  linking  model  for  the  temperature 
and  thickness  cases.  Figures  7  and  8  show  the 
vibration  transmlsslbll Ity  for  the  three 
temperature  and  thickness  cases,  respectively. 
The  transmlsslbll Ity  is  a  measure  of  the 
amount  of  vibration  transmitted  from  the 
source  to  the  receiver  through  the 
viscoelastic  element.  Transmlsslbll  Ity  is 
frequently  used  as  a  measure  of  the 


II  w 


Frequency  (Hz) 

Figure  6:  Predicted  Source  Compliance  of 
Coupled  Systems  for  Various  Link 
Thicknesses 
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Figure  7:  Predicted  Transmissibility  of 

Coupled  Systems  for  Various  Link 
Temperatures 

performance  of  an  isolator;  however, 
transmissibility  does  not  Include  the 
characteristics  of  the  source.  The  predicted 
Isolation  effectiveness  for  the  three 
temperature  and  thickness  cases  Is  shown  In 
Figures  9  and  10,  respectively.  Source 
dynamic  characteristics  can  be  seen  In 
Isolation  effectiveness  as  additional  drops 
In  the  Isolation  effectiveness.  Resonances 
In  the  source  are  not  seen  In 
transmissibility  but  are  seen  In  Isolation 
effectiveness. 

Compressor  and  Plate  Model 

To  verify  the  predictions  of  the  linking 
model,  the  problem  of  Isolating  a 
refrigeration  compressor  from  a  flexible 
plate  at  four  attachment  points  was 
considered.  Driving  point  and  cross 
compliance  measurements  were  made  at  the 
attachment  points  of  the  compressor  and 
plate.  Typical  directional  compliances  on 
the  compressor  and  plate  are  shown  In  Figures 
11  and  12  for  one  of  the  attachment 
locations.  Four  hypothetical  viscoelastic 
elements  were  used  to  Isolate  the  compressor 
from  the  plate.  The  predicted 
transmissibility  across  one  attachment  point 
at  three  temperatures  Is  shown  In  Figure  13. 
Predicted  Isolation  effectiveness  Is 


displayed  In  Figure  14  for  the  compressor  and 
plate  combination. 

To  verify  the  transmissibility  predictions, 
the  compressor  was  actually  linked  to  the 
plate  with  four  Isolators.  Because  the 
material  properties  of  the  viscoelastic  links 
were  not  known  as  a  function  of  frequency  and 
temperature,  the  static  stiffness  and  damping 
were  measured  and  used  in  the  model  rather 
than  actual  material  properties  and  geometry. 
The  computed  and  measured  transnlsslblllty 
across  one  Isolator  In  the  Isolation  system  is 
shown  In  Figure  15.  The  agreement  between 
computed  and  measured  transmissibility  Is  very 
good  considering  the  links  were  modeled  using 
the  constant  static  stiffness  and  damping 
values. 

SUMMARY  AND  CONCLUSIONS 

An  approach  for  predicting  the  dynamic 
characteristics  of  structures  when  joined  by 
viscoelastic  elements  has  been  presented. 

This  approach  requires  two  sets  of 
Information— the  compliance  of  the  receiver 
and  source  structures  and  the  stiffness  and 
damping  values  of  the  viscoelastic  elenents. 
The  general  Impedance  method  was  used  to  set 
up  a  model  for  coupling  the  source  to  the 
receiver  with  viscoelastic  elements.  From  the 
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Figure  8:  Predicted  Transmissibility  of 

Coupled  Systems  for  Various  Link 
Thicknesses 
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Figure  9:  Predicted  Isolation  Effectiveness 
of  Coupled  Systems  for  Various 
Link  Temperatures 


Figure  10:  Predicted  Isolation  Effectiveness 
of  Coupled  Systems  for  Various  Link 
Thicknesses 
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Figure  11:  Compliance  Measured  at  One  Compressor  Attachment  Point 
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gure  12:  Compliance  Neasured  at  One  Plate  Attachment  Point 


Figure  13:  Predicted  Transmlssibil 1 ty  of  the  Compressor-Plate 
System  for  Various  Link  Temperatures 
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Figure  14:  Predicted  Isolation  Effectiveness 


odel,  structural  caapl lance,  displacement 
ransmlsslblllty  and  Isolation  effectiveness 
»re  predicted.  The  effectiveness  of  the 
Dproach  was  demonstrated  In  a  practical 
jpl Icatlon  Involving  Isolation  of  a 
mpressor  from  a  base  plate. 


Developments  are  now  underway  to  add 
rotational  characteristics  of  the  source  and 
receiver  structures  and  the  Isolation  elements 
to  the  model.  The  Inclusion  of  rotational 
effects,  idilch  have  been  largely  Ignored  In 
previous  modeling  work,  should  Improve  the 
accuracy  of  the  modeling  results. 


Fraquancy  1H*> 


Figure  15:  Transmlsslblllty  of  the  Compressor  Plate  System 
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Since  about  90*  of  the  damping  in  a|jtructure  is  originated 
from  the  joints,  an  efficient  method  to  reduce  vibration 
level  of  the  structure  is  to  increase  the  damping  in  these 
joints.  Damping  in  the  joints  can  be  increased  to  a  re¬ 
quired  level  either  by  using  inserts  such  as  polymer  or 
metal  foils,  or  by  some  special  surface  treatment.  The 
coulomb  friction  due  to  relative  motion  at  the  interfaces 
is  insensitive  to  environmental  temperatrue.  So,  it  can 
provide  a  cheap  and  efficient  source  of  damping,  if  it  is 
well  controlled. 

In  this  paper,  a  stochastic-dynamic-analysis  is  presented 
for  a  structure  with  frictional  joints.  It  is  assumed 
that  the  structure  is  excited  by  a  stationary  stochastic 
process  with  Gaussian  distribution  and  the  statistical 
linearization  is  made  to  transform  the  frictional  forces 
to  equivalent  viscous  damping  forces.  A  localized  damp¬ 
ing  modification  method  is  used  to  calculate  its  response 
spectrum  and  correponding  statistical  characteristics. 


INTRODUCTION 


It  has  been  known  that  by  increasing  the 
deunping  of  a  structure  one  can  signifi¬ 
cantly  imporove  its  ability  to  with¬ 
stand  vibration  excitation.  Unfortu¬ 
nately,  modern  engineering  structures, 
especially  the  space  structures,  often 
use  low  denaity/hiqh  strength  materials 
and  integrated  construction  to  meet  the 
needs  of  low  weight,  hence  its  damping 


capacity  is  very  limited.  So,  viscoe¬ 
lastic  damping  technology  was  developed 
rapidly.  But  the  behavior  of  the  vis¬ 
coelastic  materials  are  too  sensitive  to 
the  environmental  temperature,  and  it 
will  be  vaporized  in  the  high  vacuum 
condition,  therefore  its  usage  is  limit¬ 
ed.  It  has  been  discovered  that  the 
slip  in  blade  roots  can  proride  damping 


for  turbine  and  compressor  blades . 

Since  using  Coulomb  friction,  which  al¬ 
ways  exists  in  the  structure  joints,  is 
an  economic  method,  it  attracts  many  re¬ 
searchers.  As  is  well  Known,  modern 
structures  are  always  subjected  to  va¬ 
rious  kinds  of  loading,  such  as  earth¬ 
quake,  wind,  wave  etc.  In  its  service 
life,  the  moderate  loading  condition  oc¬ 
curs  most  frequently  and  the  extreme 
condition  is  of  rare  occurence,  so,  if 
the  structure  was  designed  to  bear  ex¬ 
treme  loading,  it  would  be  too  heavy  and 
costly.  If  it  can  be  designed  to  bear 
the  moderate  loading  and  let  some  fric¬ 
tional  joints  remain  locked  as  rigid 
joints  under  this  condition,  but  have 
interfacial  slip  during  an  extreme  con¬ 
dition,  the  frictional  damping  will  dis¬ 
sipate  the  vibration  energy,  and  reduce 
the  vibration  level  in  the  extreme  con- 
tition.  When  the  joints  are  carefully 
designed  and  fabricated,  maximum  energy 
can  thus  be  dissipated  through  this  slip¬ 
ping,  and  the  designed  structure  will  be 
light  and  cheap.  A  key  point  to  apply¬ 
ing  such  a  vibration  reducing  technology 
is  its  ability  to  analyze  the  dynamic  re¬ 
sponse  of  such  a  structure.  Owing  the 
nonlinearity  of  the  frictional  force, 
the  dynamic  analysis  of  such  a  structure 
is  rather  difficult,  especially  under  the 
stochastic  excitation.  In  this  paper,  an 
approximate  linearized  method  is  present¬ 
ed  for  analyzing  such  structures. 

LOCAL  MODIFICATION  DYNAMIC  ANALYSIS 

A  complex  structure  always  has  many  de¬ 
grees  of  freedom,  but  the  discrete  damp¬ 
ing  inserts  usully  have  much  less  degre¬ 
es  of  freedom  than  those  of  the  struc¬ 
ture.  For  an  optimum  design,  the  damp¬ 
ing  paremeters  and  locations  of  these 
inserts  must  be  calculated  for  several 
times.  If  in  each  time,  the  calculation 


was  executed  on  the  whole  system,  the 
computation  time  would  be  very  long.  The 
local  modification  methods  given  by  re¬ 
ferences  (1)  (2)  can  greatly  reduce  the 
computation  time.  But  ref.  (1)  (2)  deal 
with  linear  damping  modifications,  while 
frictional  damping  is  nonlinear,  so  it 
is  necessary  to  transform  the  friction 
forces  to  equivalent  viscous  damping 
forces.  From  ref.  (1)  (2),  the  equation 
of  motion  of  a  general  structure  with 
discrete  frictional  inserts  has  the  form 


MX  +  Cx  +  KX  +  F  =  P 


(1) 


in  which,  subscripts  denotes  matrix, 
subscripts  denotes  vector,  P  is  the 
external  load  vector,  F  is  a  frictional 
force  vector,  which  is  acted  at  some 
joints  on  the  structure  as  shown  in  fig. 


Among  the  forces  one  is 

Fij  =  Foij  ^(Xf  Xj>.  where  Xj-Xj'X  is 
the  relative  velocity  between  the  two 
ends  of  joints.  Assuming  that  the  stru¬ 
cture  is  excited  by  a  stationary  sto¬ 
chastic  process  with  the  Gaussian  dis¬ 
tribution,  the  statistical  linerization 
method  can  be  used  to  transform  the  fri¬ 
ction  forces  to  equivalent  viscous  for- 


Foijsgn(*i-Xj>«Cij(Xi-Xj>  <2) 

multiply  both  sides  of  eq.(2)  by  x  exp 


12 


—  00 


(- (  t ) 2 )  dx  and  integrate  it  from 
to  +<*>  ,  one  obtains 


ij 


(3) 


Substituting  eq. (3)  into  eq.(l)  and  ap- 
pliying  the  Fourier  transform,  it  yields 


ugh  condensation,  the  dimension  of  ma¬ 
trices  H„  and  Ci  are  much  smaller  than 
H„  and  Ci,  so  it  can  be  solved  easily. 

Let  i^HoCp  =  H  (7) 

and  [I  +  H" 1  ] ' 1  =  B  (8) 


f-Mu’  +  K  +■  iuCi]^;to)  =  F(u)  (4) 


then  eq.(6)  becomes 


in  which  Cj  =  C  + 

C  is  the  proprtional  damping 
matrix  of  the  original  stru¬ 
cture 

CF  is  an  equivalent  damping 
matrix  constructed  by  the  ele¬ 
ments  given  by  eq. (3)  and  has 
the  form 


-F  = 


I  i 

-♦c.  . - c.  . - 
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(5) 


JC(v)  =  f|  -  B)X„  (w)  (9) 

its  conjugate  is 

X*  ((d)  =  [I  -  B*  ]  X0  (w)  (10) 

Then  the  condensed  power  spectral  densi¬ 
ty  function  matrix  can  be  calculated  as 

1  ~~.T 

Sxx  =  Lim  (—  XX  ) 


S»  C  +  BS-  ~  B  -  BS£  *  -  (11) 
— xoxo  —  Xoxo—  - XoXo 


its  variance  is 


o?-  ~ 

-XX 


f  Sx  x 

—  no 


(12) 


Where  subscripts  i,j  correspond  to  the 
two  end  points  of  the  frictional  joints 
as  shown  in  fig.l.  All  other  elements 
in  Cp  are  zero.  From  ref. (3),  the  con¬ 
densed  displacement  vector  related  to 
frictional  joints  is  obtained  as 

X(w)  -  (I  +  iuH„Cp]_1X. (u)  (6) 

in  which  1  is  an  unit  matrix 

He  is  a  condensed  transfer 
function  matrix  of  the  original 
structure. 

Cp  is  a  condensed  linearized 
damping  matrix 

Let  the  original  structure  have  n  degre¬ 
es  of  freedom  with  frictional  joints  of 
m  degrees  of  freedom,  and  m  <<n.  Thro- 


the  variance  of  relative  velocity  is 

2k  =  “22k  <13> 

in  which,  X„  is  the  condensed  displace¬ 
ment  vector  of  the  original  structure 
/*> 

and  X  is  that  of  the  modified  structure 

2 

Cp  and  can  be  determind  from  egs. 

(3)  (4)  by  iteration.  Assuming  the  e- 
quivalent  damping  matrix  *'*Cp  in  the 

r-th  step  is  known,  by  egs. (7)  to  (13), 

(  y  ) 

we  can  obtain  £££  and  then  calculate 
the  *Y+1^Cp  in  the  y+1  th  step  by  sub¬ 
stituting  it  into  eg. (3) .  One  can  re¬ 
peat  this  process  until  a  convergence 
criterion  is  meet.  Usually  3  or  4  iter 
ations  will  be  needed. 

DYNAMIC  ANALYSIS  OF  A  STRUCTURE  WITH 
FRICTIONAL  BASE  ISOLATOR 


Experiments  have  shown  that  a  base  iso¬ 
lator  which  employs  a  combination  of  the 
coulomb  and  viscous  damping  is  a  very 
simple  and  effective  aseismic  device. 

The  maximum  ground  acceleration  that  can 
be  transmitted  to  the  superstructure 
will  be  controlled  by  this  device.  A 
structure  with  frictional  base  isolator 
is  a  special  example  of  the  structure 
with  frictional  joints.  Consider  the 
lumped  mass-spring  model  of  a  cantilever 
structure (fig. 2)  on  an  isolator  which 
employs  a  combination  of  the  coulomb  and 
viscous  damping. 


ing,  Q  is  the  shearing  force  at  the  root 
section  of  the  clamped  upper structure, 
while  which  has  a  base  motion  y,  u  is 
the  displacement  of  the  ground  motion,  F 
is  coulomb  force,  F  =  F0sgn(z)  ,  z  =y-u 
and  sgn(z)  =  -jjj 

Owing  to  the  nonlinearity  of  the  coulomb 
force,  the  dynamic  response  of  the  sys¬ 
tem  cannot  be  calculated  directly  by  a 
general  program  such  as  SAPV,  even  when 
it  is  subjected  to  a  base  excitation  as 
simple  as  a  harmonic  movement,  i.e., 

U  =  U.0  exp [  i  (u>  +$)  ] 
where  i  =  J- T 

F,Y,x>  and  Q  can  be  expressed  by 


F  =  Fosgn(z)  =  (16) 


T. 


x  =  ZZ 


q  -n 


Fig. 2.  Base  Isolated  Structure 


Then  an  infinite  linear  equations  system 
can  be  obtained 


The  equation  of  motion  of  this  system 
can  be  written  as 

MX  +  Cx  +  KX  =  -Mly  (14) 

and  Q  +  m0y  +  Cy  +  ky  =  cu  +  ku+F  (15) 

Eg. (14)  is  the  equation  of  motion  of  the 
clamped  upper-structure  excited  by  a 
base  acceleration  movement  y,  where  1  is 
an  unit  vector  in  which  every  element  is 
1.  Eg. (15)  is  the  equation  of  motion  of 
the  base  isolator,  where  m„  is  its  mass, 
k,  c  are  its  stiffness  and  viscous  damp- 


m„yj+Cy  j+kyj+Qj=y^-s—  sin  jwt+Ki  ^  (ku+cu) 


where 


j  =  l  ,3,5,- 


Kj j  =  1  when  j  =  1 


when  j  #  1 


Let  Qj  =  0jY. 

then  eg.  (20)  becomes 

(m„+Qj) y j+Cy^+ky sin jwt+kj . (ku+cu) 
j=l , 3 , 5, — »  (21) 


V*  v'%  ; 
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where  Q ^  is  the  shearing  force  at  the 


root  section  of  the  clamped  structure, 
which  can  be  calculated  by  SAPV,  while 
the  structure  is  subjected  to  an  unit 
horizontal  base  motion  cos(jwt  +  $) 

As  each  equation  in  eqs.(21)  is  an  equ¬ 
ation  of  motion  of  one  degree  of  fre¬ 
edom  with  a  frequency  dependently  mass, 
egs.(21)  can  be  solved  easily. 


Let 


then  we  have 

~.<®P 


y  (t)=u„  cos (uit+# 


j-xfv.T,kfe0  •in(j«t-0J») 


(22) 


z(t)»u0[ 
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Ri 


coalut+i)  -0!  )  + 
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and  from  £(o)  »  o  .  0ne  obtains 


(23) 
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where 


tan 


■1  si<1-c1> 


(24) 


and 
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tan 


-1  Si 


Cj 


Each  term  of  the  series  solution  can  be 
obtained  from  SAPV  and  its  convergence 
is  very  rapid,  so  a  few  terms  are  enough 
to  get  an  accurate  enough  result.  When 
the  structure  is  excited  by  a  base  move¬ 
ment  with  a  stationary  stochastic  pro¬ 
cess,  above  solution  is  no  longer  valid. 
By  using  stochastic  linearization  method 
the  nonlinear  coulomb  force  can  be 
transformed  to  an  equivalent  linear  vis¬ 
cous  damping  force  as  in  eq.(3). 


Let  C  =  C,  +  Ceq. 

where  C,  is  the  viscous  damping  of  the 
isolator,  Ceq  is  the  eqivalent  viscous 
damping  given  by  eq.(3),  then  eq.(15) 
becomes 


Q  +  mey  +  ky  +  cy  =  ku  +cu 


(25) 


Assuming  the  acceleration  of  ground  mo¬ 
tion  u  can  be  represented  by  a  discrete 
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spectrum,  i.e. 
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where  suii(u)j)  : 
motion,  and  i 

^-)  -  c3  V+V'V 

(26) 


is  a  random  phase  angle 
uniformly  distributed  between  0  to  2ir. 
Integrating  eq.  (26)  and  substituting  it 
with  eqs. (17) , (19)  into  eq.(25),  the  ab 
solute  and  relative  velocity  can  be  ob¬ 
tained 

Ujil+SJ 

y(t) 


n 

z 

j-i 


coslWjt+iJij-Yj)  (27) 


n  1-C 


z(t)  »  51  u.-=-^ —  cos(w  .t+i(i  .-0  .)  (28) 
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From  Parseval  equation,  the  variance  of 
z  can  be  obtained 
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Take  notice  of 
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a  and  can  be  determined  by  iterations 
or  by  a  graphical  method.  Then  the  var¬ 
iance  of  the  shear  force  at  the  root  se¬ 


ction  can  be  calculated  as 
n  1+s! 


II  I'w  > 

°QQ  “  T*1 


(30) 


The  mean  value  of  the  maximum  response 
can  be  approximated  by  using  the  fol¬ 
lowing  relation  * 4  * 

EtQj-OQQlCTHST 
where 

u 

and  T  is  the  duration  of  the  process. 
EXAMPLE. 


A  cantilever  structure  was  damaged  dur¬ 
ing  a  strong  earthquake.  The  frictional 
base  isolator  was  designed  in  hope  to 
improve  its  ability  to  with-stand  sei¬ 
smic  excitation.  Parametric  studies 
were  carried  out  to  show  the  influences 
of  different  damping  ratios  and  natural 
frequencies  of  the  isolator  on  the  var¬ 
iance  of  the  shearing  force  a  the  root 
section.  The  model  of  the  structure  for 
calculation  is  a  lumped  mass-spring  sys¬ 
tem  as  shown  in  fig. 2.  The  fundamental 
frequency  of  the  original  system  is 
f.  -  4.56Hz,  Adopting  the  spectrum  of 
ground  motion  suggested  by  Kanai  and 
Tajimi 


.  * 


Bg  -  0.642  wg  ■  15.5  rad. /sec 

S.  -  4.8cm*/Sec1  , 
the  calculated  results  are  shown  in 
Table  1.  (See  next  page) 


In  table  1.  the  first  row  gives  the 
synthesis  damping  ratio  a  of  the  iso¬ 
lator,  and  the  first  colurn  is  fa,  the 
natural  frequency  of  that  system,  as¬ 
suming  the  upperstructure  as  a  rigid 
cantilever.  From  table  1,  it  is  ob¬ 
vious  that  will  increases  when  the 
fa  increases,  and  reaches  the  maximum 
at  fa  «  12.04Hz,  at  which  frequency  the 
actual  fundamental  frequency  of  the  base 
isolated  system  is  decreased  to  2.5Hz 
due  to  the  addition  of  the  inertia  force, 
and  just  falls  into  the  high  energy  fre¬ 
quency  band  of  the  earthquake  spectrum, 
when  fa  •  «,  the  isolator  is  locked  and 
the  upperstructure  is  a  clamped  cantile¬ 
ver,  the  variance  of  shear  force  is 
7.07  x  10‘(kg/cma).  Table  1  shows  that 
the  values  located  above  the  dotted  line 
are  all  less  than  7.07.  It  means  that 
the  isolator  attenuates  the  response, 
and  this  attenuation  will  be  enhanced 
when  a  Increases .  On  the  contrary,  the 
values  located  below  the  dotted  line 
are  all  greater  than  7.07,  it  means  that 
the  isolator  will  multiply  the  response, 
is  these  cases.  So,  while  designing  a 
base  isolator,  its  damping  and  natural 
frequency  must  be  carefully  controlled. 
Coulumb  friction  is  limited  by  normal 
pressure  and  frictional  coefficient, 
which  is  difficult  to  be  adjusted,  so 
combining  it  with  viscoelastic  damping 
is  a  better  design  , 

CONCLUDING  STATEMENT 

A  statistical  linearized  method  for  the 
analysis  of  the  dynamic  response  of  a 
structure  with  some  frictional  joints 
was  presented.  We  are  sure  that  by  ad¬ 
justing  the  locations,  dampings,  and 
stiffnesses  of  these  joints,  the  stru¬ 
ctural  response  could  be  minimized  over 
a  wide  frequency  range. 
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A  nonlinear  analysis  of  the  interaction  of  the  normal  modes  of  a 
three  degree-of-f reedom  structure  is  presented.  The  asymptotic 
approximation  method,  due  to  Struble,  is  employed  to  solve  for  the 
structure  response  under  harmonic  excitation.  Several  possible 
autoparametrlc  resonance  conditions  are  predicted,  and  the  investi¬ 
gation  is  confined  to  the  time  domain  response  in  the  neighborhood 
of  the  Internal  resonance  conditions  »  |  u j  ±  iiifc  |  ,  where  u^,  Uj 
and  <i>k  are  three  normal  mode  frequencies.  For  these  internal  reso¬ 
nance  conditions  the  structure  achieves  a  quasi-steady  state 
response.  The  transient  response  reveals  peak  amplitudes  of  almost 
2.3  times  the  quasi-state  amplitude  for  the  nonexclted  modes.  An 
exchange  of  energy  between  the  excited  mode  and  the  nonexclted  modes 
Is  noticed. 


INTRODUCTION 

Within  the  scope  of  the  classical  theory 
of  small  oscillations  of  multl-degree-of- 
freedom  systems,  it  is  possible  to  perform  a 
linear  transformation  Into  the  principal  coor¬ 
dinates  which  results  In  an  uncoupled  set  of 
equations  of  motion.  The  corresponding  solu¬ 
tions  are  harmonic  and  quite  adequate  to 
describe  the  response  of  the  system  as  long  as 
the  corresponding  motions  are  not  far  from  the 
stable  static  equilibrium  configuration. 
However,  for  some  systems  it  is  not  always 
possible  to  get  a  response  to  remain  near  that 
stable  configuration  and  unexpected  types  of 
responses  (such  as  multiple  solutions,  ampli¬ 
tude  Jump  and  autoparametrlc  interaction)  can 
take  place.  The  response  of  dynamic  systems  in 
such  situations  can  be  predicted  by  considering 
the  nonlinear  terms  which  couple  the  normal 
modes  involved  In  the  response. 

Breltbach  [1]  classified  aeroelastlc 
structural  nonllnearltles  into  distributed 
nonllnearltle8  which  are  continuously  activated 
through  the  whole  structure  by  elasto-dynamic 
deformations,  and  concentrated  ones  which  act 
locally  lumped  especially  in  control  mechanisms 
or  in  the  connecting  parts  between  wing  and 
external  stores.  Barr  (2]  discussed  three 
types  of  nonllnearltles.  These  are  elastic. 
Inertia  and  damping  nonllnearltles.  Elastic 
nonllnearltles  stem  from  nonlinear  strain 


displacement  relations  which  are  inevitable. 
Inertial  nonllnearltles  are  derived,  in  a 
Lagranglan  formulation,  from  the  kinetic 
energy.  The  equations  of  motion  of  a  discrete 
mass  dynamic  system,  with  holonomlc  (sclero- 
nomlc)  constraints,  In  terms  of  the  generalized 
coordinate  qi  are  [3] 


(i) 


where  [)1,1]  Is  the  Christoff el  symbol  of  the 
first  kind  and  Is  given  by  the  expression 


U*  .11 
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(2) 


The  metric  tensor  m^j  and  the  Chrlstoffel  sym¬ 
bol  are  generally  functions  of  the  qfc  and  for 
motion  about  equilibrium  configuration  they  can 
be  expanded  In  a  Taylor  series  about  that 
state.  Thus  from  inertial  sources  quadratic, 
cubic,  and  higher  power  nonllnearltles  can 
arise.  V  Is  the  potential  energy. 

If  the  coordinate  linear  coupling  Is 
removed  through  linear  normal  coordinates,  the 
resulting  new  modes  will  possess  nonlinear 
coupling.  The  smallness  of  nonllnearltles  and 


any  parametric  terms  does  not  prevent  them  from 
having  an  overwhelming  effect  on  the  response 
in  the  course  of  time.  These  added  terms  can 
be  regarded  as  a  means  of  energy  exchange  be¬ 
tween  the  normal  modes.  The  nonlinear  normal 
mode  coupling  may  give  rise  to  what  are  effec¬ 
tively  parametric  instability  phenomena  within 
the  system.  The  parametric  action  is  not  due 
to  the  external  loading  but  to  the  motion  of 
the  system  Itself  and,  hence  is  described  as 
autoparametric  [A].  The  feature  of  autopara- 
metrlc  coupling  is  that  responses  of  one  part 
of  the  system  give  rise  to  loading  of  another 
part  through  time  dependent  coefficients  in  the 
corresponding  equation  of  motion.  Such  modal 
interaction  arises  in  many  aeroelastlc  con¬ 
figurations  such  as  wing  with  a  store  or  a  Tee- 
tall  plane  in  bending. 

With  autoparametric  coupling  the  structure 
may  experlenece  Instability  of  Internal  reso¬ 
nance.  Internal  resonance  can  exist  between 
two  or  more  modes  depending  on  the  degree  of 
nonlinearity  admitted  into  the  equations  of 
motion.  Thus,  with  quadratic  nonlinearities, 
two  modes  i  and  j  having  linear  natural  fre¬ 
quencies  ui  and  uj  are  in  Internal  resonance 
if  “  2u j ,  or  three  modes  l,j,k  can  be  in 
Internal  resonance  if  aif  »  )  m  j  ±  |  «  With  a 

cubic  nonlinearity  two  modes  i,j  are  in  lnter- 
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nal  resonance  of  the  types  u. 


T  “  j  or 


1  j 

■  y  Uj.  If  an  external  harmonic  excitation 

frequency  near  one  of  the  frequencies  Involved 
in  the  Internal  resonance  relation  is  applied 
to  the  system,  all  related  modes  enter  into  the 
response  in  varying  degrees  and  sometimes  the 
response  of  the  mode  that  would  be  expected  to 
be  excited  most  is  suppressed  by  the  existence 
of  others  [5]. 

The  objective  of  the  present  paper  is  to 
examine  the  behavior  of  a  nonlinear  three 
degree-of-f reedom  aeroelastlc  model  under 
external  forced  excitation.  The  asymptotic 
expansion  method  developed  by  Struble  [6]  is 


employed  and  predicts  several  internal  reso¬ 
nance  conditions.  This  study  is  limited  to  the 
response  of  the  structure  in  the  neighborhood 
of  the  sum  and  difference  Internal  resonance 
conditions.  The  responses  are  obtained  •by 
numerical  integration  and  the  amplitude-time 
history  responses  are  obtained.  Complete 
interaction  of  the  involved  modes  takes  place 
for  the  sum  and  difference  cases  with  energy 
flow  between  the  modes  with  a  suppression  for 
the  externally  excited  modes. 

BASIC  MODEL  AND  EQUATIONS  OF  MOTION 

Figure  (1)  shows  the  basic  structure  model. 
It  consists  of  the  main  system  mass  m3  which 
carries  two  coupled  beams  with  tip  masses  m3 
and  m2.  The  stiffness  of  the  two  beams  and  the 
main  system  are  k},  kj  and  k3  respectively. 
Under  harmonic  excitation  F0  cos  Qt  acting  on 
the  main  mass,  the  motion  of  the  three  main 
elements  will  be  described  by  the  generalised 
coordinates  q^,  q^  and  q^.  In  order  to  deter¬ 
mine  the  kinetic  and  potential  energies  of  the 
structure,  the  deflection  of  each  beam  will  be 
assumed  to  follow  the  static  deflection  curve 
(see  figure  (2)). 


„  qi  2  3. 

Y - r(3l  «  -  s  ) 

2Jt 
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The  local  axial  drop  is 

Aj  “  ds  -  (  ds2  -  dy2)1^2 


-•  _  J 


■itfc1* 

The  axial  drop  at  the  tip  is: 
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Fig(1  )  Schematic  diagram  of  the  system  and  its  coordinates 
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end  due  to  lateral  deflection 


‘t 


Substituting  for  y  gives: 
3  2 


At  “  ^  ql 


T  -  j  1  +  )  ]q^ 


.1  .2.  1  ...  ..2 

+  J  m2<*2+  I  <“i+®24ib3)<>3 


3  *2  .  . 


+  ?  m2  qlq2  +  <mi+®2)qlq3 


‘2  .  .2 


+  Iff  "2  1  <qlq2+  5qi’lq3> 


3  "2  ,1 


+  T  17  <5  qlqlq2+  qlq2q3+  qtq2q3 


.  .2  .  ^  12  “2  .  .  .  . 

♦  <ii <)•>)♦  to  s—  (<u<u<^+  q.q^qi) 
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+  5-177 <qi<,2q2 


v  ■  T  tkiq2i  +  V2  +  S"2] 


where  the  gravitational  potential  energy  has 
been  Ignored  and  terns  up  to  fourth  order  have 
been  retained.  Applying  the  Lagrange's 
equation  leads  to  the  following  equations  of 
notion: 
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or  [mj { q}  +  [kjjq}  -  |T(q,q,q,t)} 
The  nonlinear  functions  Tj  are: 

T1  '  ‘uKV  °'4qlV  °*2$ 
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where  Che  coefficients  a...  k  ,,  and 
‘ij  are!  J  J 

mu  -  nyhs^m.asaj/t^2], 

m12  ‘  ”21  ‘  l*5  ■*(12Ali 


damping  terms  after  the  equations  have  been 
transformed  Into  principal  coordinates. 
Simplifications  can  be  achieved  by  assuming 
viscous  damping  and  the  modal  damping  matrix  la 
taken  to  be  diagonal  thus  Implying  that  the 
modes  are  not  coupled  by  damping  forces  In  the 
structure.  It  Is  clear  that  the  main  objective 
of  excluding  damping  coupling  Is  to  predict 
only  the  Influence  of  nonlinear  coupling  upon 
the  structural  dynamic  behavior. 

The  following  transformation  will  be 
applied: 

{q}  -  [«]{*}  (5) 


m13  ‘  “31  '  "l  +  "2 


"33  '  "I  +  "2  +  "3 
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to  the  system  of  equations  of  motion  (1).  R  Is 
the  matrix  of  eigenvectors,  or  modal  matrix, 
which  must  be  nonsingular.  This  modal  matrix 
Is  derived  from  the  linear  homogeneous 
equations  (1);  l.e.,  the  left-hand  side.  It 
has  the  form: 


[R)  -  nj  n2  n3 


tu  -  2.25  m^/l2 


where  each  column  represents  the  eigenvector  of 
the  corresponding  normal  mode,  {y}  la  the  vec¬ 
tor  of  the  principal  coordinates.  Having 
Introduced  transformation  (5),  the  equations  of 
motion  (l)  will  take  the  form: 


A _ 


122  -  1.2  m2/»2  (4) 

l ^  and  12  are  the  lengths  of  the  two  beams. 

It  Is  seen  that  the  set  of  equations  of  motion 
Include  autoparametrlc  coupling  such  as 
*ll<*l"^l’  *12^1^2*  **■  etc*  left-hand  side 

of  (1)  encompasses  linear  symmetric  Inertia  and 
stiffness  matrices.  The  homogeneous  part  of 
(1)  yields  the  linear  eigenvalues  and  eigenvec¬ 
tors  of  the  structure. 

Transformation  Into  Principal  Coordinates 


{Y}  +  [  2c u  ]{ Y}  +  [  o>2  ]{y} 

-  -  i  -  <7 

-  {y(  Y,Y,Y,t) } 

Response  of  the  System 

Equations  (7)  can  be  written  In  the  stan¬ 
dard  form  of  Bogolluboff  and  Mltropolski  [7]: 

"  2  2  1  —1/  2  2  2>_, 

Yi  Siv  Yi  “  ele  (siv  "VYi 


-  2r1c1Y1+  Ft(  Yj,Yj,Yj) 


Any  possible  solution  of 
gives  the  total  motion  as  a 
Its  characteristic  modes  of 
order  to  derive  the  solution 
modes  a  transformation  from 
dlnates  Into  principal  ones 
out.  In  an  undamped  linear 
the  principal  coordinates  of 
natural  coordinates  and  each 
responds  to  an  applied  force 
of  freedom. 


equations  (1) 
sum  of  responses  In 
vibration.  In 
In  terms  of  these 
generalized  coor- 
should  be  carried 
vibrating  system 
the  system  are  the 
principal  mode 
as  a  single  degree 


It  Is  common  practice  to  carry  out  the 
transformation,  first,  for  the  undamped  linear 
homogeneous  equations  and  then  Introduce 


f^  cos  nvt}  l,j  *  1,2,3 


where  Yt  -  Y^  ,  t  -  Ujt, 

Y  -  F  /K,  c  -  Y  /l. 

O  O  J  01 

■  tiij/aij  nv  *  tl/uj 

where  n  Is  an  Integer  such  that  v  s  1  ±  0(e). 
are  rational  numbers  such  that  |  S2v2-  r2  |  <e . 
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The  solution  of  equations  (8)  can  be 
obtained  by  employing  the  approximate  asymp¬ 
totic  method  outlined  by  Struble  [6].  The 
solution  Is  taken  in  the  form: 


Yj  •  A^coslrjT+^r)]  +  e»j  +  eZa2  + 


Y2  -  B(T)cos[r2r+42(T)l  +  +  e  bj+  ...  (9) 

Yj  »  D(t)cos(t+^3(t)]  +  ed^  +  eZd2  +  ... 

where  A, 8,0,+. and  9.  are  slowly  varying 
functions  of  the^tlme  parameter  t .  and  exhibit 
only  long  period  perturbations.  The  additive 
perturbations  a1(b^,  and  d^  depict  higher  har¬ 
monics  of  motion.  Substituting  the  expansions 
(9)  In  (8)  and  equating  the  coefficients  of 
equal  powers  In  e  leads  to  a  further  set  of 
equations.  Those  terms  of  order  zero  In  e  are 
called  variational  equations  while  the 
equations  arising  from  coefficients  of  e,e^,... 
etc.  are  referred  to  as  perturbatlonal 
equations.  At  each  step  of  the  Iteration  pro¬ 
cess  the  variational  equations  are  associated 
with  the  fundamental  harmonic  terms 

Owl*  Ov+vi.  «nd 

and  the  perturbation  equations  with  the 
remaining  nonresonant  terms.  If  a  term  appears 
which  Is  "nearly"  resonant  It  is  transferred  to 
the  variational  equations.  In  the  present 
Investigation  the  approximation  la  performed  up 
to  first  order.  In  this  procedure  terms 
involving  second  derivatives  of  the  amplitudes 
and  phases,  and  the  product  of  their  first 
derivatives  will  be  neglected  since  the  ampli¬ 
tude  and  phases  are  slowly  varying  functions  of 
time.  At  the  same  time  first  order  derivative 
terms  on  the  right-hand  side  will  also  be 
Ignored  since  they  are  of  order  e • 

Variational  Equations 


-  2Ar1<1  -  A(S2v2-  r2) 

-  2Ar2  -  0 

-  2Br292  -  B(SZv2-  r2) 

-  2Br2  -  0 

-  2Dj  -  0($2v2  -  1) 

-  2D  -  0 

First-Order  Perturbatlonal  Equations 
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A  sin(r1T+91) 
B  sln(r2r+42) 
D  sln(t+9j) 
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The  second  expression  on  the  right-hand 
side  represents  s  nonoscillatory  component. 
However,  these  terras  will  be  omitted  since  they 
are  not  resonant. 

External  and  Internal  Resonance  Conditions 

The  first  order  perturbatlonal  equations 
contain  secular  terms  which  define  external  and 
Internal  resonance  conditions.  It  Is  found 
that  the  following  conditions  are  possible  to 
exist  when  the  first  mode  Is  externally 
excited: 
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(17) 
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If  the  second  mode  is  excited,  the  following 
conditions  are  obtained: 
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The  investigation  will  be  confined  to  exa¬ 
mine  the  behavior  of  the  structure  in  the 
neighborhood  of  the  sum  and  difference  Internal 
resonance  conditions  in  relations  (15)  and 
(16). 
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where  8  ■  4,  -  +  4.,  prime  denote*  differen¬ 

tiation  with  respect  to  new  time  parameter  T 
such  that: 


(18) 


For  the  other  three  cases  the  corresponding 
variational  equations  are  obtained  and  all  the 
four  sets  are  solved  numerically  by  using  the 
IBM  Continuous  System  Modeling  Program  (CSMP — 
see  IBM  User's  Manual  GH20-0367  or  Speckhart 
(8)). 


First-Order  Variational  Equations 

1.  nv  ■  rj  and  r^  -  +  1 

Transferring  the  resonance  terms 
corresponding  to  this  condition  to  the  fun¬ 
damental  variational  equations  gives: 
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DISCUSSION  OF  THE  RESULTS 

The  steady-state  solution  of  the  four  sets 
of  variational  equations  can  generally  be 
obtained  by  setting  the  left-hand  sides  to 
aero.  However,  the  resulting  six  nonlinear 
algebraic  equations  are  found  Incompatible 
because,  they  contain  only  five  unknowns.  These 
are  A,B,D,B,  and  as  can  be  seen  from 
equations  (17)  for  example.  This  means  either 
that  one  or  more  of  the  variables  do  not 
achieve  steady  state  or  that  one  of  the 
equations  is  related  to  another  through  their 
coefficients  (which  implies  that  the  virtual 
number  of  these  equations  is  five).  These 
equations  are  consistent  if  the  damping  of  the 
first  and  third  modes  la  neglected.  This 
situation  leads  to  four  algebraic  equations  in 
four  unknowns.  Another  case  for  which  the 
equations  become  compatible  is  that  the  damping 
ratio  n./n,  “  r,/r..  These  different  case* 
have  been  treated  tor  a  structure  containing  a 
liquid  by  Ibrahim  and  Barr  [9]. 
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It  is  the  main  purpose  of  this  study  to 
determine  the  transient  and  the  unsteady-state 
responses  of  the  system  in  the  time  domain  for 

**1  rl 

the  general  case  —  a  — .  The  importance  of 

nJ  'j 

the  transient  response  is  to  reveal  the  peak 
deflection  of  the  structure  component  which 
will  serve  as  a  measure  of  the  peak  stress. 

The  unsteady  state  response  will  give  Insight 
to  che  interaction  of  the  Involved  modes  in 
the  neighborhood  of  Internal  and  external  reso¬ 
nance  conditions.  Several  runs  are  obtained 
from  the  numerical  simulation  and  a  number  of 
responses  are  presented  in  figures  (3)  through 
(5). 

Figure  (3)  shows  the  time  history  response 
for  the  case  rj  ■  l  +  r^,  and  damping  parame¬ 
ters  n,  *  n-j  “  0.1,  and  *  0.2.  It  is  seen 
that  the  second  mode  (which  is  being  externally 
excited  nv  -  r^)  is  suppressed.  The  system 
exhibits  a  quasi-steady  state  response  of  very 
small  fluctuations  in  the  amplitudes.  In  this 
case  the  amplitudes  of  the  system  never  reach 
constant  values.  The  transient  response  shows 
that  the  peak  deflections  of  the  first  and 
third  modes  are  almost  2.3  times  the  mean  value 
of  the  quasi-state  response.  Another 
remarkable  feature  is  that  both  first  and  third 


modes  are  exchanging  energy  with  the  second 
mode.  The  same  features  are  evident  for  the 
case  of  the  Internal  resonance  nv  ■  r^  ■  1, 
r,  ”  r^  +  r^  which  is  given  in  figures  (4,5). 
The  structure  response  for  difference  Internal 
resonance  rj  -  -  r^  has  the  same  features  of 

the  sum  cases. 

nl  rl 

For  the  damping-frequency  condition  —  “  — 

"3  r3 

and  Internal  resonance  condition  r^  «  r^  +  Tj, 
the  structure  achieves  a  steady  state  response 
as  shown  in  figure  (6).  The  transient  response 
has  a  peak  value  of  almost  2.3  times  the  steady 
state  response  for  the  first  and  third  modes. 

An  exchange  of  energy  between  the  first  and 
third  modes  and  the  second  modes  is  observed 
with  a  suppression  to  the  second  mode. 

CONCLUSIONS 

The  response  of  a  nonlinear  three  degree- 
of-freedom  structure  is  obtained  in  the  neigh¬ 
borhood  of  the  Internal  resonance  relations 
Hi,  ■  |  u ,  ±  u.  j  •  The  numerical  integration  of 
the  variational  equations  exhibits  complete 
interaction  between  the  three  modes.  An  energy 
flow  between  the  externally  excited  mode  and 
other  modes  is  observed  with  suppression  to  the 
motion  of  the  excited  mode. 


Fig.  (3)  CSMP  time  history  response  of  three  mode  interaction  with  autoparametric 
resonance  nv  ■  r^,  *  r^  +  r^  •  (n^  ■  hj  ■  0.1,  ■  0.2) 


faction  with  ai 


Fig.  (6)  CSMP  time  history  response  of  three  mode  interaction  with  autoparametric 

nl  rl 

resonance  nv  *  r^,  r2  *  r^  +  r3»  for  ~  *  —  .  (hj  “  0.068,  ■  0.1,  n2  *  0.2) 
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Tha  problem  of  introducing  dlacrata  elements  aueh  aa  aprlnga  or 
masses  to  continuoua  dynastic  ayataaa  la  conaidarad .  A  method  la 
developed  for  tha  officiant  analysis  of  such  modified  ayataaa .  After  a 
transfer  matrix  analysis  of  the  original  system,  appropriate  transfer 
matrices  are  condensed  and  stored.  Then  tha  affect  of  tha  discrete 
modifications  is  introduced,  tha  proposed  technique  is  applied  to  a 
helicopter  model.  _ 


Dlecrete  elements  such  as  intermediate 
supports  and  vibration  absorbers  are  often 
introduced  to  engineering  structures  to  improve 
their  dynamic  characteristics.  Por  discrete 
models  of  multi-degree  of  freedom  systems,  this 
problem  has  received  considerable  attention, 
see,  for  example,  the  survey  of  Reference  1. 

The  purpose  here  is  to  present  a  solution 
procedure  for  continuous  systems.  In 
particular ,  discrete  modifications  to  a 
continuous  mass  helicopter  modal  are  treated. 

In  reanalysie  it  is  the  goal  to  formulate 
a  procedure  whereby  the  complexity  of  the 
analysis  of  the  modified  system  depends  on  the 
nusfeer  of  modifications  or  appendages  and  not 
on  the  degrees  of  freedom  of  the  original 
system.  This  permits  efficient  parametric 
studies  of  the  effect  of  modifying  the 
structure  to  be  performed.  It  follows  that 
structural  systems  can  be  synthesised,  i.e., 
designed,  to  achieve  prescribed  or  optimised 
responses. 


The  continuous  system  will  be  analysed 
here  using  transfer  matrices  [2]. 
Modifications  are  to  be  incorporated  in  the 
analysis  as  "pseudo- loads” . 


The  proposed  method  will  be  illustrated 
using  a  continuous  beam  with  two  point 
modifications  (Pig.  1).  Suppose  the  field 
(transfer)  matrices  for  regions  A,  B,  and  C  of 
the  unmodified  beam  of  of  Pig.  1,  are  £ 

0  ,  and  0.  Let  the  state  vector 
be  defined  as 


«dtere  the  deflection,  slope,  moment,  end  Shear 
force  along  the  beam  are  given  by  w.  #,  M,  and 
v,  respectively.  The  state  vectors  at, stations 
0,  1,  2,  I  are  designated  by  e  ,  a  ,  j  ,  j  . 
Prom  standard  transfer  matrix  theory,  the  state 
variables  at  station  i  and  l+l  are  related  by 

-  s'  s1  ♦  r  <») 


'*•  r.  ■f.  V.  <■.  f,  •*.  W v.  v.  r.  r,  ..  r.  r.  <,  r,  ,* 


atwrt  a  superscript  bar  indicates  an  applied 
loading  and  superscript  F  rapraaanta  ration  F. 
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Fig.  1  A  Bean  with  Two  Concentrated 
Modifications 


Point  modification*  are  to  ba  represented 
by  the  displacement  dependant  peeudo- loads 
f  and  f  .  which  are  reaction  forces 
(and  aoawnts)  on  tha  Modified  structure.  These 
pseudo- loads  are  functions  of  the  response 
variables  at  the  attachment  points  as  well 
as  the  impedance  of  the  attachments.  At 
station  i,  the  affect  of  a  modification  is 
incorporated  using  the  pseudo-load  f  in  the 
form 


•i+1  -  e1"  -  f1. 


i  ii 

f  m  Z  S 


Where  Z1  is  impedance  of  the  modification. 

The  progressiva  matrix  multiplication  of 
the  transfer  matrix  method  provides  the  state 
vector  s3  at  the  right-hand  end. 

,3  -  o“V  ♦  <?  *  4 

+  <SY  g**!1)  <♦) 


where  tha  second  term  on  the  right  hand  side 
represents  the  influence  of  the  applied  load 
and  the  third  term  is  the  contribution  of  the 
pseudo  load  terms. 

o“  -  oV 

Suppose  that  on  the  left  boundary  tha  two 
elements  e°  and  s°  are  the  unspecified  state 

variables,  tdiile  a3  and  s|  are  zeros  on  the 
right  end.  That  is. 


The  saro  state  variables  sfc  and  af 
are  found  from  Eq.  (3)  to  be 

"  «  *  «  *  *1  ** 1 

*  ^3*2  *  ^*f2  +  “  ° 

+  0*  M  ♦  0*  f  +  O*®0  -  0 
(32  (42  (5 

where  the  pseudo-loads  contain  forces  f^ 
and  moments  M^,  i.e.. 


and  0^°  is  the  ith  tern  of  FA  ♦  0*PB  +  0**?°. 

other  texsm  in  Eq.  (6)  have  aimilar 
definitions . 

Solve  Eq.  (6)  for  tha  Initial  unknown 
state  variables. 

tffUr;  Uj'ffUsrl  U&  Uz?  U?»  f, 
s;  y*i  Vtt  Vtt 


where  0  *  s"*  is  tha  global  transfer 
matrix~for~the  system.  The  transfer  matrices 
can  be  used  to  compute  the  deflection  and  slops 
at  the  attachments.  Thus, 


9  V*. 

taf  U*  Ufttf  [U5|  W»|  M 

Dee  the  initial  parameters  of  Eq.  (S)  to  find 


where  [QJ  is  the  mobility  matrix 


1 

u£uj 

J- 

i 

uS  v'4 

(11) 


0  0  0  0 
u\  o  uS  o 
0  0  0  0 
li£  o  v!,  o\ 

and  JL]  la  the  raaponaa  dua  to  appllad  loading 
at  tha  Modification  pointa 


u,V 

u£u$ 
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u„ 

uu 
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Tha  forcaa  and  dieplaceaants  at  tha 
attachments  ara  calatad  by  tha  inpadanca  Matrix 


r 

i. 

M. 

H, 

I  0  01 

o  z,  o  o 
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Finally,  tha  dlaplacaaanta  In  Eq.  (10)  can  ba 
allatlnatad  ualng  Eq.  (10)  In  (13) 


-[z][q|'(z] 


(it) 


data  (I)  la  tha  unit  diagonal  natrix.  Thia 
axpraaalon  can  ba  uaad  to  calculata  tha  paaudo 
loada.  than,  dlaplacaaanta  and  forcaa  can  ba 
calculated  at  any  point  ualng  tha  uaual 
tranafar  natrix  nethod. 


thia  fornulation  peraita  a  variety  of 
dynanlc  problana  to  be  solved  efficient ly.  For 
Boat  reanalyaia  problana,  tha  natrix  [Q]  nuat 
ba  atorad .  in  tha  caaa  where  tha  natural 
fraquenciea  of  tha  Modified  eyetea  ara  to  ba 
calculated,  [Q]  would  hate  to  ba  atorad  in  a 
aufficlent  n unbar  of  diacrata  fraquanclaa  to 
conduct  tha  frequency  aearch. 


A  aora  raaaonabla  uaa  of  thia  fornulation 
would  ba  to  parfora  a  aynthaaia  problan  auch  aa 
one  whereby  tha  raaonant  frequency  of  tha 


Modified  ayaten  la  prescribed  and  tha 
Charactariatica  of  tha  nodificatlona  nacaaaary 
to  achieve  tha  dealred  frequency  are  to  ba 
computed.  in  thia  caaa,  the  [Q]  natrix  la 
calculated  for  tha  apacifiad  raaonant  frequency 
and  than  coaputa  tha  [Z]  natrix  that  leada  to 
tha  aatiafaction  of  tha  fraquancy  aquation 

det([i]  -  [Z)[fi])  -  o  (15) 

For  a  ateady-etate  reanalyaia  problan, 

Eqa.  (13)  and  (14)  can  ba  employed  to  datarnlna 
tha  paaudo-loada  and  tha  diaplacananta  at  the 
location  of  tha  Modification.  If  tha 
diaplacananta  throughout  tha  entire  nodi fled 
structure  ara  needed,  than  2x2  and  4x2  na trices 
on  tha  right  hand  aide  of  Eq.  (S)  should  ba 
stored  so  that  Eq .  ( 8 )  can  ba  used  to  coaputa 

o  o 

tha  initial  state  variables  a  and  a  .  Also, 

i  1 

several  point  transfer  natrlces  should  ba  stored 
in  order  to  calculata  tha  corresponding  point 
responses,  this  would  require  relatively  large 
storage  memories,  but  for  nodificatlona,  tha 
response  calculations  would  ba  very  efficient. 


■(MEDICAL  EXAMPLE 

This  fornulation  will  ba  illustrated  using 
tha  two  bean  helicopter  nodal  of  Fig.  2.  tha 
concept  and  limitations  (e.g.,  eyas  try)  for  a 
two  bean  nodal  ara  discussed  extensively  in 
Deference  3.  For  our  purposes  here  tha 
fuselage  is  idealised  as  a  continuous  bean 
divided  into  three  sagnenta.  the  two  blades 
ara  also  treated  as  beans,  the  effect  of  tha 
blades  on  tha  response  of  tha  fuselage  is 
obtained  by  conputing  the  inpadanca  of  tha 
blades  and  assuming  the  bladaa  and  fuselage  are 
connected  by  a  single  extension  spring.  Since 
tha  fornulation  above  accepts  two  nodificatlona 
represented  by  their  impedances,  it  is 
convenient  to  lat  tha  blade  be  incorporated  as 
one  of  the  two  nodificatlona,  even  though 
nothing  ia  to  ba  modified  on  tha  blades,  the 
other  attachment  la  Chosen  to  be  a  slaple 
absorber,  which  will  indeed  be  and i fled. 

Proper  variation  of  tha  absorber  paraaeters 
will  permit  the  effect  of  the  absorber  on  the 
dynanlc  response  of  the  helicopter  to  be 
studied.  The  external  loading,  vhirti  is  the 
aerodynamic  vibration  of  the  blades,  la  applied 
to  the  bean  at  tha  Interface  of  the  blade  to 
the  fuselage. 


Stations:  0 


Fuselage 


fK 


The  sensitivity  of  ths  rssponsa  to  a  varying 
absorber  (Z^)  is  to  b*  determined. 


Table  1 

Physical  Propartiaa  of  tha  Helicopter  Modal 

Fuselage  Blades 


Fig.  2  Helicopter  Model 
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The  impedance  Z  corresponding  to  tha 
force  transmitted  from  tha  blade  to  tha 
fuselage  is  found  using  a  beam  analysis  of  tha 
blades.  Tha  state  vector  at  the  outer  edge  of 
a  blade  would  be 


a  -  [w 


M-O  V-0] 


and  that  for  the  blade  center  at  the  interface  is 

a*1  .  [w  9-0  M  V]T  (16) 

where  the  blade  la  designated  by  superscript 
at.  Suppose  that  these  two  state  vectors  are 
expressed  in  tens  of  each  other  using  a  transfer 
■stria.  Then  the  deflection  and  force  at  the 
interface  are  related  by 

V**  _  U»0n~Us*vii  _ 


kj-40  GN/m 


Ths  physical  paraaetsrs  for  the  helicopter 
model  are  provided  in  Table  1.  The  reanalysis 
scheme  proposed  above  will  be  employed  to  study 
ths  affect  of  the  stiffness  k  on  the 
fuselage  vibration  of  the  aerodynamic 
disturbance  of  the  blade.  The  disturbing  force 
from  the  blade  is  approximated  as  a  constant 
amplitude  sinusoidal  fores  transmitted  through 
the  interface.  let  the  mass  m  of  the 
vibration  absorber  be  200  kg  and  let  the 
stiffness  k2  vary  as 

c**e  7.2  MN/m  *  “absorber  "  30  2  H*' 


case  2:  17.7  MN/m  (W* 
Casa  3:  28.2  MN/m  (W* 


-  67.3  Hz ) 


-  50.7  Bz) 


included  to  account  for  multiple  blades,  if 
the  stiffness  k  of  the  interface  spring  is 
included,  the  Impedance  z^  for  the  blades 


case  4:  38.6  MN/m  (wabsorber  “  70  **' 

where  .  .  is  the  natural  frequency  of 

ansoroer 

the  absorber. 


K.  (Un  Vti  ~ 
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The  impedance  of  the  absorber  is  readily 
found  to  be 


tw,  K,a/ 

n,u‘- 


Figure  3  shows  the  vibration  magnitude  at 
the  blade-fuselage  interface  versus  the  applied 
loading  frequency  for  the  four  values  of 
k2>  the  absorber  stiffness.  Two  resonant 
frequencies  are  displayed.  Regardless  of  the 
change  in  k  .  one  resonant  frequency 
remains  close  to  42  Hs.  while  tha  other  moves 
from  35  to  67  Hs  as  k  increases,  nils 
relationship  is  also  Shown  in  Figure  4.  If  the 
operating  frequency  range  of  tha  system  is 
specified,  these  sorts  of  results  are  useful  in 
using  modifications  to  control  undesirable 
vibrations. 


The  impedance  of  zqs.  (IS)  and  (19)  can 
now  be  Incorporated  in  Eq.  (14)  to  perform  an 
efficient  study  of  tha  effect  of  modifying  the 
parameters  of  the  absorber.  The  blades  will 
not  be  modified  so  that  Z  will  not  vary. 


For  this  simple  helicopter  example  with  a 
single  modification,  the  computation  of  the 
frequency  response  is  twice  as  efficient  if  the 
reanalysis  formulation  is  employed  relative  to 
resolving  the  original  problems,  neanalysls 


Fig.  3  Frequency  Response 


10  20  30  40  MN/m  k. 


Fig.  4  Resonant  Frequencies  vs.  stiffness  k^ 

Should  be  substantially  sore  efficient  If  the 
original  system  is  sore  complex  or  if  more 
modifications  ere  considered. 


CONCUmtOM 

hn  efficient  reanalysis  procedure  has  bean 
formulated  for  studying  the  dynaalc  affects  of 
point  ■edifications  to  a  continuous  system.  In 
particular,  the  formulation  applies  to  systems 
with  a  line-like  geometry  which  are  readily 
analysed  with  the  transfer  matrix  method,  the 
numerical  example  illustrates  the  effectiveness 


of  the  approach  in  the  preliminary  designs 
study  of  a  staple  helicopter  model,  this 
formulation  is  appropriate  for  application  to 
■any  engineering  systems  that  are  properly 
modeled  as  11ns  type  structures. 
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DISCUSSION 

Voice :  Have  you  applied  this  approach  to 
transient  problems? 

Mr.  Pllkey;  No,  we  haven't,  but  there  are  some 
formulations,  mostly  In  the  Japanese  literature, 
where  they  do.  But  there  Is  no  great  advantage 
to  applying  It  directly  to  transient  problems 
because  It  la  clear  that  you  can  do  It.  I  don't 
think  the  formulation  would  vary  at  all,  other 
than  superimposing  a  transient  formulation  on 
top  of  this. 

Voice:  What  do  you  consider  to  be  a  small 
computer?. 

Mr.  Pllkey:  We  use  a  TERAK.  We  also  use  an 
IBM,  but  we  cheat  often,  and  we  also  use  a  PRIME 
and  a  VAX.  There  are  structural  modification 
systems  for  sale.  Some  of  them  that  are 
advertised  here  at  the  conference  can  be  run  on 
various  machines  like  a  Hewlett-Packard. 

Voice :  How  many  degrees  of  freedom  are  you 
talking  about? 

Mr.  Pllkey:  It  Is  unlimited  in  the  number  of 
degrees  of  freedom.  It  has  nothing  to  do  with 
the  number  of  degrees  of  freedom  of  the  original 
system.  It  Is  a  funtlon  only  of  the  number  of 
degrees  of  freedom  of  the  changes  that  you  make 
In  the  system. 

Voice :  We  are  talking  about  the  modal  results 
which  might  have  come  from  a  NASTRAH  analysis  or 
any  other  analysis  of  the  original  system. 

Mr.  Plley:  I  spent  yesterday  morning  at  MSC 
right  down  the  road.  At  various  times,  they 
have  put  reanalysis  in  NASTRAN,  and  they  have 
decided  it  Is  more  of  a  pain  than  it  is  worth. 
They  found  many  people  eventually  wanted  to  go 
back  to  the  original  system.  So  they  have  taken 
reanalysis  out.  There  Is  one  aspect  of 
reanalysis  that  remains  within  NASTRAN.  That  Is 
the  modal  synthesis  that  Is  a  very  similar 
formulation  to  this,  and  that  Is  In  NASTRAN  and 
many  other  codes. 

Voice :  Could  you  qualify  your  statement  about 
being  exact? 

Mr.  Pllkey:  It  Is  exact.  No  quallf lfcatlon  is 
needed. 

Voice :  Even  If  you  look  at  an  approximate 
system  and  come  up  with  a  set  of  eigenvalues? 

Mr.  Pllkey:  Yes,  then  I  have  a  qualifier.  If 
you  have  an  approximate  representation  of  the 
original  system,  It  remains  approximate  no 
matter  what  you  do  to  It.  However,  the 
formulation  Is  exact.  But,  of  course,  If  you 
fed  In  an  approximate  original  system,  you  made 
It  approximate.  It  remains  approximate.  Your 
point  Is  well  taken.  It  Is  not  exact  If  you 
begin  with  an  approximate  model.  But  It  has 
nothing  to  do  with  the  formulation. 
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Foraailations  are  presented  for  the  efficient  analysis 
of  dynastic  systems  with  discrete  and  continuous  local 
modifications .  It  is  assumed  that  the  original 
(unmodified!  system  has  been  analysed  by  a  transfer  matrix 
method  with  appropriate  response  information  saved,  the 
effect  of  Introducing  modifications  can  then  be  determined 
efficiently  using  a  reanalysis  procedure,  the  proposed 
technique  is  applied  to  a  beam  type  structure. _ 


INTRODUCTION 

Continuous  and  discrete  elements  such  as 
distributed  inserts,  intermediate  supports, 
and  vibration  absorbers  are  frequently 
introduced  to  structures  to  control  and 
improve  their  dynamic  responses.  The  problem 
of  discrete  models  with  discrete  modifica¬ 
tions  has  been  addressed  often  in  the 
literature,  e.g.  (1.2).  Although  continuous 
modifications  such  as  a  Change  in  cross- 
sectional  geometry  or  mass  density  are 
important  in  achieving  desired  dynamic 
responses,  few  analytical  studies  have  been 
devoted  to  this  subject.  A  reanalysis 
solution  procedure  encompassing  both  discrete 
and  continuous  modifications  is  presented 
here. 

The  purpose  of  a  reanalysls  formulation 
is  to  provide  an  analysis  capability  for  a 


modified  system  for  which  the  complexity 
depends  on  the  number  of  modifications  rather 
than  on  the  degrees  of  freedom  of  the  original 
system.  A  reanalysls  capability  permits 
efficient  parametric  studies  to  be  performed 
in  which  the  effect  of  variations  in  port  lone 
of  a  structure  is  determined,  as  well  a e 
synthesis  studies  in  which  the  structure  is 
redesigned  to  achieve  desired  responses.  The 
reanalysls  approach  employed  here  incorporates 
modifications  as  'pseudo- loads'*. 

nils  paper  deals  primarily  with  the 
modification  of  line-like  continuous  dynamic 
systems.  The  system  matrices  are  expressed  is 

transfer  matrix  (U),  form,  although  a 
conversion  to  stiffness  matrices  is  introduced 
to  assure  that  no  numerical  instabilities 
occur  in  the  analysis. 


ltuw 


Problem  Formulation 


A  I  region  to  the  right  of  tho  Mg— nt  being 
Modified 

[AJ  i  Modification  effect  utrix  -  (Dku)-1{  o^] 

B  i  Modification  region 

C  ■  region  to  the  left  of  the  aeg— nt  being 
Modified 

F*  ■  (F*)  i  4*1  force  vector  for  region  R 

Fw>  F..  P  ,  F^  t  displace— nt.  angle,  mo— nt 
and  shear  force  effects  due  to  applied 
loading 

[I]  i  unit  — tri* 

K  i  stiffness 

K_  ■  [K_  ]  i  global  stiffness  —tri* 

— G  G 

^  *  [K#  J  i  ale—  nt  stiffness  —tri* 

AK  :  Modification  of  stiffness  —tri* 

M1  i  bending  mo— nt  at  station  i 


(B)  t  re  analysis  —tri*  - 


LukuJ 


Consider  the  system  of  Fig.  1.  in  which 
the  structure  with  a  line-like  topology  is 
divided  into  thr—  aeg— nts  A.  B.  and  C.  The 
substructures  in  regions  A  and  c  are  fixed, 
while  that  in  region  B  is  subject  to 
Modification,  including  continuous  Changes  as 
—11  as  discrete  Modifications  at  the  ends  of 
the  seg— nt. 


Fig.  1  A  Line-like  Structure  with  Continuous 


and  Discrete  Modification 


(PJ  i  frontal  transfer  —tri* 

{Qi  ■  frontal  forcing  ten 

[R]  <  — bility  or  receptance  —tri* 


a  - 
sl 


(s)  i  extended  state  vector 


-  («S 


4*1  state  vector  at  station  i 


0  - 


u> 


[0]  t  extended  transfer  — trix 


■  CD*]  i  4x4  transfer  —trix  for  region  R 

B 

-  [AO  ]  i  Change  in  transfer  —trix  for 
region  B 

t  shear  force  at  station  1 
i  displace— nt  at  station  i 
i  lnpedance 
i  angle  at  station  i 
i  frequency 


The  Modification  is  related  to  the  state 
variables  s  and  s  using 
the  transfer  —trix  0*.  The  boundary 
conditions  are  set  forth  in  s°  and  s". 

Point  variables  can  be  eliminated  with  the 
standard  transfer  —trix  calculations  and 
condensed  to  three  —trices  o*.  0*.  and  oC. 

Suppose  the  structure  is  a  be—. 

According  to  transfer  —trix  theory  [3,4), 
the  state  variables 

S  =  {  w  0  M  V  }T  (1) 

are  related  at  stations  I  and  (41  by 


For  the  original  systea .  the  overall 
transfer  —trix  relationship  would  be 

n  A  B  „C  0 
s  =  V  U  U  £ 

Using  the  known  boundary  conditions,  s° 
of  the  original  system  can  be  evaluated. 
Responses  along  the  structure  can  then 
be  calculated  with  the  standard  transfer 
matrix  procedure.  In  expanded  form,  Eq. 
(3)  can  be  written  as 


n 

s 

'uW 

UAUBFC  4  uafb  4  fa 

1 

0 

1 

(4) 


I 


L*  O 


v  ••  v  V  /  V  V  V 
«  *  «  •  «,  *  •  •  *_  ■ 
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riwn  a  is  the  vector  of  Initial 
para-tars  of  tha  original  aystaa.  Now, 
assu—  tha  atructura  in  ragion  B  is 
modified  so  that 

UB*  -  UB  +  auB  I 

Subsitute  aquation  (51  into  (31  to  obtain  tha 
■odifiad  aystaa  aquation 

s"  -  O^to8  +  AUB)UC  s° 

rot  tha  ragion  B.  o*"  appears  as 

si+1  .  cB*  S1 


i+1 

_s 

gB  +  aub  : 

i 

0  I 

assu—  that  the  aodification  does  not 
altar  tha  forcing  tar—,  which  is  usually  g 
tha  case,  than  treat  tha  — trix  change  AO 
as  a  -pseudo-load"  so  that  Eq.  (71  appears  as 


i+1 
s _ 

IG 

CD 

fb  +  4UB 

i 

o  : 

i 

Where  Ag  s  is  the  'pseudo-load'*  vector  that 
depends  on  the  state  variables  of  the  —dified 

syst—. 


where  sub— trices  axe  2x2  and  the  stats  vectors 
are  2x1  corresponding  to  the  unknown  and  known 
boundary  variables.  Suppose  the  known  boundary 
variables  are  sero.  i.e.,  (s£)  *  (s£)  -  (°). 

Than  the  lower  half  of  Eq.  (121  been—  s 

ts")  =  {0}  =  (UkuHs°}  +  {Fk>  +  [A0Jcl{s1}  (13) 


(su*)=  -fUkurl{Fk,-fUkurl[  UkHsi*Msu}-lAHsi*) 


where  the  superscript  *  is  used  to  identify  the 
aodlfiad  variables.  Tha  unaodified  variable 
(e°)  -  -to.  j  (F.  1  contains  the  original  syst— 
initial  para— ters  and 

(AJ  =  U5) 

,  *i. 

The  vector  (s  Jean  be  calculated  using  the 
matrix  (U  j 

r.,c  ,.cir_o*i 


{s1*}= [UCJ  S°*  +  FC  = 


-  r  c 

u  U  .  s  . 
uu  uk  u  +  FC 

Uv  0 

l  ku  kkj 


Introduce  Eq.  (141  into  the  above  equation 


HsJViaHs1  n+iF1-} 


=  {s1}  -  [bHs1*) 


Osing  aquation  (SI,  the  transfer  —trix 
relationship  'for  the  modified  syst—  bsco— s 

nl  r.A  •  jO  r..B  ■.  _B  B  iir  „C  :  _cl  0 

£  U  .  F  II  U  .  F  +MJ  £  U  .  F  £ 

i  o  :  i  o  :  i  :  1 

(  L  J  l  -  •  JL  J  (9*> 


sn»(tAjBocs°+(cfAoBFc+uAFB+FA)j  +  (Aiu^s1  no) 


ABC 

a  -  a  a  a  (the  original  overall  transfer 
—trix) 

F  -  tf*  oB  FC  +  U*  fB  ♦  ?A  (tha  total  effect 

of  tha  external 
loading) 

(the  modified  effect ) 


variables  of  s 


then  Eq.  (10)  can  ba  written  — 

•B  u  wi  (®0 1  fr  f4°  , 

*k  “ku  “kkj |*k  J  [Fk  &“k 


i 

su 

unknown 

*r 

• 

known 

•k 

tsA*>  =  UU  +  [B]  ]~1{si> 


Whsrs  (s  )  is  th#  state  variable  vector 
of  original  systss  of  station  1  and 


"c”l  'V'1' 

.u,cu. 


i*  o* 

Once  (s  >  is  known,  (s  >  can  bs 
calculatsd  using  Eq.  (14) 

{su*>  =  {su}  '  IA>  I(IJ+[Bn'1{si}  (18) 

Finally,  tha  respon— a  of  tha  — dlfied  syst— 
can  be  coaputed. 

this  formulation  can  ba  used  efficiently 
to  perform  a  eyntheeia  problem  such  as  one 
wherein  the  reeonant  frequency  of  the  modified 
syst—  is  prescribed  and  the  Characteristics 
of  the  modifications  necessary  to  achieve  the 
desired  frequency  are  to  be  calculated,  this 
ie  accoapliehed  by  solving  tha  characteristics 
aquation 

det< [I]  ♦  [B)l  -  0  (19) 

for  the  required  aodification  idiich  is  contained 

in  t»1- 


e  *.* 


>V\*v 


.*>  .*•  .V 


-  ..........  .  ...  ,  -  -  -  .  . 

.  ^  _  *.  .  .  .  .  .  .•  "  »  -  -  •  ’  .  "  .  ■  .  -  A  A  .  \  . 
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(23) 


For  a  steady-state  rHnalyili  problem, 
Eq.  (it)  can  ba  employed  to  determine  tha 
Initial  atata  variable*  a0,  Several 
point  t ran* far  aatricas  should  ba  atorad  in 
ordar  to  calculata  tha  corresponding  point 
zaaponaaa.  Thi*  would  raquira  relatively 
large  atoraga  memories,  but  for  reanalysis, 
tha  raaponaa  calculation  would  ba  vary 
afficiant.  See  tha  point  modification 
formulat ion  of  [5], 


numerical  Stability  of  Tranafar  Hatrix  calculations 


It  has  long  been  recognized  that  tha 
tranafar  matrix  method  a owe  tine*  encounters 
mnaarical  difficulties  which  prevent  it  froa 
wide  application.  To  avoid  this  difficulty, 
several  Modified  aathod*  have  bean  proposed 
[3,4],  Among  than,  tha  frontal  tranafar 
matrix  aathod  and  tha  stiffness  net r lx 
(displacement )  aathod  have  relatively  stable 
and  afficiant  nuaerical  Characteristics. 

tha  Prontal  Transfer  Matrix  Method  In  general, 
half  of  tha  atata  variablas  are  known  (usually 
zero)  at  tha  boundaries,  bat  (s1)  ba  unknown  and 
(s*)  be  known  variable  at  tha  station  i .  when 
there  is  an  in-span  rigid  support  or  in-span 
release,  (a  )  and  (i.  )  should  ba  re¬ 
arranged  such  that  discontinuous  state  variablas 
are  included  in  (*u) . 

At  the  initial  station  0. 


To  cross  tha  next  segment , 


is  }  =  .TV 


I  ,  0. 
..  {a  } 

0 


To  cross  the  first  segment,  use 


=  .ry.  = 


0  .  u. . 

uu  .  kk 


U°  1  (s°) 
uu  I  u  . 


ku  .’  kk 

»0 1  I 


where  tha  general  form  of  P  and  {  will  be 
defined  later.  Prom  tha  upper  relationship  of 
Eq.  (21). 

<su>  -  ‘purl{si}  -  [p0u1'1(5u) 

Introduce  this  equation  into  tha  lower  relation¬ 
ship  of  Eqs .  (21). 

<siMp°np°rX>+{{Q°>-  ip"j  [p®rX» 

Bence,  tha  following  aquation  is  obtained 


(Pk!  IPu1'1 


{Q°Mp°np0ur1{Q°u) 


(s2)  = 


u1  u1 

uu  uk 

ui  uj 

ku  kk 


pi 

{s1 }+ 

u 

P1 

Fk 

Substitute  Eq.  (21)  into  Eq.  (22) 

,_2,_  r •  uuki  /  r  m 


V  1  :  U1 

{s2}= 

.uL ;  ukk 


[Pk1[Purl 


Bow.  da 


0  \  Fi 

{s"} 

•[0kuI  +  fUkk)IPkI(Pu>'1. 

..tu^!.(!Q?!:.tP?!.[p?!'!{.:°}).+  {F“} 

•fine  tha  general  fora  of  P  and  2  as 


,Pu]  *  [Uuu’  +  [UlnPk'1,tPu'lrl 

-  Ku1  +  [ukk>tpk'1][pu'lrl 

{Ql)-{F*)+[0^k)(  Q*'1  -[Pk'1)[Pu"lHQu'1}) 

tv={v+Kk'‘<1>-'pk'1’tpu'1>'lt«u‘1}) 


If  these  relationships  are  used  to  proceed  to  the 
n-1  station  (Pig.  1),  then 


If  the  rows  of  (s  ),  [P  ].  and  (Q  )  are 
interchanged  properly  so  that  the  right-end  known 
variables  are  included  in  (s  )  (usually  zero), 
the  following  response  is  obtained 

{su'1}  =  *1Pk"1l{Qk~1}  (27) 

Continued  backward  substitution  yields  the  entire 

beam  response. 

Consider  now  the  modification.  Suppose  only 
tha  ith  (-B)  section  is  modified  as  in  Eq.  (S) 


U1  :  F1  +  AU1  s1*  s1* 

o  :  i  i 


Fra  Kqs .  (16)  and  (17),  the  rsanalysla  equation 
U  obtained 


{s1*}  >  [[I]  +  [Bl )~1{si) 


(28) 


MM  tha  NiMlytii  aatrix  [>}  can  be  calculated 
from  tha  p  aatrix 


IB] 


r0c  i 

CC 


A 


iV’1[Aki 


.  c 

i-ln 

u 

P 

CC 

u 

.  c 

i-1 

KJ 

Lpk 

<‘2'"-(Pu1 


(29) 


(30) 


‘“ku1 


(31) 


The  frontal  tranafar  aatrix  aathod  ia  one  of  the 
aoat  efficient  numerical  techniques  available 
to  solve  tha  tranafar  relationahip.  The 
primary  drawback  la  tha  coaplexity  of  ita 
foraulation.  especially  if  reanalysis  ia 
involved. 

Dynamic  Stiffness  Matrix  Method  The  frontal 
transfer  matrix  method  is  cosputationally 
attractive.  But  the  formulation  is  somewhat 
unfamiliar  to  most  people  and,  also,  it 
requires  some  inconvenient  adjustments, 
depending  on  the  selection  of  known  variables 
and  unknown  variables  on  the  boundaries  and 
at  certain  in-span  conditions. 


In  contraat.  tha  atiffnaaa  method 
superimposed  on  tha  tranafar  matrices  has  tha 
advantage  of  familiarity  and  of  being  able  to 
use  standard  matrix  solution  routines, 
additionally ,  it  does  not  suffer  the  numerical 
inetablllties  associated  with  tha  pure 
transfer  aatrix  aathod. 


A  generalised  transfer  aatrix  for  a  baas 
segment  has  the  form  («) 


u 

0 

V 

M 


.  F 


'“.a1 

-w ; 

w 

1  8 

'"ba1 

'“bb1  •  fV 
:  m 

\  V 

1  M 

o 

o 

H 

O 

O 

I  1 

(32) 


This  is  readily  converted  to  a  dynamic  atiffnaaa 
aatrix  by  flret  writing  Iq.  02)  as 


i+1 

i 


[U.a> 


IUba,le 


♦  .. 


(33) 

(34) 


Then  solve  eg.  (ID  in  terms  of  (M) 


B 


i+l 


Ml  -toabr 
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,-ilw 


i+1 


substitute  Iq.  OS)  into  Eq.  (34)  to  get 


i+1 


‘IUba5  |9 


+  [U.b> 


’ll  ID 


bb 

i+1 


,-l. 


♦'“kkH-KW  t"aa) 
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At  this  point  it  is  necessary  to  introduce  a 
change  in  sign  convention,  since  in  the 
transfer  aatrix  method,  the  positive  direction 
of  internal  forces  (shear  and  bending  moment) 
ia  not  the  same  as  the  displacements 
(deflection  and  rotation)  at  both  ends  of  the 
segment  (see  Pig.  2),  while  in  the  dynamic 
stiffness  matrix,  the  positive  direction  of 
Internal  forces  is  the  same  as  the  positive 
direction  of  the  displacements  at  both  ends  of 
the  beam  segment.  Considering  this  sign 
convention  Change,  the  following  stiffness 
aatrix  ia  obtained. 


Fig.  2  Sign  Change  of  Transfer  Matrix  to 
Stiffness  Matrix 
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that  for  on*  MfMnt  the—  are  a  continuous 
para— tor  Modification  spanning  ths  sag— nt 
and  two  point  Modifications,  ona  on  aach  and 
of  tha  sag— nt.  lhe  continuous  para— tor 
Modification  causas  tha  atiffnoss  — trix 
Change  of  that  ala— nt  and  discrata  para— tar 
Modification  should  ba  added  to  tha  diagonal 
tan  of  AK_ 


Ikg1  -  [Kc]  +  [AKG) 


This  is  a  "dynaMic*  stiffnasa  —trix  of  ths 
sort  discussed  in  Ref.  [6).  The  ala— nts  are 
functions  of  tha  forcing  frequency . 

mie  ala— nt  stiffness  —trices  can  ba 
superimposed  in  the  usual  fashion  to  fon 
the  global  stiffness  aquations. 

O')  -  (3< 

Tha  stiffness  —trix  K.  is  syn— trie  and  band 
United.  Os— lly  the  bandwidth  is  four  for  a 
be—  in  plane  bending.  If  there  are  sc— 
inspan  supports  or  point  Modifications, 
appropriate  iapedances  Z.  can  ba  added  to 
the  proper  diagonal  eleaent  of  the 
K_  —trix. 


Kii  “ii  +  Zi 

In  the  ca—  of  displace— nt  constraints, 
including  boundary  conditions,  corresponding 
force  ale— nts  and  nondiagonal  stiff— 
ele— nts  should  be  sero.  that  is.  if  u  is 
prescribed  to  be  saroi  set  r.  *  0  and 
y  -  0.  -  0  (j  Pi) 


where  the  AK  —trix  appears  as 


■  0 

:  o  : 

0  ' 

c 

0 

:  ak  : 

0 

B 

(45)  (45) 

0 

:  o  : 

0 

A 

Bara,  the  sag— nt  has  been  divided  into  tha  thr— 
regions  of  Pig.  1.  Tha  original  solution 
u  can  be  partitioned  — 


and  tha  Modified  stiffness  aquation  becomes 


F|  -I  fb  [  -  M  ht  \ +  [filcltV  «7> 


By  partitioning  tha  nobility  —trix  into  ths 

three  sag— nts 


IR]  =  [Kg]- 


This  is  equivalent  to  — tting  u^  equal  to  taro. 

After  asseabling  and  Modifying  tha  global 
stiffness  —trix.  steady-state  response  can  be 
obtained  using  a  solution  technique  such  as 
Gauss  elininatlon. 


It  then  follows  that 


Rj  [AK]{Ub) 


Define  the  invar—  —trix  (no billty  or 
receptance  —trix)  as  by 


(*)  -  C*C01 


(u)  -  {K0)  V)  -  (*)  (F) 


Consider  now  the  incorporation  of 
Modifications.  The  dyn— ic  stiffness  —trix 
Method  can  accept  not  only  point  Modifications 
but  also  continuous  Modifications.  Suppo— 


The  Modification  portion  of  the  —analysis 
equation  is  given  by 

<U*}  -  [[I]+(RBl(aK]]‘1{U*)  (50) 

Substitution  of  {u*}  into  the  rest  of 
Bq.  (49)  gives 
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{U„}  -  {UJ  -  [R  ][AKHU  } 

B  C  C  B  (51) 

<UA}  -  (UA}  ‘  lRAHAK]<U*} 

Note  that  Eq.  (50)  la  similar  to  the  reanalyeie 
relation  of  Eq.  (15). 

This  can  also  ha  used  to  perform  a 
synthesis  problem  such  as  one  wherein  the 
resonant  frequency  is  proscribed  and  the 
Characteristics  of  aodification  necessary  to 
achieve  the  desired  frequency  are  to  be 
calculated,  this  is  accomplished  usinq  the 
characteristic  equation  similar  to  Eq.  (1»). 

«et([[l)  ♦  -  o 

por  a  steady-state  reanalysis  problem, 
the  partitioned  nobility  matrix  (R^),  [Rg] 

and  (A)  should  be  calculated  and  stored. 

Then  the  modified  response  is  calculated 
efficiently  by  usinq  equations  (50)  and  (51). 

The  dynamic  stiffness  method  is  not  quite 
as  efficient  as  the  frontal  transfer  matrix 
method.  However,  the  treatment  is  very 
similar  to  the  usual  finite  element  method, 
this  means  that  this  method  can  be  coupled  to 
a  standard  structural  analysis  capability  or 
can  use  standard  linear  equation  solution 
techniques . 

numerical  Examples 

This  formulation  will  be  illustrated 
usinq  the  simple  three-sectioned  beam  of  Piq. 

3.  Although  this  reanalysis  approach  can 
accept  aodification  of  both  continuous  and 
discrete  parameters,  the  only  aodification 
considered  here  is  the  distributed  mass  change 
&p  in  section  B.  In  this  example,  the 
point  stiffness  k  is  fixed  at  its  value 
0.2  Ml/a.  Other  numerical  values  are  shown  in 


f  =  1000  sinojt 


Table  1  Physical  Properties  for  the  Beam  of 
the  Example  Problem 


Section 

c 

B 

A 

unit 

El 

0.5 

0.5 

0.5 

kNm^ 

0(density ) 

.0005 

.0005 

.0014 

.0023 

.0005 

k/m 

l(length) 

.15 

.20 

.15 

m 

k„=Q2  M  N/m 


The  steady-state  responses  of  the 
original  and  modified  beam  are  illustrated  in 
Piq.  4.  of  course,  increasing  the  distributed 
■ass  causes  a  decrease  of  resonant  frequency. 
However,  the  second  resonant  frequency 
undergoes  a  larger  change  than  the  other 
resonanciea . 

These  responses  were  calculated  usinq  the 
three  methods i  the  usual  transfer  matrix 
reanalysis  formula,  frontal  reanalysis.  and 
stiffness  matrix  reanalysis.  lhe  three  results 
are  the  same,  but  as  is  to  be  expected  the 
calculation  time  of  the  frontal  method  is 
slightly  better  than  the  stiffness  method, 
both  of  these  methods  are  significantly  more 
efficient  than  the  pure  transfer  matrix 
method. 


CONCUraiOMS 

An  efficient  reanalysis  procedure  has 
been  formulated  for  studying  the  dynamic 
effects  of  discrete  and  continuous  local 
modifications  to  a  continuous  systems.  In 
particular,  the  formulation  applies  to  systems 
with  a  line-like  geometry  Which  are  readily 
analysed  with  the  transfer  matrix  method.  A 
conversion  to  frontal  transfer  and  stiffness 
matrices  is  introduced  to  assure  that  no 
numerical  instability  occurs  in  the  analysis, 
numerically,  these  stable  methods  are  more 
efficient  than  transfer  matrices.  The 
numerical  examples  illustrate  the 
effectiveness  of  this  approach.  This 
formulation  is  appropriate  for  application  to 
many  engineering  systems  that  are  properly 
modeled  as  line  type  structures. 
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Fig.  4  Numerical  Results 
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A  POLE-FREE  REDUCED-ORDER  CHARACTERISTIC  DETERMINANT 
METHOD  FOR  LINEAR  VIBRATION  ANALYSIS  BASED  ON  SUB-STRUCTURING 

B.  Dawson 

Polytechnic  of  Central  London 
London,  England 


M.  Davies 

University  of  Surrey 
Guildford,  Surrey,  England 


A  general  method  of  solution  for  the  linear  vibration  analysis  of 
structures  is  presented.  The  method  is  based  on  sub— structuring 
and  the  formation  of  a  reduced-order  characteristic  determinant 
whose  zeros  yield  all  the  natural  vibration  frequencies  of  the 
system.  The  concept  of  the  method  and  its  application  is  illustrated 
via  the  determination  of  the  torsional  natural  frequencies  of 
engine-driven  systems  involving  both  discrete  and  continuous  components. 


INTRODUCTION 

In  linear  vibration  analysis  the  problem 
of  determining  the  natural  vibration  frequencies 
of  a  structure  is  usually  solved  as  a  linear 
algebraic  eigenvalue  problem  for  which  power¬ 
ful  and  efficient  algorithms  exist.  These 
methods  are,  however,  only  applicable  to 
discrete  structures.  Structures  containing 
continuum  elements  are  therefore  first 
discretised  by  finite  element  methods.  Since 
these  necessarily  introduce  approximations  for 
which  error  bounds  may  or  may  not  be  available, 
the  number  of  degrees  of  freedom  may  have  to  be 
very  large  in  order  to  achieve  a  sufficiently 
representative  model  of  the  structure.  Any 
attempt  to  reduce  the  order  of  the  system  by 
eliminating  co-ordinates  by  economisation 
techniques  introduce  further  approximations 
unless  exact  Guyan  reduction  is  used,  and  this 
has  the  undesirable  effect  of  introducing  poles. 

When  the  continuum  elements  have  simple 
geometric  shapes  and  are  composed  of  homogeneous 
materials  the  exact  analytic  forms  of  the 
dynamic  stiffness  matrices  of  each  component, 
whose  elements  have  a  transcendental  dependence 
on  frequency,  may  be  known.  Assembly  of  these 
individual  matrices  to  form  an  overall,  non¬ 
linear,  dynamic  stiffness  matrix  for  the 
structure  has  the  merit  of  giving  rise  to  a 
relatively  small  order  matrix  provided  the 
internal  coordinates  of  each  component  are 
eliminated.  However,  this  formulation  again 
gives  rice  to  poles.  J 

The  ubiquitous  intrusion  of  poles  presents 
a  major  problem  in  an  otherwise  highly 


attractive  method  of  vibration  analysis.  It 
makes  an  automatic  root  search  well  nigh 
impossible  without  previously  locating  the 
poles,  and  even  then,  close  proximity  of  poles 
and  zeros  can  make  their  resolution  extremely 
difficult. 

We  have  shown  in  a  previous  communication 
[1]  that  a  pole-free  formulation  in  the  form  of 
an  asymmetric  characteristic  determinant  whose 
zeros  are  the  natural  frequencies  can  be 
achieved  for  lumped-parameter  branched  marine 
drive  systems.  Subsequent  consideration  has 
confirmed  that  this  method  of  analysis  is 
possible  for  general  structures  provided  no 
forced  excitation  frequency  exists  at  which  a 
sub-structure  behaves  as  a  decoupled  system. 
However,  as  in  general  only  specially  designed 
mechanical  components  possess  this  latter 
property,  a  pole-free  representation  should  be 
possible  for  all  structures  occurring  in  practice. 

The  pole-free  method  is  based  on  a  matrix 
transfer  representation  in  which  the  coefficients 
of  transfer  matrices  corresponding  to  individual 
system  component  substructures  are  assembled  to 
form  the  elements  of  a  reduced-order 
characteristic  determinant.  This  method  leads 
to  a  larger  order  determinant  than  that  of  the 
equivalent  reduced-order  dynamic  stiffness 
matrix  but  it  has  the  distinct  advantage  of 
being  pole-free.  The  method  is  presented  and 
illustrated  by  application  to  the  determination 
of  the  natural  frequencies  of  vibration  of  both 
straight  and  branched  engine  driven  systems 
modelled  as  a  combination  of  continuous  and 
discrete  components. 


•  .  J 
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GENERATION  OF  REDUCED-ORDER  CHARACTERISTIC 
DETERMINANT 


The  matrix  transfer  equation  has  the  form 


To  illustrate  the  principles  of  the  method 
we  consider  the  determination  of  the  natural 
frequencies  of  torsional  vibration  of  the  system 
shown  in  Fig. 1  which  has  been  sub-structured 
into  three  sub-systems. 
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\* 
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9 


t 


t 


Discrete  mass 
t jrsional 
sub-system 


Distributed  mass  Single  lumped 
torsional  mass 

sub-system  sub-system 


©  ,©  etc.  denote  sub-systems 
0.0  etc.  denote  global  coordinates 

I  ,  2  etc.  denote  local  coordinates 

Fig.1.  -  Sub-structured  torsional  vibration 
system. 

These  are  indicated  in  the  diagram  by 
circles  and  in  the  text  by  bracketed  super¬ 
scripts  (I),  (2)  etc.  For  any  frequency , the 
reduced  characteristic  determinant  is  formed 
via  consideration  of  the  equilibrium  equations 
at  the  junction  points  between  sub-systems 
together  with  the  satisfaction  of  the  boundary 
conditions  of  the  system.  These  equations  are 
formed  in  terms  of  the  elements  of  the  transfer 
matrices  of  the  individual  sub-systems.  Thus 
for  each  sub-system  it  is  necessary  to  find  the 
transfer  matrix  relating  the  state  vectors  at 
each  end  and  these  may  be  derived  as  follows. 

Sub-system  (1): 

This  consists  of  a  set  of  individual  discrete 
mass  and  stiffness  components.  However,  in 
order  to  reduce  the  number  of  junction  points 
and  hence  the  order  of  the  determinant  it  is 
considered  as  a  single  sub-system.  The  overall 
transfer  matrix  may  be  obtained  via  either 
(i)  a  matrix  transfer  formulation,  or 
(ii)  a  Guyan  reduction  which  reduces  the  number 
of  co-ordinates  to  those  corresponding  to  the 
end  co-ordinates  of  the  sub-structure,  thus: 

(i)  Matrix  transfer  formulation  : 
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where  P^,  F^  are  the  respective  point  and  field 
matrices  along  sub-system  (1)  and  z.  denotes  the 
state  vector  {S^,Q^}  at  the  point  i.  The 
generalized  displacement  8^  and  force  are 

conventionally  positive  when  acting  in  the 
direction  of  transfer,  and  respectively 
represent  in  this  case  the  angular  displacement 
and  torque  at  the  point.  The  elements  of  the 

associated  transfer  matrix  T^  *  [tj^]  are 

obtained  via  the  matrix  multiplication  operatires 
set  out  in  equation  (1). 


(ii)  Guyan  reduction: 


The  overall  dynamic  equations  for  sub¬ 
system  (1)  may  be  expressed  in  the  form 


(2) 


where  the  3*3  dynamic  stiffness  matrix  D^  ^of 
the  sub-system  is  partitioned  as  shown  and 
account  is  taken  of  the  fact  that  the  right 
hand  vector  in  equation  (2)  represents  the 
forces  acting  on  the  sub-system.  Equation  (2) 
is  reduced  by  Guyan  reduction  to  the  condensed 
form 
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where  Che  2*2  dynamic  stiffness  matrix 
given  by 


D(1)  -  [d22-d21d;X2] 


(1) 


is 

(4) 


In  this  particular  case  the  calculation  of 
che  inverse  of  D^  is  trivial  since  D(I  is  a 

scalar.  In  general,  however,  will  be  a 

square  matrix  function  of  frequency  u>.  In  that 
case  its  inverse  may  be  determined  via  the 
spectral  decomposition  theorem  [2)  in  terms  of 
the  natural  frequencies  of  the  sub-structure 
assuming  rigid  boundaries.  These  frequencies 
are  obtained  by  finding  the  zeros  of  the 
determinant  j ! • 

Following  the  determination  of  the  Guyan- 
reduced  dynamic  stiffness  matrix,  partitioned 
as 
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with  square  sub-matrices,  the  transfer  matrix 

is  obtained  from  the  following  relation¬ 
ship  established  from  equations  (1),  (3)  and 
(5)  that 
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In  the  present  instance  the  matrix 
operations  in  (6)  are  trivial  because  the  sub¬ 
matrices  of  matrix  (5)  are  scalars.  In  general, 
however,  since  the  object  of  the  Guyan  reduction 

process  is  to  generate  a  matrix  of  small 

order  ,  direct  numerical  inversion  of  the 

submatrix  is  readily  performed,  and  in  view 

of  the  proviso  made  in  the  introduction  that 
the  system  does  not  decouple,  we  must  have 

jD)2|  f  0  and  therefore  the  inverse  always 
exists. 


Components  (2)  and  (3): 

The  transfer  matrices  for  these  sub-systems 
are  directly  available  in  analytic  form.  Thus, 
for  component  (2),  assumed  to  be  a  uniform 
circular  cylinder  of  mass  density  p,  length  4, 
modulus  of  rigidity  G  and  polar  second  moment 
of  area  J: 
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Assembly  of  reduced  characteristic  determinant 

The  elements  of  the  reduced  characteristic 
determinant  are  assembled  by  considering,  in 
systematic  order,  first  the  force  equilibrium 
equations  and  then  the  displacement  conpatibility 
conditions  at  sub-system  interfaces,  followed 
by  the  boundary  conditions.  Thus,  in  the 
present  instance,  we  have: 


Torque  equilibrium: 


oj0  ♦  q[2)  =  0 

(9) 

-q<2)  ♦  q;3)  -  0. 

(10) 

Displacement  compatibility: 

e|’>  -  e<2) 

(11) 

e<2)  -  ej3). 

(12) 

Boundary  conditions: 

Q30  *  0 

(13) 

-  0. 

(14) 

Using  the  matrix  transfer  equation  of  each 
sub-system,  the  set  of  equations  (9)  through 
(14)  yield  a  linear  homogeneous  system  in  input 
state  variables  only.  For  this  purpose  it  is 
convenient  to  assign  the  symbol  a  to  the  input 
displacement  and  B  to  the  input  force  variables. 


In  this  notation  the  transfer  equations  for 
the  output  state  variables  of  the  kth  sub¬ 
system  are 
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with  matrix  elements 


£11  =  t22  =  cos  fc|2  ”  sinXt/GJX, 

t21  »  -GJX  sin  X4 

where 

X  »  w/(p/G) 


and  u  represents  frequency. 
For  component  (3): 
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with  matrix  elements  t  *  t._  - 
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then 

have 
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Also,  by  assigning  a  common  variable  to 
input  displacements  at  the  same  interface  the 
number  of  equations  is  further  reduced.  Thus 
on  setting 


.(') 


(2) 


r 


(3) 


6(°  -  63, 


1.  ■  0 


equation  (It)  becomes  redundant  and  the 
remaining  equations  become,  in  order: 
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The  coefficients  of  these  equations  in  a 
and  6  form  an  irreducible  matrix  whose 
determinant  is 
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evidently  permits  the  multiplication  of  the 
transfer  matrices  of  the  individual  sub-systems 
when  applied  uni-directionally.  This  gives, 
working  from  left  to  right  in  the  free-free 
system  of  Fig.1,  a  single  transfer  matrix 
satisfying  the  equation 
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with 
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where  A(w)  is  the  same  function  as  in  equation 
(25). 

Of  course,  for  a  multiply  branched  system 
the  latter  simplification  is  not  possible  and 
the  function  A(u)  must  be  assembled  as  a 
determinant  from  the  graph-theoretic  topology 
of  the  system.  In  any  case,  the  method  still 
requires  an  efficient  root  searcher  to  make  it 
viable.  The  authors  [3]  have  developed  a 
globally  convergent  automatic  root  finder  for 
finding  the  zeros  of  residual  functions  of  this 
class,  and  the  following  results  which  are 
presented  to  illustrate  the  application  of  the 
technique  have  been  obtained  by  its  use. 
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The  zeros  (i»l,2,...)  of  A(ui)  are  the 
natural  frequencies  of  the  system. 


GENERAL  APPLICATIONS 

The  foregoing  analysis  suffices  to 
indicate  the  principle  of  the  technique.  It 
possesses  a  remarkable  versatility  which  stems 
from  the  fact  that  A(w)  is  free  from  poles  and 
is  therefore  an  entire  function.  Moreover, 
A(id)  is  of  genus  0  in  u2  and  therefore  may  be 
written  as 


EXAMPLE  1:  IN-LINE  ENCINE/GENERATOR  SYSTEM 

The  six  cylinder  engine  of  the  in-line 
engine/generator  system  shown  in  Fig. 2(a), 
with  parameter  values  given  in  Table  1,  is 
idealised  by  assuming  that  the  engine  inertia 
and  stiffness  are  uniformly  distributed.  On 
this  assumption  the  equivalent  distributed 
system  as  determined  by  Ker  Wilson  [A]  is 
shown  in  Fig. 2(b).  This  is  considered  as  three 
sub-structures  in  the  manner  shown  in  Fig. 2(c). 
The  first  12  natural  frequencies  of  torsional 
oscillation  were  computed  via  a  reduced-order 
determinant  A(u>)  of  order  5*5  and  are  presented 
in  Table  2.  The  natural  torsional  frequencies 
of  the  original  lumped  parameter  system  were 
also  computed  and  are  shown  for  comparison  in 
this  table. 

EXAMPLE  2  :  BRANCHED  SYSTEM 


A(u)  -  Cu  n  (1-w2/oo h  (26) 

i-v+1  1 

where  c  and  v  are  constants  and  v  an  integer 
i  0.  Since,  to  the  extent  of  the  multipli¬ 
cative  constant  c,  A(u>)  is  completely  defined 
by  its  zeros,  it  follows  that  this  function 
is  invariant  with  respect  to  the  transfer 
directions  within  the  sub-systems  and  to  the 
particular  choice  of  coordinates  and  forces 
retained  in  the  formative  equations.  Thus  in 
the  example  cited,  its  chain  topology 


In  order  to  illustrate  the  application  of 
the  method  to  a  more  complex  system  a  second 
identical  engine  was  added  to  the  original 
system  shown  in  Fig. 2(b),  resulting  in  the 
branched  system  shown  in  Fig. 3(a). 

The  branched  system  is  represented  by 
seven  sub-structures  as  indicated  in  Fig. 3(b). 
The  first  20  natural  frequencies  of  torsional 
oscillation  were  obtained  via  a  reduced  order 
determinant  A(ui)  of  order  12*12  and  are 
presented  in  Table  3.  For  comparison  purposes 
the  natural  frequencies  of  the  branched  system, 


TABLE  1 


DATA  FOR  ENGINE/GENERATOR  SYSTEM 


H 

I 

443 

(3920) 

*a 

15797 

(139800) 

*b 

2983 

(26400) 

I 

0 

2658 

(23520) 

.  2 
kg  m 

(lb  in  s2) 

Ka 

K 

Ka 

*b 

K 

o 

233.9 

82.49 

45.43 

150.7 

13.75 

X106  N  m 

(2070) 

(730) 

(402) 

L_  - - 

(1334) 

(121.7) 

(X106)  (lb 

K.  -  2KK  /(2K-K  ) 
r  a  a 

-  62.68  x  106N  m 
(554 . 7  x  106  lb  in) 


TABLE  2 

NATURAL  FREQUENCIES  OF  STRAIGHT  IN-LINE  ENGINE/GENERATOR  SYSTEM 


Mode 

No. 

r  •  — ■ — 

Natural  Frequencies  of 

Combined  Discrete  and 

Continuous  System 

(rad/s) 

Natural  Frequencies 

of  Discrete  System 

(rad/s) 

1 

0 

0 

2 

96.43116 

96.22528 

3 

244.60336 

244.47902 

4 

282.13229 

276.83540 

5 

481.29862 

456.25927 

6 

689.88522 

619.71590 

7 

903.10612 

750.01238 

8 

1118.97961 

834.03523 

1336.55797 

1866.41721 

1555.347691 

IH 

1775.06451 

m 

1995.52738 

1 

TABLE  3 


NATURAL  FREQUENCIES  OF  BRANCHED  SYSTEM 


Mode 

No. 

Natural 
Frequencies 
of  combined 
discrete  and 
continuous 
system 

Natural 
Frequencies 
of  combined 
engine  branch 
arm  fixed  at 
junction 
point 

Natural 
Frequencies 
of  discrete 
system 

Natural 
Frequencies 
of  discrete 
engine  branch 
arm  fixed  at 
junction 
point 

(rad/s) 

(rad/s) 

(rad/s) 

(rad/s) 

1 

0 

- 

0 

2 

90.8207 

90.8207 

90.6096 

90.6096 

3 

101.5515 

101.3524 

4 

244.1567 

243.9341 

5 

279.7764 

279.7764 

274.3651 

274.3651 

6 

284.4601 

279.2546 

7 

480.7409 

480.7409 

455.7482 

455.7^2 

8 

481.8671 

456.7823 

9 

689.6610 

689.6610 

619.5501 

619.5501 

10 

690.1122 

619.8844 

1 1 

902.9976 

902.9976 

749.9604 

749.9604 

12 

903.2155 

750.0650 

13 

1118.9199 

1118.9199 

834.0245 

834.0245 

14 

1119.0396 

834.0460 

15 

1336.5220 

1336.5220 

1866.4172 

1866.4172 

16 

1336.5941 

17 

1555.3245 

1555.3245 

18 

1555.3710 

19 

1775.0487 

1775.0487 

20 

■  ,  ... .. ... 

1775.0804 

DISCUSSION  OF  RESULTS 

The  method  yielded  results  accurate  to  the 
limiting  precision  of  the  computer.  No 
numerical  difficulties  were  experienced  for 
either  of  these  examples  or  for  numerous  other 
examples  tested  by  the  authors.  The  numerical 
stability  of  the  method  is  confirmed  by  the 
exact  agreement  (to  all  significant  digits) 
between  the  natural  frequencies  computed  for 
each  engine  branch  arm  with  the  branch  point 
fixed  and  the  equivalent  natural  frequencies 


of  the  branched  system. 

Whilst  the  object  of  the  paper  is 
essentially  to  present  the  method,  it  is  of 
some  interest  to  note  the  extreme  sensitivity 
of  the  modelling  on  both  the  straight  and 
branched  systems  with  regard  to  the  number  of 
natural  vibration  frequencies  in  the  range 
0-1867  rad/s  and  to  their  values,  especially 
after  the  6th  and  10th  modes  respectively. 


CONCLUSIONS 


A  pole-free  reduced-order  determinant  method 
has  been  presented  for  the  computation  of  the 
natural  vibration  frequencies  of  systems 
comprising  both  discrete  and  continuous 
parameter  components.  Whilst  the  method  has 
been  described  in  terms  of  components  executing 
torsional  vibration  only,  its  extension  to  the 
vibration  analysis  of  general  structures  involves 
exactly  the  same  principles. 
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DETERMINATION  OF  SHEAR  COEFFICIENT  OF  A  GENERAL  BEAM  CROSS 
SECTION  BY  FINITE  ELEMENT  METHOD 
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C.  M.  Friedrich  and  S.  C.  Lin 
Westlnghouse  Electric  Corporation 
Bettis  Atomic  Power  Laboratory 
West  Mifflin,  Pennsylvania 


A  finite  element  method  is  formulated  to  determine  the  distribution  of  warping 
deflections  of  a  general  cross  section  of  a  beam  under  a  shear  load.  Then, 
formulae  for  the  shear  stresses,  shear  strains,  shear  stiffness,  and  shear  co¬ 
efficient  are  obtained  In  terms  of  the  warping  deflections.  Numerical  values 
of  the  shear  stresses  and  shear  coefficients  are  computed  for  four  beam  cross 
sections  and  compared  with  values  obtained  by  other  writers  or  by  approximate 
solutions. 


INTRODUCTION 

In  the  analysis  of  beam  structures,  deformation 
due  to  the  transverse  shear  load  Is  Important 
for  a  beam  whose  length  Is  comparable  to  a 
cross-section  dimension.  The  shear  deformation 
Is  usually  measured  by  the  beam  shear  coeffl- 
c1ent[l]*,  which  Is  dimensionless  and  dependent 
upon  the  shape  of  the  beam  cross  section.  The 
primary  purpose  of  this  coefficient  Is  to 
account  for  the  fact  that  the  warping  of  the 
cross  section  by  shear  load  produces  non-uniform 
shear  stresses  and  shear  strains. 

Cowper  [1]  derived  the  beam  equations  from  the 
theory  of  elasticity  and  obtained  a  formula  for 
shear  coefficients  of  cross  sections.  From  this 
formula,  he  presented  closed  form  solutions  for 
five  simple  cross  sections  (circle,  rectangle, 
ellipse,  hollow  circle,  and  semicircle)  and 
approximate  formulae  for  six  thin-walled 
sections. 

In  practical  applications,  the  cross  section  of 
the  beam  structures  may  not  be  simple  or  thin- 
walled.  The  formulae  provided  In  [1]  for 
calculating  the  shear  coefficients  may  not  be 
adequate  for  complicated  cross  sections,  such  as 
a  blade  of  a  helicopter.  Thus,  a  finite  element 
method,  based  on  the  theory  of  elasticity,  Is 
developed  to  solve  the  beam  shear  problem  for 
any  complex  cross  section.  In  the  derivation  of 
the  shear  distortion,  the  principle  of  virtual 
work  Is  applied  to  determine  the  warping  deflec¬ 
tions  of  the  cross  section.  Consequently,  the 
distribution  of  the  shear  stress  and  shear 
strain  over  the  cross  section  and  the  effective 


shear  stiffness  are  derived.  A  formula  for  the 
beam  shear  coefficient  of  the  cross  section  Is 
also  derived.  The  numerical  values  of  the  shear 
coefficients  for  four  cross  sections,  a  circle, 
a  square,  a  thin  I-shaped  section,  and  a  honey¬ 
comb  section,  are  computed  using  eight-node 
Isoparametric  quadrilateral  elements.  Values 
for  the  first  three  sections  compare  well  with 
Cowper' s  [l]  and  Roark's  [5]  results.  The  shear 
coefficient  for  the  honeycomb  section  Is  com¬ 
pared  with  the  solid-section  solution.  Finally, 
the  shear  stress  distribution  for  circular  and 
square  cross  sections  under  shear  loads  are 
compared  with  their  closed  form  solutions  [2] 
and  the  shear  stress  distribution  for  the 
honeycomb  section  Is  compared  with  that  from 
the  elementary  beam  theory. 

DERIVATION  OF  BEAM  SHEAR  DISTORTION 

A  finite  element  method  Is  formulated  to  obtain 
the  shear  distortion  of  a  beam  under  a  shear 
load.  The  derivation  of  the  shear  distortion 
is  arranged  In  four  steps:  (1)  assume  a  set  of 
nodal  warping  deflections  on  a  small  length  a z 
of  the  beam  and  establish  equations  of  strains 
and  stresses  versus  the  nodal  deflections;  (2) 
from  the  external  virtual  work  of  these  warping 
deflections,  establish  equilibrium  equations  of 
nodal  forces  versus  beam  shear  load;  (3)  from 
Internal  virtual  work  of  shear  stresses, 
establish  stiffness  equations  of  nodal  forces 
versus  nodal  deflections;  and  (4)  calculate  the 
shear  coefficient  after  the  stiffness  equations 
are  solved  for  the  warping  deflections.  These 
four  steps  are  discussed  separately  In  the 
Appendix. 


Note:  Appropriate  SI  conversion  units  -  1  In.  *  2.54  cm,  l  lb.  ■  0.4536  Kg, 
1  ksl  *  6.89  MPa. 

♦Numbers  In  brackets  designate  References  at  the  end  of  paper. 
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Table  1 


Shear  Coefficients  of  Four  Cross  Sections 


Shape 

QUAD8 

Roark  [5] 

Cowper  [1] 

Cl rcl e 

0.882 

0.900 

0.882 

Square 

0.848 

0.833 

0.848 

Thin  I-Shaped  Section 

0.396 

0.378 

0.390 

Honeycomb  Section 

0.603 

— 

— 

NUMERICAL  EXAMPLES 

An  In-house  computer  program  was  written  for  the 
BESTRAN  system  (Reference  [3])  to  solve  the 
discussed  beam  shear  problem  with  an  eight-node 
Isoparametric  quadrilateral  element  called 
QUAD8.  The  configuration  of  the  QUAD8  element 
Is  shown  In  Figure  1  and  the  associated  shape 
functions  for  this  element  are 

Nt  -  -(1  -  0  (1  -  n)  (1  ♦  C  ♦  n)/4 
N2  -  (1  -  C2)  (1  -  n)/2 
N3  *  (1  ♦  «)  (1  -  n>  (C  -  n  -  l)/4 

*  (1  -  0  (1  -  n2)/2 

Ns  *  (1  +  0  (1  -  n2)/2 

N6  =  (1  -  0  (1  +  n)  (n  -  K  -  l)/4 

N?  -  (1  -  C2)  (1  +  n)/2 
N8  »  (1  +  c)  (1  +  n)  (C  +  n  -  l)/4 

where  c,  n  are  the  two  local  coordinate  axes  for 
the  element,  as  discussed  In  Reference  [4]. 

The  cross  sections  to  be  Investigated  are  a 
circle  with  radius  of  1.0  Inch,  a  1.0  Inch  x  1.0 
Inch  square,  a  thin  I-shaped  section  (shown  In 
Figure  2),  and  a  honeycomb  section  (shown  In 
Figure  3).  The  beam,  subjected  to  a  shear  load 
of  10**  lbs  In  the  x-dl  recti  on.  Is  assumed  to 
be  homogeneous  with  the  following  material 
properties: 

E  *  30  x  106  psl 
v  »  (0.25). 

Since  the  sections  are  symmetric  about  the  x- 
and  y-  axes,  only  one  quarter  of  each  section 
Is  modeled.  The  QUAD8  models  for  the  circular, 


thin  I-shaped,  and  honeycomb  sections  are  given 
In  Figures  4,  5,  and  6,  and  the  model  for  the 
square  Is  a  square  array  of  36  QUAD8  elements. 
The  shear  coefficients  defined  In  Equation  (16) 
of  Appendix  are  calculated  by  the  In-house 
computer  program  and  listed  In  Table  1.  The 
corresponding  values,  except  for  the  honeycomb 
section,  are  computed  from  the  formulae  of 
References  [1]  and  [5]  and  are  listed  In  Table  1 
for  comparison. 

From  Table  1,  It  can  be  seen  that  the  results  of 
the  present  method  and  [1]  for  the  circle  and 
square  are  Identical.  It  can  also  be  seen  that 
the  results  of  the  three  methods  for  a  thin 
I-shaped  section  agree  well  even  though  the 
solution  from  Reference  [1]  assumes  the  stress 
distribution  Is  uniform  across  the  wall  and 
Reference  [5]  uses  elementary  beam  theory.  For 
the  honeycomb  section,  no  solution  Is  available. 
However,  an  upper  bound  of  the  shear  coefficient 
Is  0.833,  the  shear  coefficient  of  a  solid  rec¬ 
tangle.  The  shear  stresses  for  the  circle  and 
square  obtained  from  the  finite  element  method 
and  from  the  closed  form  solutions  (Reference 
[2])  are  presented  In  Table  2  for  comparison. 

The  maximum  difference  between  the  two  results 
Is  It.  For  the  honeycomb  section,  the  shear 
stresses  along  the  y-axls  obtained  from  the 
finite  element  method  are  listed  In  Table  3. 

The  shear  stresses  are  normalized  by  using  a 
shear  stress  value  of  256.5  psl  which  Is 
computed  from  the  elementary  beam  theory.  From 
Table  3,  It  can  be  seen  that  the  shear  stress 
Is  smaller  at  the  center  and  becomes  larger 
near  the  edge.  The  average  value  for  the  xxz 
along  the  y-axls  Is  within  1%  of  the  shear 
stress  from  the  elementary  beam  theory.  The 
values  of  xyz  along  the  y-axls  from  the  present 
method  are  basically  zero. 
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Table  2 


Shear  Stresses  (In  ksl)  of  Circular  and  Square  Cross  Sections 


Location 

gUAuB 

Closed  Form  Solution 

Shape 

(x,  y) 

Txz 

Tyz 

Txz 

Tyz 

(0,  1) 

3.84 

0.0 

3.82 

0.0 

(0,  0.5) 

4.31 

0.0 

4.29 

0.0 

(0,  0) 

4.47 

0.0 

4.46 

0.0 

Circle 

(0.5,  0) 

3.36 

0.0 

3.34 

0.0 

(1,  0) 

0.0 

0.0 

0.0 

0.0 

(0.5,  0.5) 

3.20 

-0.95 

3.18 

-0.96 

(0.707,  0.707) 

1.91 

-1.93 

1.91 

-1.91 

Square 

(0,  0.5) 

16.95 

0.0 

16.89 

0.0 

(0,  0) 

14.16 

0.0 

14.10 

0.0 

Table  3 


Shear  Stress  Distribution  of  Honeycomb  Section 


Location 

(x,y) 

- UUSDB - 

Elementary  f 

earn  Iheorv 

Txz/25b.5 

tyz/256.5 

xxz/256.5 

iyZ/256.5 

0,  0.866 

0.90 

0.00 

1.00 

0.00 

0,  1.250 

0.89 

0.00 

1.00 

0.00 

0,  1.634 

0.91 

0.00 

1.00 

0.00 

0,  3.366 

0.95 

0.00 

1.00 

0.00 

0,  3.750 

0.95 

0.00 

1.00 

0.00 

0,  4.134 

0.98 

0.00 

1.00 

0.00 

0,  5.866 

1.15 

0.02 

1.00 

0.00 

0,  6.122 

1.15 

0.01 

1.00 

0.00 

0,  6.378 

1.10 

0.00 

1.00 

0.00 

0,  6.634 

1.10 

0.00 

1.00 

0.00 

CONCLUSION 

From  the  theory  and  numerical  results  presented. 
It  can  be  seen  that  this  finite  element  method 
can  accurately  calculate  not  only  the  beam  shear 
coefficient  but  also  the  distribution  of  the 
shear  stresses  and  shear  strains  for  any  complex 
cross  section  under  a  shear  load.  Thus,  It  Is 
believed  that  this  method  will  provide  a  very 
useful  approach  In  evaluating  the  warping 
deflections  of  shear  loading  on  a  beam  and  the 
shear  stiffness  of  the  beam  In  addition  to  the 
bending  stiffness. 
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APPENDIX: 

DETAILS  OF  DERIVATION  OF  BEAM  SHEAR  DISTORTION 


NUMBER  OF  ELEMENTS.  216 


FIGURE  5.  FINITE  ELEMENT  MODEL  FOR  ONE  QUARTER 
OF  A  THIN  I-SHAPED  SECTION 


NUMBER  OF  ELEMENTS*  227 


NOTATION 

{*)  >  virtual  change  in  (  )  produced  by  the 
virtual  deflections  {w.j}. 

A  *  / dA  »  J/dx  dy  *  cross  sectional  area  of 
beam. 

C0  -  coefficient  for  axial  bending  strain 
produced  by  the  moment  zFx  on  the 
plane  z  *  constant. 

Dx  *  working  shear  deflection  per  unit  length 
along  z,  where  t?  =  Fx^x* 

C^  *  Cjix.y)  »  shape  function  for  node  1, 
where  Cj  *  5(  j  at  node  j. 

E  *  E(x,y)  *  tensile  modulus  of  elasticity. 

F<  *  atf/aw.  *  shear  load  on  node  1  as  shown  in 
1  Figure  C. 

Fx  ■  shear  force,  as  shown  in  Figure  A. 

G  *  E/( 2  +  2v)  -  shear  modulus  of  elasticity. 

K  *  shear  coefficient  of  the  cross  section. 

Kb  *  /Ex2dA  =  bending  stiffness. 

1  *  index  of  a  node.  Note  1  »  1  to  n. 
j  -  index  of  a  node.  Note  j  «  1  to  n. 
n  *  number  of  nodes. 

Nj  «  Shape  function  for  node  i  of  an  eight-node 
isoparametric  quadrilateral  element.  If 
node  1  is  common  to  m  finite  elements,  the 
m  shape  functions  of  the  elements  at  the 
node  define  the  shape  function  Cf(x,y)  of 
the  cross  section  for  that  node. 

u,  v,  w  =  deflections  along  the  x,  y,  and  z 
axes,  respectively. 

Wf  *  warping  deflection,  w,  at  node  1. 

1?  =  virtual  work  per  unit  length. 

x,  y,  z  *  rectangular  coordinates,  with  z  along 
beam  axis. 

e  ,  c  ,  e  *  normal  strains. 
a  y  z 

V  V’  Y»  s  shear  stra1ns- 

o  ,  o  ,  o  ■  normal  stresses. 

a  y  z 

V  V  T«  s  shear  stresses- 

v  *  Poisson's  ratio. 

5^j  *  1  if  1  *  j,  or  *  0  if  1  *  j. 

1.  Deflections,  Strains,  and  Stresses 

Let  x-  and  y-  axes  be  principal  axes  through 
the  centroid  of  the  beam  cross  section  with 
area  moments  weighted  by  the  elastic  modulus 
E;  let  z-axls  be  the  beam  axis  with  z  *  0  at 
the  cross  section  of  Interest;  and  let  Fx 


FIGURE  6.  FINITE  ELEMENT  MODEL  FOR  ONE  QUARTER 
OF  A  HONEYCOMB  SECTION 


be  a  shear  force  In  the  x  direction  on  the 
cross  section  at  z  •  0,  as  shown  In  Figure 
A.  The  derivation  of  shear  effects  con¬ 
siders  a  small  length,  az,  In  which  de¬ 
flections  are  assumed  In  the  following  form 

u  *  \C0(-x2  +  y2)z  -  CQ(az  -  z)2 
(2 az  +  z)/3 

v  *  -2vC0  xyz  n  (1) 

w  ■  -  C  x  [{az)2  -  z2]  +  l  C,(x,y)w. 

0  1*1  1  1 
where  all  terms  except  the  sums  can  be  found 
from  Section  230  of  [6]. 


Next,  with  the  help  of  (4),  the  stress- 
strain  equations 


ex 

* 

(ox  * 

< 

«cQ 

1 

voz)/E 

V 

3 

(Oy  * 

voz  - 

vox)/E 

£z 

9 

( °z  - 

vox  - 

v0y)/E 

Txy 

M 

Vs 

Yyz 

3 

VG 

Yzx 

* 

tzx/G 

Coefficients  C_  and  w^,  1  =  1  to  n,  are  to 
be  determined  from  the  standard  beam 
conditions  [2] 


°x 

°y 

Txy 


*  0 
*  0 
=  0 


and  from  the  virtual -work  condition 


(2) 


w  =  l  F,  w,  *  /  dz  / 

1*1  1  1  o  o 

(o  £  ♦  t  Y  +  t  Y  )dA/A2 

'  z  z  yz  Tyz  zx  Tzx'  ' 


under  virtual  deflections  {w^}. 

With  the  help  of  (1),  the  strain  equations 
ex  *  3u/3x 


may  be  solved  for  the  stresses 

°x  s  0 
ay  *  0 

o2  *  Ecz  *  2EC0xz  (5) 

Txy  *  0  n 

ty2  =  G  [-2*C0xy  +  ^O^/ayJw,] 

Tzx  =  G  [vC0(-x2+  y2)  ♦  J  (a^/ax)  w^. 

Since  no  axial  load  is  applied  to  the 
beam,  the  normal  stress  o.  In  the  range 
0  <  z  «  az,  as  shown  In  Figure  A,  has  to 
satisfy  the  following  beam  equilibrium 
conditions  [2] 

0  *  /  o*  dA 
0  *  /  y  Oj  dA 
zFx  =  /  x  oz  dA 


ey  =  av/sy 


or,  with  the  help  of  oz  *  2EC0xz  from  (5), 


ez  *  3W/3Z 

*  au/ay  ♦  av/ax 
xy 

YyZ  =  av/az  +  aw/ ay 

Yzx  “  3"/3x  +  3u^3z 
become 


0  *  2C0z  /  E(x,y)  xdA 
0  =  2CQz  /  E(x,y)  xydA  (6) 

zFx  *  2C0z  /  E(x,y)x2dA. 

The  x-  and  y-  axes  coincide  with  the 
principal  axes  of  the  cross  section,  as 
defined  by  the  first  two  equations  of  (6). 
From  the  third  equation  of  (6),  we  have 


Cy  *  -2v  C0  xz  *  -  vez 

ez  *  2C0  xz  (4) 

Y„y  *  0  „ 

Y yz  *  -2v  C0xy  ♦  i  (3CJ/ay)w1 
2  2  J 

Yzx  *  v  C0  (-x  +  y  )  (aC^/ax)  wr 
Note  l2  *  0  since  ez  Is  Independent  of  {w^ } 


C0  *  Fx/(2Kb)  (7) 

where  the  bending  stiffness,  Kb,  Is 
expressed  by 

Kb  -  /  x2  E(x,y)dA. 

As  a  result,  the  normal  stress  oz  due  to  the 
bending  moment  zFx  Is  given  as 

oz(x,y,z)  *  (Fx/Kb)  E(x,y)xz  (8) 

and  the  stress  distribution  Is  shown  In 
Figure  B. 
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2.  External  Virtual  Work 

Consider  arbitrary  virtual  deflections 
(w. }  ,  1  *  1  to  n.  Then  the  virtual 
warding  deflection  at  (x,  y,  z)  Is 

*  -  I  C,(x.y)w,  (9) 

1=1  1  1 

and  the  external  virtual  work  per  unit 
length  Is 

0  *  [/oz(x,y,az)wdA]/az 

or,  with  the  help  of  (8)  and  (9), 

i  ’l  t(Fy/Kh)/  EC.xdA]  w,.  (10) 

1»1  X  D  1  1 

The  nodal  force  Fj,  as  shown  In  Figure  C,  Is 
def 1 ned  by 

F^  =  avJ/aw1 

or,  with  the  help  of  (10), 

F1  *  ‘W  /  ECixdA-  (ID 

3.  Internal  Virtual  Work 

Mote  o  =  a  =  t  *  0  and  I  *  0,  so  that 
evaluation  Of  the3' virtual  work  0  from  the 
Internal  strain  energy  gives 

*  =  [/  vB)«]/« 

or,  with  the  help  of  (4)  and  (S), 

.  n 

W  =  J  G  {[C  (-2vxy)  +  l  OC./3y)w.] 
o  j,!  J  J 


l  ( sC./3y)w.  +  [  vC  (-x2  +  y2) 

1=1  3  1  0 

+  l  ( 3C,/3x)Wj]  £  (3C./3x)w.)  dA. 
j=l  3  3  1=1  1  ’ 

Then  by  definition  of  F4 , 

Fj  =  30/ aw^ 

or,  with  the  help  of  (12), 
n 

F.  «  K.  +  l  K..  w, 

1  10  jjj  1j  j 

where 

K,#  -  J  G  C0[(-2vxy)  (3Cj/3y) 

2  2 

♦  v(-x  +  y  )  ( 3C^ /ax) IdA 


Given  the  n  values  of  F4  In  (11),  the  n 
simultaneous  equations  of  (13)  may  be  solved 
for  the  n  values  of  (w4),  because  the  matrix 
[Kjj]  Is  symmetric  and  positive  definite  for 
a  linearly  Independent  set  of  n  shapes, 
(C,(x,y)). 

4.  Shear  Coefficient 

The  virtual  shear  deflection  per  unit  length 
Is 

\  *  j^l-l^x  -X  <VFx>  “I 

whence  the  linear  function  of  0X  versus 
warping  deflection  Is 

°x  *A(F1/Fx*  V 


Thus  0X  Is  known  after  all  n  nodal 
deflections  has  been  calculated,  and  the 
effective  shear  stiffness  per  unit  length  Is 
,  n 


VDxs|F«»/;,  Fi“r 


Also,  the  shear  coefficient  of  the  cross 
section  Is  obtained  as 

K  *  Fx/(DxAG)  (16) 

where  A  Is  the  cross  section  area  and  G  Is  a 
reference  shear  modulus  of  elasticity.  The 
definition  of  this  shear  coefficient  Is 
based  on  strain  energy  as  In  Reference  [5], 
where  approximations  of  elementary  beam 
theory  were  made  for  stress  distribution. 
Reference  [1],  on  the  other  hand,  finds  the 
coefficient  by  Integration  of  the  equations 
of  three-dimensional  elasticity  theory.  The 
results  of  the  three  methods  are  compared  In 
the  numerical  example  section. 

After  C-  and  all  n  values  of  w*  have  been 
calculated  from  (7)  and  (13),  then  at  z  =  0 

(1)  gives  the  warping  deflections, 

(4)  gives  the  shear  strains, 

(5)  gives  the  shear  stresses, 

(14)  gives  the  effective  shear  deflection  per 

unit  length, 

(15)  gives  the  effective  shear  stiffness  per 
unit  length,  and 

(16)  gives  the  shear  coefficient  of  the  cross 
section. 

Thus,  the  problem  due  to  the  shear  effect  from  a 
shear  load  on  the  beam  cross  section  Is  now 
completely  solved. 


*  /  G  [( 3Cj/3y)  ( »C1  /ay) 

♦  ( 3Cj/3x)  (3C1/3x)]dA. 
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FIGURE  C.  NODAL  FORCES  EQUIVALENT  TO  MOMENT 
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GEAR  CASE  VIBRATION  ISOLATION  IN  A 


GEARED  TURBINE  GENERATOR 


Robert  P.  Andrews 
Westinghouse  Electric  Corp. 
Marine  Division 
Sunnyvale,  California 


The  design  and  analysis  of  a  flexible  gear  case  mount  system  for  a  geared 
turbine  generator  is  presented.  The  mount  system  isolates  gear  case  vibration 
and  allows  the  gear  bearing  loads  to  be  equalized.  The  primary  excitation 
frequencies  to  be  isolated  are  the  pinion  rotational  harmonics.  Dynamic 
mathematical  modeling  was  used  to  determine  the  proper  mount  flexibility 
relative  to  the  inertia  properties  and  flexibility  of  the  system  components. 
Damping  is  not  considered  in  this  analysis.  Important  design  constraints 
discussed  include  mount  stresses,  system  alignment  requirements,  and  system 
vibration  excitation  frequencies.  A  snubber  system  was  designed  to  limit 
vertical  and  athwartship  deflections  of  the  mount  elements  to  prevent  yield¬ 
ing  under  shock  load  conditions. 


INTRODUCTION 


The  design  and  analysis  of  a  flexible 
gear  case  mount  system  for  isolation  of  gear 
case  vibration  in  a  geared  turbine  generator 
is  presence d  (Figure  1).  Isolation  of  vi¬ 
brations  at  the  pinion  rotational  harmonic 
frequencies  is  the  objective. 

The  system  analyzed  consists  of  a 
flexibly  mounted  single  reduction  gear  set, 
flexibly  coupled  to  the  turbine  rotor  and 
directly  coupled  to  the  generator  rotor.  The 
generator-gear  shaft  has  three  bearings,  two 
in  the  gear  case  (gear  bearings)  and  the 
other  at  the  free  end  of  the  generator  (gen¬ 
erator  bearing).  The  generator  bearing  is 
rigidly  mounted.  The  entire  turbine  genera¬ 
tor  assembly  is  supported  on  a  subcase  (box 
beam  structure)  which  is  flexibly  mounted  in 
the  ships  hull. 

A  two  point  gear  case  mount  arrangement 
was  selected,  with  one  mount  on  each  side 
of  the  gear  case  at  the  gear  centerline 
elevation.  Since  the  pinion  and  gear  vibra¬ 
tions  are  transmitted  radially  through  the 
bearings,  the  mounts  are  designed  to  be 
flexible  in  the  radial  directions  (vertical 
and  athwartship)  and  stiff  in  the  axial 
direction  (for/aft).  The  mounts  are  flexi¬ 
ble  in  rotation  about  the  athwartship  axis 
of  the  gear  case,  this  allows  equalization 
of  the  gear  bearing  loads  which  promotes 
proper  gear  to  pinion  mesh  alignment. 


freedom  systems.  The  system  natural 
frequencies  are  not  allowed  to  coincide  with 
any  system  vibration  excitation  frequencies. 
Stiffness  equations  for  the  proposed  concept¬ 
ual  mount  hardware  design  were  derived.  A 
set  of  dimensions  were  selected  to  produce 
the  required  stiffnesses,  subject  to  con¬ 
straints  on  mount  stresses  and  deflections 
imposed  by  machinery  weight,  ship  motions, 
thermal  effects,  and  shock  requirements.  A 
snubber  system  was  necessary  to  limit  mount 
deflections  due  to  shock. 

Finite  element  analysis  was  used  to 
include  the  effect  of  the  generator  gear  shaft 
flexibility  in  refining  the  mount  flexibility 
requirement.  The  mount  hardware  Is  included 
in  the  finite  element  model  to  determine  how 
much  rotation  of  the  mounts  is  needed  to  fully 
equalize  the  gear  bearing  loads. 

Mechanical  alignment  of  the  system  Is 
verified  by  measuring  shaft  bending  moments 
using  strain  gauge  techniques. 


The  mount  flexibility  required  to 
achieve  the  desired  vibration  isolation  is 
based  on  the  theory  for  single  degree  of 


GEAR  CASE  ISOLATION  SYSTEM 


FIGURE  1 


MODELING  TECHNIQUES 

The  initial  step  in  the  design  process 
is  determination  of  the  proper  mount  flexi¬ 
bility  to  achieve  the  design  goals.  This  is 
accomplished  by  dyamic  mathematical  modeling 
of  the  proposed  system.  System  damping  is 
not  considered  in  the  model.  A  two  point 
support  arrangement  with  one  mount  on  each 
side  of  the  gear  case  at  the  gear  centerline 
was  chosen.  The  system  includes  the  gear 
case  and  its  mounts,  the  pinion,  and  the  gear 
generator  shaft.  The  coupling  between  the 
pinion  and  turbine  is  very  flexible  thus  the 
turbine  rotor  is  not  considered  as  part  of 
the  system.  The  gear  and  generator  are 
directly  coupled,  therefore  the  generator 
shaft  must  be  considered  since  its  weight  and 
bending  stiffness  will  be  significant  param¬ 
eters  in  the  dynamical  model. 

A  first  estimate  of  required  mount 
vertical  and  athwartship  stiffness  is  obtain¬ 
ed  by  a  greatly  simplified  two-dimensional 
model  which  only  allows  motions  in  a  vertical 
plane  through  the  two  mount  attachment  loca¬ 


tions.  A  preliminary  mount  stiffness  require¬ 
ment  was  established  based  on  the  desired 
modal  frequencies.  Candidate  mount  hardware 
configurations  were  designed  and  analyzed 
for  stress  at  the  resultant  displacements 
under  static  loading. 

The  next  step  in  the  modeling  process 
was  to  consider  the  bending  stiffness  of  the 
gear-generator  shaft  while  keeping  the  rigid 
model  of  the  gear  case.  Finite  element  mode  1  - 
ing  was  required.  The  gear  case  mounts  may 
still  be  represented  by  linear  springs 
(stiffness  properties  in  all  six  directions 
may  be  required  depending  upon  the  constraints 
on  gear  case  motion),  or  the  mounts  may  be 
modeled  by  appropriate  finite  elements. 
Interactions  between  the  gear  and  gear  case 
and  between  the  generator  and  ground  at  the 
journal  bearings  are  modeled  by  linear  springs 
representing  the  oil  film  with  the  appropriate 
stiffness  properties.  Calculation  of  bearing 
reactions  is  possible  using  the  relative  dis¬ 
placement  at  each  bearing. 


This  model  is  useful  for  analysis  of 
various  static  conditions  that  the  system  may 
be  subjected  to  as  well  as  system  modal 
analysis. 

A  final  step  in  the  modeling  process 
eliminates  the  rigid  gear  case  assumption  by 
extending  the  finite  element  model  to  include 
the  gear  case,  this  results  in  a  rather  large 
model.  However,  the  modal  frequencies  calcu¬ 
lated  with  the  detailed  gear  case  model  were 
very  close  to  those  calculated  with  the  rigid 
gear  case  model.  Thus  the  detailed  modeling 
was  not  required  except  to  confirm  the 
validity  of  the  rigid  gear  case  assumption. 
This  is  not  surprising,  since  the  mounts  are 
designed  to  be  much  more  flexible  than  the 
gear  case  structural  elements. 

A  crude  model  was  made  to  estimate  the 
change  in  modal  frequencies  due  to  the  sub¬ 
base  mass  and  mount  flexibility.  This  model 
treats  the  subbase  as  a  rigid  mass  limited  to 
vertical  translational  motion  only. 

VIBRATION  EXCITATION 

The  fundamental  vibration  excitations 
present  in  the  system  are:  high  speed  shaft 
(pinion)  unbalance,  slow  speed  shaft  (gear, 
generator)  unbalance,  magnetic  loads  on  the 
generator,  and  gear  mesh  forces.  The  excita¬ 
tion  frequencies  are: 

1.  Slow  speed  shaft  rotation 

2.  High  speed  shaft  rotation 

3.  Magnetic 
It.  Gear  Mesh 

Vibration  data  on  existing  geared  ship 
service  turbine  generators  of  similar  size 
reveals  significant  peaks  in  the  frequency 
spectrum  corresponding  to  the  first  three 
items  on  the  above  list.  High  vibration 
levels  were  also  found  at  the  lower  harmonics 
of  the  pinion  rotation  frequency,  particularly 
the  fifth  and  sixth  harmonics,  presumably  due 
to  pinion  "wear  patterns". 

Vibration  excitation  due  to  unbalance  is 
minimized  by  carefully  balancing  the  rotating 
parts  at  operating  conditions.  Isolation  of 
the  pinion  harmonic  vibrations  is  the  primary 
goal  of  the  gear  case  isolation  system. 

VIBRATION  ISOLATION 

The  concept  of  vibration  isolation  is 
illustrated  using  a  single  degree  of  freedom 
system  (Figure  Z  ),  which  is  simply  a  mass 
supported  by  a  spring. 

The  transmission  ratio  (TR)  is  defined 
as  the  ratio  of  the  transmitted  force  to  the 
applied  force.  Transmission  Ratio  is  a  func¬ 
tion  of  the  forcing  frequency  and  system 
natural  frequency  (Figure  3  ). 


Vibration  isolation  is  achieved  by  ad¬ 
justing  the  system  natural  frequency  relati' 
to  the  known  forcing  frequency  (or  frequen¬ 
cies)  such  that  the  transmission  ratio  is 
minimized. 
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ISOLATION  MOUNT 


TOP  VIEW 


SIDE  VIEW 


FIGURE  4 


MOUNT  DESIGN  AND  STIFFNESS  CHARACTERISTICS 

The  mount  design  chosen  consists  of 
three  rectangular  blocks  connected  by  two 
round  rods  as  shown  in  Figure  .  The 
round  rods  are  the  spring  elements.  The 
center  block  and  the  two  end  blocks  are 
used  to  secure  the  mount  to  the  subbase 
and  gear  case,  respectively. 

The  mounts  are  located  on  either  side 
of  the  gear  case  at  approximately  the  ele¬ 
vation  of  the  gear  axis,  and  oriented  so 
that  the  axis  of  the  spring  element  is 
parallel  to  the  gear  axis.  This  arrange¬ 
ment  gives  identical  mount  flexibility  in 
the  vertical  and  athwartship  directions, 
with  very  little  flexibility  in  the  for-aft 
direction.  The  mount  arrangement  also 
allows  rotation  of  the  gear  case  about  an 
athwartship  axis  through  the  mount  center 
blocks,  thus  promoting  load  equalization  at 
the  gear  bearings. 

Stiffness  equations  for  the  mount 
were  developed  based  on  a  fixed-fixed  beam 
model.  The  center  block  was  not  Included  in 
the  model,  but  this  has  a  significant  effect 
only  on  the  rotational  stiffness  normal  to 
the  mount  axis.  The  mount  stiffness  is 


controlled  by  the  elastic  modulus  of  the  mate 
rial  and  the  length  and  radius  of  the  spring 
elements.  The  overall  length  of  the  mount 
is  set  by  the  depth  of  the  gear  case,  result¬ 
ing  in  a  limited  range  of  lengths  for  the 
spring  elements,  thus  the  radius  is  the 
primary  variable  available  to  adjust  the 
stiffness. 

Bending  stress  in  the  spring  elements 
is  the  primary  constraint  which  determines  an 
acceptable  design.  The  mount  must  withstand 
all  loads  that  may  be  present  during  normal 
operation  of  the  turbine-generator  unit. 
Stress  analysis  of  the  mounts  will  be  discuss 
ed  in  detail  later. 


A  special  fillet  design  is  used  at  the 
ends  of  the  rods  to  minimize  the  stress  con¬ 
centration.  It  is  an  approximation  to  the 
ideal  fillet  given  by  Peterson  (Reference  A). 
The  fillet  is  neglected  in  the  stiffness  calc 
ulations. 


MODAL  ANALYSIS 

The  initial  modal  analysis  was  accom¬ 
plished  using  the  two  dimensional  model. 

Mount  stiffness  values  were  determiend  based 
on  the  target  frequency  for  the  first  verti¬ 
cal  and  horizontal  modes  of  vibration. 

Three  dimensional  system  models  were 
needed  to  more  accurately  calculate  the  modal 
frequencies. 

A  comparison  of  modal  frequencies  ob¬ 
tained  using  the  rigid  versus  the  finite 
element  gear  case  model  shows  the  difference 
is  less  than  six  percent.  Based  on  this 
result,  all  further  analysis  was  done  with 
the  rigid  model  (to  reduce  computer  codes). 

The  first  two  modes  represent  the  later¬ 
al  vibration  modes  of  the  generator  -  gear 
shaft.  The  third  and  fourth  modes  are  gear 
case  bounce  modes  on  the  mounts.  The  bounce 
modes  result  in  transmission  ratios  of  .06 
and  .12  for  the  second  harmonic  of  pinion 
rotation  frequency. 

MOUNT  DEFLECTION  AND  STRESS  ANALYSIS 

Mount  material  strength  limits  for 
yielding  and  fatigue  determine  the  maximum 
steady  state  and  alternating  stresses  which 
can  be  allowed  under  normal  conditions.  The 
mount  is  forged  steel,  heat  treated  to 
increase  the  yield  strength. 

Steady  state  loads  are  imposed  by 
machinery  weight,  thermal  expansion  of  the 
gear  case,  and  gear  torque  output.  Alter¬ 
nating  loads  will  be  generated  by  ship 
motions  and  load  transients  (e.g.  start  ups). 

The  maximum  lateral  displacement  that 
the  mount  can  be  allowed  to  have  under  shock 
conditions  is  determined  by  yielding  of  the 
outer  fiber  of  the  spring  element. 

GEAR  CASE  SNUBBER  SYSTEM 

The  mounts  are  required  to  survive 
severe  shock  input  to  the  machinery  without 
yielding,  this  is  accomplished  by  limiting 
the  mount  displacement  with  a  snubber  system 
(Figure  5  ).  The  snubber  system  is  a  group 
of  mechanical  stops  which  limit  the  maximum 
vertical  and  athwartship  displacements  of 
the  gear  case  (from  its  static  position)  to 
such  an  extent  that  the  resulting  mount  dis¬ 
placements  do  not  cause  yielding.  Snubbers 
are  not  required  in  the  for-aft  direction. 

The  snubber  system  must  be  effective 
at  all  times.  Since  the  machinery  may  be 
hot  or  cold,  the  thermal  expansion  of  the 
gear  case  must  not  change  the  snubber  gaps 
beyond  their  limits.  The  minimum  snubber 
clearance  must  allow  any  mount  displacements 
during  normal  operation  without  contacting 
the  gear  case. 


Problems  associated  with  thermal  expan¬ 
sion  are  avoided  by  choosing  snubber  locations 
such  that  the  gaps  are  not  affected  by  the 
expansion.  This  dicates  that  the  vertical 
snubbers  be  located  at  the  same  elevation  as 
the  mounts  (gear  horizontal  centerline)  and 
that  the  athwartship  snubbers  be  located 
at  the  gear  case  vertical  centerline.  The 
arrangement  chosen  has  four  vertical  snubbers 
just  below  the  mounts  and  two  athwartship 
snubbers  on  the  bottom  of  the  gear  case. 

ALIGNMENT 

At  assembly,  the  gear  case  must  be 
positioned  relative  to  the  generator  such  that 
proper  alignment  of  the  slow  speed  shaft  is 
obtained  in  both  the  vertical  and  horizontal 
planes.  Horizontal  alignment  will  eliminate 
any  horizontal  loads  at  the  bearings  due  to 
shaft  bending.  Vertical  alignment  will  equal¬ 
ize  the  vertical  loads  at  the  gear  bearings. 

Horizontal  alignment  is  achieved  by 
adjusting  the  location  of  the  gear  case 
mounts  in  the  horizontal  plane,  vertical 
alignment  Is  achieved  by  adjusting  the  gear 
case  mount  elevation  and  rotation  about  the 
athwartship  axis. 

The  alignment  condition  of  the  shaft  can 
be  determined  by  measuring  the  bending 
strains  at  a  single  location  on  the  shaft. 
Bending  moments  In  the  vertical  and  horizon¬ 
tal  planes  can  be  calculated  from  the  strain 
measurements.  The  alignment  of  the  bearings 
can  be  uniquely  determined  for  both  the 
vertical  and  horizontal  planes.  Alignment 
corrections  can  be  made  based  on  calculated 
effects  of  gear  case  mount  elevations  and 
rotations. 
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DISCUSSION 


Voice :  What  size  generator  la  this? 

Mr.  Andrews:  We  are  talking  about  a  two- 
megawatt  ship  service  turbine  generator. 

Mr.  Slckmeler  (General  Motors):  You  said  one  of 
the  fall-outs  of  your  design  was  for  better  or 
equal  loading  on  the  bearings.  What  was  the 
principal  reason  for  Isolating  the  gear  box  from 
the  other  two  ends  of  the  system? 

Mr.  Andrews:  The  gear  box  Is  not  Isolated  from 
the  generator.  They  are  rigidly  bolted 
together,  so  part  of  this  generator  is  supported 
from  the  gear  box. 

Mr.  Slckmeler:  But,  your  paper  was  about  an 
Isolation  system  for  the  gear  box? 

Mr.  Andrews:  Yes . 

Mr.  Slckmeler:  What  was  the  principal  reason 
for  doing  that? 

Mr.  Andrews:  Due  to  the  errors  that  develop  In 
the  gears,  we  pick  up  a  strong  single  frequency 
vibration  at  a  number  of  harmonics  of  the 
rotating  speed  of  the  pinion.  Those  vibrations 
can  be  measured  on  the  mounting  surfaces  where 
the  turbine  generator  Interfaces  with  the 
ship.  We  are  trying  to  Isolate  those  vibrations 
from  the  ship,  and  we  do  that  by  putting  the 
Isolation  system  between  the  gear  box  and  the 
sub  base  of  the  ship.  The  vibrations,  then,  are 
generated  within  the  gear  case,  so  we  are  trying 
to  prevent  them  from  eventually  getting  into  the 
ship  and  becoming  a  structure-borne  noise 
problem. 

Mr.  Eshleman  (Vibration  Institute);  How  much  of 
the  gear  mesh  vibration  do  you  anticipate 
measuring  at  that  outboard  bearing  of  the 
generator? 

Mr.  Andrews:  We  don't  really  know.  It  is  a 
rather  difficult  problem  because  the  bearings 
are  journal  bearings,  so  there  Is  an  oil  film 
which  has  some  stiffness  and  damping.  That  will 
Isolate  the  transmitted  vibrations  to  a  rather 
large  degree.  We  do  not  expect  a  large  amount 
of  vibration  to  be  transmitted  through  that 
shaft. 

Mr.  Eshleman:  I  assume  you  will  measure  that 
when  you  do  the  evaluation. 

Mr.  Andrews:  Yes. 

Mr.  Eshleman:  What  mechanism  are  you  using  on 
the  snubbers  for  your  Isolation? 

Mr,  Andrews;  The  snubbers  are  Just  mechanical 
stops. 

Mr.  Eshleman:  Then  you  are  not  allowing  any 
flexibility  In  the  snubbers. 


Mr,  Andrews:  No.  They  are  very  hard.  We  don' 
expect  much  deflection  with  those.  They  are 
there  to  limit  the  deflection  of  the  mounts  so 
they  don't  break. 
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EFFECT  OF  COUPLED  TORSIONAL-FLEXURAL  VIBRATION  OF  A  GEARED 
SHAFT  SYSTEM  ON  THE  DYNAMIC  TOOTH  LOAD 


S.V.  Nerlya,  R.B.  Bhat  and  T.S.  Sankar 
Department  of  Mechanical  Engineering 
Concordia  University 
Montreal,  Quebec,  Canada  H3G  1M8 


The  dynamic  load  on  gear  teeth  is  studied  considering  the  coupling 
between  the  flexural  and  torsional  vibrations  in  a  simple  geared  shaft  sys¬ 
tem.  The  flexibility  of  the  mating  teeth  and  the  driving  and  driven  shafts 
are  included  in  the  analysis.  The  coupled  equations  of  motion  for  the  geared 
shaft  system  are  developed  along  with  a  constraint  equation  which  ensures 
contact  between  the  two  mating  teeth.  The  free  vibration  problem  is  solved 
to  obtain  the  natural  frequencies  and  mode  shapes.  Normal  mode  analysis  1$ 
employed  to  obtain  the  dynamic  response  of  the  system  to  excitations  arising 
from  the  mass  unbalance  and  geometrical  eccentricity  in  the  gears.  The  effect 
of  unbalance  and  geometrical  eccentricity  on  the  dynamic  tooth  load  are 
studied. 


NOMENCLATURE 


flexural  damping  of  the  driven  shaft 
flexural  damping  of  the  driving  shaft 
average  flexural  damping  of  the  gear 
tooth 

lumped  torsional  damping  at  the  driving 
gear 

lumped  torsional  damping  at  the  driven 
gear 

generalized  damping  matrix 
transmitted  force 
generalized  force  vector 
moment  of  inertia  of  the  driving  gear 
moment  of  inertia  of  the  driven  gear 
moment  of  Inertia  of  the  motor 
moment  of  inertia  of  the  dynamo 
flexural  stiffness  of  the  driving  shaft 
flexural  stiffness  of  the  driven  shaft 

average  flexural  stiffness  of  the  gear 
tooth 

torsional  stiffness  of  the  driving  shaft 

torsional  stiffness  of  the  driven  shaft 

generalized  stiffness  matrix 

mass  of  the  driving  gear 

mass  of  the  driven  gear 

mass  of  the  driving  gear  tooth 

mass  of  the  driven  gear  tooth 

feneralized  mass  matrix 
Pclk  Principal  coordinates  correspond¬ 
ing  to  the  kth  sine  and  cosine 
excitations 

lumped  torsional  damping  at  the  motor 
lumped  torsional  damping  at  the  dynamo 
generalized  displacement  vector 
base  circle  radius  of  the  driving  gear 
base  circle  radius  of  the  driven  gear 
input  torque 
output  torque 

mass  unbalance  in  the  driving  gear 


Ug  mass  unbalance  in  the  driven  gear 

Xj  flexural  displacement  of  the  driving  gear 

in  the  x-di recti on 

xg  flexural  displacement  of  the  driven  gear 
in  the  x-di  recti  on 

yj  flexural  displacement  of  the  driving  gear 
in  the  y-direction 

y2  flexural  displacement  of  the  driven  gear 
in  the  y-direction 

yti  absolute  displacement  of  the  driving 
tooth 

ytg  absolute  displacement  of  the  driven 
tooth 

[y]  diagonal  damping  matrix 
cj  geometrical  eccentricity  in  the  driving 
gear 

eg  geometrical  eccentricity  in  the  driven 
gear 

©1  rotational  angle  of  the  driving  gear 

9g  rotational  angle  of  the  driven  gear 

efl  angle  between  the  directions  of  the 

eccentricity  and  unbalance  for  the  dri¬ 
ving  gear 

angle  between  the  directions  of  the 
eccentricity  and  unbalance  for  the  driven 
gear 

[k]  diagonal  stiffness  matrix 
1th  eigen  value 
[^]  diagonal  mass  matrix 
$1  rotational  angle  of  the  motor 

*2  rotational  angle  of  the  dynamo 

1th  eigen  vector 

INTRODUCTION 

An  accurate  determination  of  the  dynamic 
load  on  a  gear  tooth  is  important  for  gear 
design.  Due  to  the  dynamic  effects  during 
operation,  the  actual  load  on  the  gear  tooth 
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will  be  significantly  higher  than  what  It  Is 
Intended  to  transmit.  The  factors  causing  the 
dynamic  load  are  numerous,  such  as  Incorrect 
mounting  of  gears,  variation  of  tooth  stiffness 
during  engagement,  changes  In  tooth  profile  due 
to  elastic  distortion  under  load  and  errors  of 
manufacture.  The  magnitude  of  the  dynamic  load 
depends  upon  the  masses  of  the  revolving  gears, 
the  extent  of  the  effective  errors  and  the 
speed  of  operation. 

Dynamic  tooth  load  due  to  torsional  vib¬ 
ration  of  shaf  ts  was  determined  by  Mahal  Ingam 
and  Bishop  [1],  considering  the  excitation  to 
be  due  to  a  static  transmission  error,  which 
encompassed  all  forms  of  errors  In  the  geared 
system.  The  excitation  was  In  the  form  of  a 
periodic  Introduction  of  a  wedge  between  the 
two  perfect  mating  teeth. 

The  torsional  vibration  of  a  shaft  Is 
coupled  to  flexural  vibration  In  a  geared  shaft 
system.  Lund  [2]  considered  such  coupling  In 
the  torsional -flexural  vibrations  In  a  geared 
system  of  rotors.  Here  both  forced  vibrations, 
caused  by  mesh  errors  or  by  mass  unbalance,  and 
free  damped  vibrations  whose  complex  eigen 
frequencies  define  the  damped  critical  speeds 
and  the  stability  of  the  rotor  system  are  con¬ 
sidered.  Ilda  et  al  [3]  studied  a  simple  gear¬ 
ed  system  Including  coupling  In  the  torsional 
flexural  vibration  and  calculated  the  response 
due  to  mass  unbalance  and  geometrical  eccentri¬ 
city  In  the  gears.  They,  however,  did  not 
study  the  system  from  the  point  of  view  of 
determining  the  dynamic  tooth  load.  In  their 
model,  they  considered  only  the  driven  shaft  to 
be  flexible  In  bending  and  the  driving  shaft  to 
be  rigid.  The  flexibility  of  the  gear  teeth 
was  also  not  considered  In  the  analysis.  They 
showed  that  the  system  behavior  Is  significant¬ 
ly  affected  by  the  coupled  motion. 

In  this  paper,  the  dynamic  loading  on 
gear  teeth  Is  studied  considering  the  coupling 
between  the  flexural  and  torsional  vibrations 
In  a  simple  geared  shaft  system.  The  flexibi¬ 
lity  and  damping  of  the  mating  teeth  and  the 
driving  and  driven  shafts  are  Included  In  the 
analysis.  The  frequency  response  of  the  geared 
shaft  system  and  subsequently  the  dynamic  tooth 
load  are  obtained  by  normal  mode  analysis.  The 
Influence  of  unbalance  and  geometrical  eccent¬ 
ricity  on  the  dynamic  tooth  load  are  studied. 

ANALYSIS 

A  schematic  representation  of  a  simple 
geared  shaft  system  Is  shown  In  Fig.  1.  It 
shows  a  motor  of  moment  of  Inertia  Jj  driving  a 
dynamo  of  moment  of  inertia  J2  through  gears  of 
moment  of  Inertia  Ii  and  Io.  The  driving  and 
driven  gears  and  their  relative  positions  are 
shown  In  Fig.  2.  An  equivalent  spring  mass 
representation  for  the  same  Is  shown  In  Fig. 
3. 

Assuming  that  the  shafts  are  massless, 
the  equations  of  motion  for  the  system  can  be 
written  as 

*"lxl  +  cbl*l  +  Kblxl  *  Mi  cos  (®j +  6fii  (i) 


m2x2  +  cb2*2  +  *b2x2  *  M2  cos  t®2  +  ®f2^  ^ 

ml>l  +  cbl*l  +  Kbl>l  +  ct^l  +  £l“lcos  el+ 

rjSj-  ytl!+  Kt  (y j  +  £ls1n  0t  +  r1e1-  ytl) 

*  Uj ©J  sin  (Sj  +  0fj)  (3) 

m2^2  +  cb2^2  +  *b2y2  +  ®t  ^2  +  £2“2  cos  ®2  + 

r2®2  ‘  ^t2^  +  Kt  (y2  +  e2  sin  ®2  +  r2e2  *  *t2* 

=  U28£  sin  ( ©2  +  0f2)  (4) 

'"tlJ'tl  +  et  (ytl  *  h  *  £1“1  cos  el  _  rl6l) 

+  Kt  (ytj  -  yi  -  ei  sin  ©i  -  r^)  »  -F  (5) 

mt2yt2  +  Et^t2  *  ^2  ■  E2“2  cos  e2  -  r2^z'1 

♦  Kt*yt2  *  y2  *  £2  s1n  02  ’  r202>  “  F  (6> 

^1®1  +  K i ( ©i  -  $i)  +  ^t^l  +  £lwl  COS  ®1  + 

rlSl  "  ^tl*  *rl  +  E1  cos  el^  +  Myl  +  £ls1n 
01  +  rjOi  -  yti>Cri  +  ei  cos 
+  CjSi  -  0  (7) 

I2©2  +  IC2(02  -  ^)  +  CtW2  +  e2u2  COS  ©2  ♦ 

•  •  — 
r2®2  ”  yt2^  ^r2  +  £2  cos  ®2^  +  My2  *  £2 


sin  02  +  r2@2  -  yt2)(r2  +  e2  cos  02) 

♦  c2B2  *  0  (8) 

J 1  ♦!  ♦  Ki ( ♦!  -  ©i )  -  Ti  *  0  (9) 

J2 4>2  +  ^2(  ^  ~  +  T2  *  0  (10) 

The  condition  for  the  mating  teeth  to  remain  in 
contact  Is 

ytl  *  yt2  (11> 


Expressing  all  the  variables  in  terms  of  their 
respective  mean  values  and  variations  about  the 
mean. 


yl 

■  y10 

+  oyi 

®1  * 

®10 

+  U^t 

+  A0i 

y2 

*  y20 

♦  Ay2 

®2  * 

®20 

+  (O^t 

+  A02 

yt 

*  yto 

+  AYt 

♦l  * 

♦lO 

+  «lt 

+  A*i 

T1 

*  T10 

*  cmfi*l 

♦2  ’ 

♦20 

♦  fc^t 

+  A^ 

T2 

■  T20 

-  cdo^ 

F  • 

■V 

►  AF 

1 

where  0iq,  a  jo*  *10  an<*  *20  are  ,n1t,al  Mgular 
positions. 

Since  only  the  flexural  displacement  In 
the  y-dlrectlon  Is  coupled  with  torsion,  equa¬ 
tions  of  motion  In  x-dlrectlon  will  not  be 
considered  In  the  subsequent  analysis.  Substi¬ 
tuting  the  mean  and  variation  about  the  mean  of 
all  the  variables  given  In  equation  (12)  Into 
the  equations  of  motion  (3)-(10)  and  after 
considerable  manipulation  and  slmpllfcatlon  by 
Ignoring  terms  Involving  squares  and  higher 
powers  of  small  quantities,  the  equations  of 
motion  Involving  the  quantities  varying  about 
the  mean  value  can  be  written  In  the  following 
matrix  form: 

[M]{q}  +  lCm\  *  CK]{q}  «  {F }  (13) 

where  the  generalized  displacement  vector  (q| 
Is: 

{q}  »  [Ayj,  Ay2»  AYf  A*l»  A01»  A62,  A*2]T(14) 

The  matrices  CM],  [K],  [c]  and  (F(  are  given 
by: 


"nij  0 

0  ng 


0  mtl-nnt2  0 


Jx  0  0  0 

0  It  0  0 

0  0  I2  0 


Kbl+Kt  0  -*t  0  hrl  0 

0  Kb2+^t  **t  0  0  Ktr2 


0  -K^rj  "Ktr2 


*1  -Kl 


0  '^trl  ~K1  Kl+*trf  0  0 

*tr2  '^tr2  0  0  ^tri^2  ~KZ 


Cbi+Ct  0  <t  0  ctrl 
0  cb2+ct  -ct  0  0 


0  cb2+ct  -ct  0  0  Ctr2  0 

-ct  -ct  2ct  0  ctrj  -€tr2  0 

0  0  0  c,,  0  0  0 

ct  0  -ctrj  0  C!+ctrJ  ctr£«c2  0 
0  ctr2  -ctr2  0  0  0  0 

0  0  0  0  0  0  -Ca 


ctelulC0s{  o)i  t  +  6jQ)-KbcjSln(ujt  +  0jq) 
♦  Ujujslnli^t  ♦  6jg  +  ®fl^ 

-ctc2U2C0S(U2t  +  02o)-^tc2$1n(u2t  ♦  02q) 
+  U2uj)s1n(u2t  ♦  02g  ♦  0f2) 

C^{e2u2C0s(  agt  +  02g)  +  CjujCOSti^jt 

+  01O)}  ♦  K^legSlntugt  +  0^)  ♦  ej 
s1n(ujt  +  0i())} 

0 

ctrlEl“lcos*e10  +  “I*)  ■  Foeic°s(0io 

+  ujt)  -  Kbrjcjs1n(0^g  +  tiijt) 

ctr2e2u2c°s( ®20  +  vjt)  +  Foe2cos(02g 

+  ugt)  -  Ktr2E2s1n(  02g  +  wgt) 


where  6f  j  and  0f2  are  angle  between  directions 
of  mass  unbalance  and  geometrical  eccentri¬ 
city. 

The  expression  for  the  dynamic  tooth  load 
aF,  Is  obtained  as 

AF  *  nijjAyf^tfA^t  *  tfi  -  eiwiCosli^t+eHj) 

( 16) 

-rjAG^+K^Ayt-Wi-eislnlont+eiol-rjAe!) 

The  homogeneous  part  of  equation  (13)  neglec¬ 
ting  damping.  Is  given  by, 

[M] {q }  +  [K]  {q }  ■  {0}  (17) 

Is  solved  to  obtain  the  eigen  values  and 
eigen-vectors  {<w}  of  the  system. 

An  Inspection  of  the  force  vector  {F}  In 
equation  (15)  shows  that  the  excitation  con¬ 
sists  of  frequencies  wy  and  ug  corresponding  to 
the  speeds  of  driving  and  driven  gears.  The 
force  vector  {F}  can  be  expressed  as  the  sum  of 
sine  and  cosine  components.  Involving  the  two 
frequencies  u>\  and  ug  as, 

{F (  *  {Fs sin  o^t  ♦  {F5)2  sin  ugt 

( 18) 

+  {Fc)j  cos  ujt  +  {Fc }  2  cos  ugt 

where  0jg,  02q,  0fj  and  0f2  have  been  assumed 
to  be  zero. 

The  corresponding  response  also  can  be  expres¬ 
sed  Involving  the  two  frequencies  as 

{q}  *  {qsh  s1n  “l*  +  W2  s1n  “2* 

(19) 

+  {qc  }j  cos  wjt  +  {qc(2  cos  ugt 


Using  equations  (18)  and  (19),  equation 
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(13)  can  be  written  as  four  separate  equa¬ 
tions. 

[M]{qs|k  ♦  [C]{$s}k  ♦  [K]{q$|k  =  (Fs}k  ^ 

[MlKlfc  ♦  [C]{Ac}k  ♦  [K]{qc}k  -  {Fc>k;k  =  1.2 

Expressing  the  response  {q }  In  terms  of  the 
modal  coordinates  {p}  as 

KU  *  MIPsJk  (21) 

fqp tk  =  Ct-^Pclk  ; k  s  1»2 

where  [<|>]  Is  the  modal  matrix  formed  by  using 
the  eigen  vectors  (<|^},  and  {ps|k  and  {pc }k . 
are  the  principal  coordinate  vectors  corres¬ 
ponding  to  the  sine  and  cosine  components. 
Using  equations  (2L)  in  equation  (20)  and  pre¬ 
multiplying  by  [ip]1  results  In  uncoupled  equa¬ 
tions  In  the  modal  coordinates  of  the  form, 

ui(psi>k  +  Tf(psi)k  +  K1  *Ps1  55  <qs1  *k  <22) 
*H  *Pc1  lk  +  fl^cl'k  +  K1*Pc1)k  =  ,0c1)k 

where  k  *  1,2 

1  =  1,2. ..7 


where  pj  and  are  the  elements  of  diagonal 
matrices  [p]  ana  [*]  given  by 

[p]  ■  t<p]T[M][<t>] 

[k]  =  [<t>]T[K][ip] 


and  >■(  Is  the  equivalent  damping  coefficient  In 
each  mode,  (as1)k  and  (°c1*k  are  0,6  dements 
of  the  generalized  force  vectors  {os)k  and 
{oc|k,  given  by 

Wk  -  U3T{Fs}k 

Mk  -  [<|>]T{Fc}k;  k  =  1,2 


The  solution  of  equation  (22)  yields. 


(Ps1*k 

(Pcl’k 


(23) 


(qsl|k 

(-<^  p<  ♦  <f)  +  j(y^) 

^qci  jk  . 

(“Ht  PI  +  <<)  + 

1  *  1,2, ...7 


Using  equations  (23),  (21)  and  (19)  we  obtain 
the  system  dynamic  response  {q}.  The  dynamic 
tooth  load  aF  Is  calculated  by  using  equation 
(16).  Since  the  response  Involves  two  frequen¬ 
cies  ui  and  U2»  th*  tota1  response  has  the  form 

qj  *  qjj  s1n(ujt  +  4*1  j )  +  q2j  slnlwjjt  +  4*2j) 

*  9lj  kj  +  qy  s1n\2 

*  (q  j  j  +  q2j)  sin  (^L^-i2!)  cos  (—  g  ^2) 


+  (<Uj  '  92j)  cos  ( ^ .  *-  )  sin  (-Xl  -  kl) 

f  24) 

Hence,  the  response  Is  an  amplitude  modulated 
harmonic  phenomenon.  If  oij  and  ug  are  close 
to  each  other,  this  will  result  in  beats. 

NUMERICAL  RESULTS 

The  details  of  the  geared  shaft  system 
used  to  obtain  the  numerical  results  are  given 
In  Table  1.  The  maximum  value  of  the  dynamic 
responses  obtained  from  equation  (24)  are  Illu¬ 
strated  In  Figs.  4  and  5  and  the  maximum  dyna¬ 
mic  tooth  loads  obtained  from  equation  (16)  are 
shown  In  Figs.  6  to  9.  In  the  present  Investi¬ 
gation  one  percent  of  the  critical  damping  Is 
used  In  all  the  modes.  The  dynamic  responses 
are  plotted  against  the  frequency  of  rotation 
of  the  driven  shaft  im.  This  representation 
also  facilitates  comparison  of  present  results 
with  those  presented  In  [3].  Responses  are 
presented  up  to  100  Hz  which  Included  only  the 
first  five  natural  frequencies  of  the  system, 
since  the  other  two  natural  frequencies  are 
much  higher  In  the  range.  The  system  natural 
frequencies  are  given  in  Table  2  where  the 
natural  frequencies  of  the  system  considered  In 
[3]  are  also  given  for  comparison. 

The  dynamic  response  of  the  driven  shaft, 
A y2,  Is  plotted  In  Fig.  4  against  the  frequency 
of  rotation  of  the  driven  shaft,  for  nominal 
values  of  c\,  U^  and  U2  and  for  different  va¬ 
lues  of  e2.  A  comparison  of  ty2  response  with 
that  presented  In  [3]  was  attempted.  However, 
no  Information  about  damping  In  the  system  Is 
given  In  [3]  and  In  the  frequency  range  for 
which  the  results  are  presented,  there  Is  only 
one  response  peak  which  compares  satisfactorily 
with  the  present  results.  It  Is  Interesting  to 
note  In  Fig.  4  that  when  the  excitation  fre¬ 
quency  Is  related  to  the  system  natural  fre¬ 
quency  through  the  gear  ratio,  the  system  ex¬ 
periences  resonance.  This  Is  the  reason  for 
the  peaks  occuring  at  4.77  Hz,  29  Hz  and  45.66 
Hz.  The  4y2  response  Increases  with  Increasing 
eccentricity  of  the  driven  gear,  c2.  The  res¬ 
ponse  is  very  high  at  25.37  Hz  since  the  cor¬ 
responding  mode  Is  predominantly  the  flexural 
mode  of  the  driven  shaft.  The  response  Is  also 
significant  at  45.66  Hz  since,  the  driving  side 
Is  exciting  the  system  at  Its  natural  frequency 
of  25.37  Hz. 

The  flexural  response  of  the  driving 
shaft  Is  shown  in  Fig.  5.  The  natural  frequen¬ 
cy  corresponding  to  the  flexure  of  the  driving 
shaft  is  16.14  Hz.  The  response  Is  predominant 
at  this  frequency  and  at  29  Hz  which  are  rela¬ 
ted  by  the  gear  ratio.  The  response  at  29  Hz 
Is  higher  compared  to  that  at  16.14  Hz,  since 
the  plot  Is  against  the  frequency  of  rotation 
of  the  driven  shaft,  u»,  and  the  driving  shaft 
is  subjected  to  excitation  at  16.14  Hz  when  the 
driven  shaft  rotates  at  29  Hz.  For  nominal 
value  of  ej,  Ui  and  U2  the  response  Increases 


70 


with  increasing  eccentricity  of  the  driven 
gear. 

The  dynamic  tooth  load  aF,  is  plotted 
against  the  frequency  of  rotation  of  the  driven 
shaft  in  Fig.  6.  The  unbalance  Ui  and  U?  and 
the  geometrical  eccentricity  in  the  driving 
gear  are  kept  at  nominal  values  and  the 
curves  were  plotted  for  different  values  of  eg • 


11)  the  dynamic  tooth  load  is  maximum  at 
the  torsional  resonance  in  the  sys¬ 
tem  and  the  coupling  between  the 
torsional  and  flexural  vibrations  in 
the  system  does  not  change  this 
behavior. 
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It  is  seen  that  the  dynamic  response  exhibits 
the  most  significant  peak  at  79  Hz,  which  cor¬ 
responds  to  the  fifth  natural  frequency. 

The  dynamic  tooth  load  aF,  is  plotted 
against  the  frequency  of  rotation  of  the  driven 
shaft  in  Fig.  7.  The  unbalance  Uj  and  geome¬ 
trical  eccentricities  ej  and  eg  are  kept  at 
nominal  values  and  the  curves  were  plotted  for 
different  values  of  Uj.  Again,  the  dynamic 
force  exhibits  a  significant  peak  at  79  Hz. 

The  dynamic  tooth  load  aF,  Is  plotted 
against  the  frequency  of  rotation  of  the  driven 
shaft  in  Fig.  8.  The  unbalances  Uj  and  \ig  and 
the  geometrical  eccentricity  eg,  are  kept  at 
nominal  values  and  the  curves  are  plotted  for 
different  values  of  ei.  The  dynamic  force 
still  exhibits  a  significant  peak  at  79  Hz. 

The  variation  of  dynamic  tooth  load 
against  the  frequency  of  rotation  of  the  driven 
shaft  is  shown  in  Fig.  9  for  nominal  values  of 
Up,  ti  and  E2  and  for  different  values  of  Ui. 
Tne  peak  dynamic  tooth  load  occurs  again  at  79 
Hz.  The  variation  of  the  dynamic  tooth  load 
with  Ui  is  negligible. 

In  all  the  above  cases,  the  dynamic  tooth 
load  has  a  maximum  only  at  79  Hz  which  Is  the 
system  natural  frequency  correspondl ng  to  a 
predominantly  torsional  mode.  However,  the 
dynamic  responses  Ayi  and  Ay2  exhibit  maximum 
values  at  other  system  natural  frequencies 
also.  The  torsional  responses  of  the  driving 
and  driven  shafts  at  the  gear  locations  also 
exhibit  peaks  at  all  the  system  natural  fre¬ 
quencies.  One  possible  explanation  for  the 
dynamic  tooth  load  having  a  peak  at  79  Hz  only 
is  that  the  effect  of  dynamic  responses  at 
other  natural  frequencies  are  nullified  due  to 
their  mutual  phase  relations.  The  dynamic 
tooth  load  Is  significant  only  at  the  torsional 
resonance  in  the  system,  and  the  coupling  be¬ 
tween  the  torsional  and  flexural  vibrations 
does  not  change  this  behavior. 

CONCLUSIONS 

A  geared  shaft  system  Is  analyzed  inclu¬ 
ding  the  coupling  between  the  torsional  and 
flexural  vibrations  in  the  system.  The  analy¬ 
sis  considers  that  there  Is  no  loss  of  contact 
between  the  mating  teeth  and  the  resulting 
dynamic  tooth  load  Is  obtained.  Based  on  the 
results  presented  it  is  observed  that: 

1)  the  dynamic  responses  have  signifi¬ 
cant  peaks  not  only  at  the  system 
natural  frequencies  but  also  at 
frequencies  which  are  related  to  the 
natural  frequency  through  the  gear 
ratio. 
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TABLE  1 

3.12 
6.53 
4.78 
5.71 
2.04 

2.55 
1.17 
2.88 


x  10i  Kgm2 
x  10-5  Kgm2 
x  10-3  Kgm2 
x  10,  Kgm2 
x 


10J 


i°J 

iol 


x 
x 

X 

16.96  kg 
5.65  kg 


101 


N/m 

N/m 

Nm/rad 

Nm/rad 


4.9  x  10-3  kg 
0.1015  m 
0.0564  m 

120  (variable) 

2.8  x  IQ"*  kgm  (variable) 


TABLE  2:  Natural  Frequencies  Hz 
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25.37 
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Fig.  1:  Simple  Geared  Shaft  System 
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rotating 
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Fig.  2:  Sectional  View  at  the  Gear  Location 
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Fig.  3(a):  Driven  Gear  Model  Fig.  3(b):  Driving  Gear  Model 


72 


FREQUENCY  H2 


Fig.  4:  Dynamic  response  of  the  driven  shaft,  Ay2,  against  frequency 
of  rotation  of  the  driven  shaft. 

(U,  =  2.8  x  10"4  kgm,  Uj  =  2.8  x  10-“  kgm,  e]  =  120  urn, 

(a)  e2  =  20  pm,  (b)  e2  =  80  pm,  (c)  e2  =  120  pm) 
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Fig.  5:  Dynamic  response  of  the  driving  shaft,  Ay^ ,  against  frequency 
of  rotation  of  the  driven  dhaft. 

(U,  *  2.8  x  10^  kgm,  U,  *  2.8  x  lO^kgm,  e,  «  120  pm. 
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Dynamic  tooth  load  against  frequency  of  rotation  of  the 
driven  shaft. 

(U1  ■  2.8  x  10-4kgm,  U2  =  2.8  x  10-4kgm,  e1  =  120  pm, 

(a)  e2  =  20  ym,  (b)  e2  =  80  pm,  (c)  e2  *  120  pm) 
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Dynamic  tooth  load  against  frequency  of  rotation  of  the  driven 
shaft. 

(U.|  ■  2.8  x  10*4kgm,  *  120  pm,  e2  *  120  pm,  (a)  U2  =  0.78 

(b)  U2  »  1.47  x  10*4 kgm,  (c)  U 2  *  2.8  x  10-4kgm) 
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Fig.  8:  Dynamic  tooth  load  against  the  frequency  of  rotation  of  the  driven  shaft. 
(U2  =  2.8  x  10"4kgm,  U2  =  2.8  x  lO^kgm,  c?  =  120  pm, 

(a)  e1  =  20  pm,  (b)  e1  =  80  pm,  (c)  e,  =  120  pm) 
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Fig.  9:  Dynamic  tooth  load  against  the  frequency  of  rotation  of  the  driven  shaft. 

(U2  =  2.8  x  10"4kgm,  =  120  pm,  e2  =  120  pm,  (a)  ■  0.78  x  10"4kgm 

(b)  U]  *  1.47  x  10-4kgm,  (c)  U1  =  2.8  x  10'4kgm) 
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PRECISION  MEASUREMENT  OF  TORSIONAL 
OSCILLATIONS  INDUCED  BY  GEAR  ERRORS 
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Manufacturing  Processes  Laboratory 
Dearborn,  Michigan 


This  paper  describes  an  original  and  practical  measuring  technique 
applicable  to  torsional  and  gear  related  systems.  The  technique 
incorporates  a  novel  angular  sensor  with  resolution  of  better  than 
1  part  in  10,000  in  velocity  variations,  which  is  based  on  commer¬ 
cially  available  components.  A  method  of  establishing  dynamic 
response  of  a  drive  train  is  presented.  The  method  depends  on 
the  internal  excitation  from  a  gear  set  itself,  thus  eliminating 
any  external  devices.  The  resulting  response  closely  describes 
dynamic  behavior  of  a  real  rotating  system.  An  efficient  and 
accurate  algorithm  to  perform  Fourier  order  analysis  of  the  con¬ 
jugate  error  is  devised  for  the  general  case  of  "hunting  tooth" 
geometry  of  the  gear  set. 


INTRODUCTION 

Gearing  is  a  constant  velocity  method  of 
transmitting  motion.  A  gear  performance 
error,  referred  to  as  conjugate  deviation,  is 
defined  as  a  departure  from  a  uniform  instan¬ 
taneous  velocity  ratio  between  two  meshing 
gears.  These  angular  variations  cause  the 
gear  set  to  act  as  a  generator  of  vibrations. 

Among  all  the  gear  related  vibrations, 
angular  (torsional)  oscillations  are  the  most 
direct  Indicator  of  the  conjugate  deviation. 
Although  a  conjugate  error  is  also  reflected 
in  a  linear  vibration  pattern  of  the  housing, 
this  pattern  is  usually  greatly  masked  by 
many  other  excitations  from  radially  acting 
forces  and/or  from  external  sources.  On  the 
other  hand,  most  of  such  sources  (unbalance, 
for  example)  affect  the  torsional  vibration 
only  as  a  second  order  effect.  Some  of  the 
applications,  where  the  gear  Induced  torsional 
oscillations  become  of  prime  concern  are:  a 
quality  inspection  of  new  gear  sets;  a  base¬ 
line  monitoring  of  potential  gear  failures; 
and  also  an  evaluation  of  noise  and  vibration 
levels  and/or  sources  of  a  rotating  drive 
train. 

Conjugate  deviation  of  a  gear  set  causes 
only  minute  variations  in  angular  velocity  of 
the  rotating  members.  For  example,  in  the 
case  of  pitchline  runout,  a  measurable  thres¬ 
hold  may  cover  0.0002"  T.I.R.  In  a  2"  diameter 
pinion,  corresponding  to  a  variation  of  one 


part  in  10,000  of  mean  rotational  velocity. 
Consider  a  typical  tooth-mesh  frequency  com¬ 
ponent  in  the  10  arc  sec  range  of  angular 
error,  in  the  case  of  a  15  tooth  pinion.  The 
velocity  variation  is  translated  into  0.08%. 
Since  the  desired  resolution  is  one  order  of 
magnitude  higher  than  the  typical  error,  the 
Instrumental  accuracy  becomes  0.01%  to  0.005%, 
which  is  again  one  part  in  10  to  20  thousand. 

The  required  high  resolution  makes  it 
necessary  that  a  system  measuring  the  gear 
related  torsional  vibrations  incorporates: 

an  angular  sensor  sufficiently  accurate 
in  the  broad  frequency  range, 

an  adequately  defined  procedure  of  data 
reduction  and  identification, 

a  quantitatively  established  source- to- 
sensor  transmissibility  of  the  drive 
train. 

This  paper  addresses  all  of  these  matters  in 
detail.  The  problem  is  that  the  inclusion  of 
a  gear  set  into  a  drive  train  causes  substan¬ 
tial  complications  In  applying  conventional 
techniques.  An  original  and  practical  solu¬ 
tion  is  presented  pertaining  to  each  of  the 
above  Issues. 

A  description  of  an  accurate,  reliable, 
easy  to  calibrate  and  easy  to  install  angular 
sensor  is  given.  The  sensor  is  based  on  a 


commercial  optical  shaft  encoder  and  a  re¬ 
covery  network.  A  reliably  resolved  signal  to 
0.005%  in  velocity  variations  can  be  obtained 
in  the  frequency  range  of  1  to  1000  Hz,  at  the 
minimum. 

A  method  of  calibration  studies  of  a 
mechanical  drive  train  is  presented,  one  which 
depends  on  the  natural  excitation  from  a  gear 
set  itself.  As  a  result,  the  transmissibility 
curve  furnishes  quantities  which  closely 
describe  behavior  of  a  real  rotating  system 
with  the  gear  set  included. 

An  efficient  and  accurate  way  to  compu¬ 
terize  spectral  order  analysis  is  discussed. 

It  is  based  on  the  external  sampling  generator 
positionally  locked  to  the  rotating  shaft. 

The  algorithm  for  "leakage- free"  conjugate 
gear  error  analysis  is  devised,  which  extends 
the  scope  of  the  method  for  a  general  case  of 
"hunting  tooth"  geometry  of  the  gear  set. 

All  of  the  above  newly  developed  techni¬ 
ques,  as  part  of  the  larger  package,  are 
practically  implemented  in  the  on-line  rear- 
axle  diagnostic  machine,  which  has  been  already 
described  elsewhere  [1,2].  This  paper,  however, 
extracts  the  most  practical  solution  and 
presents  it  in  a  rather  general  fashion.  The 
technique  is  expected  to  be  profitably  utilized 
in  many  applications  of  torsional  and  gear 
related  systems. 


desirable  to  provide  reliably  conditioned 
signals  on  the  order  of  at  least  0.1  mv, 
equivalent  to  0.01%  variation  of  100  rad/sec 
or  1000  rpm. 

Among  other  requirements,  an  on-site 
calibration  check  which  eliminates  the  need 
for  any  precision  calibrating  fixture,  and  a 
pass-through  configuration  of  the  sensor  which 
avoids  interference  to  the  drive  train,  are 
of  significant  importance.  An  optional 
requirement  associated  with  the  sensing 
device  is  to  provide  an  additional  output 
containing  a  pulse  train  for  sampling  and 
triggering.  Such  a  train,  otherwise  generated 
by  a  separate  encoder,  will  control  sampling 
of  the  sensor  signal  to  allovl  computer  pro¬ 
cessing  in  precise  synchronism  with  the  shaft 
rotation. 

Not  much  is  commercially  offered  in 
precision  sensors  of  angular  motion.  Available 
sensors  fail  to  satisfy  most  of  the  require¬ 
ments  outlined  before.  Those  devices,  which 
measure  the  torque  deviation,  are  much  better 
developed  and  well  available.  However,  the 
torque  sensing  approach  is  an  indirect  method 
of  the  conjugate  error  measurement.  The 
degree  of  correlation  between  the  torque  and  the 
error  has  to  be  additionally  established  and 
may  vary. 
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Fig.  1  -  Principle  of  the  Angular  Velocimeter 


ANGULAR  VELOCIMETER 

A  measurement  resolution  of  one  part  in 
10  to  20  thousand  of  mean  rotational  velocity 
is  required.  This  high  resolution  has  to  be 
furnished  in  the  broad  frequency  range- from 
the  possible  ring  gear  fundamental  to  the 
tooth  meshing  components.  A  reasonable  range 
of  5  to  1000  Hz  would  cover  the  most  of 
applications.  A  sensitivity  of  the  sensor 
equal  or  higher  than  10  mv  per  rad/sec  is 


There  is  a  practical  solution,  one  which 
is  part  of  the  more  sophisticated  design  [11. 

It  is  believed  that  this  simplified  solution 
will  suit  many  applications. 

Encoder.  A  precision  angular  velocimeter 
is  based  on  measurement  of  frequency  modulation 
in  the  output  pulse  train  of  the  optical 
Incremental  shaft  encoder.  The  principle 
(Fig.  1)  assumes  a  device  which  generates  a 
pulse  train  at  fixed  angular  increments  of  the 
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shaft  rotation.  Pulses  arrive  at  uniform  time 
Intervals  In  case  of  perfectly  steady  speed  of 
rotation,  thus  representing  the  carrier  fre¬ 
quency.  Whenever  torsional  vibration  is  pre¬ 
sent,  it  Is  superimposed  upon  the  steady  rota¬ 
tion,  and  the  pulse  time  intervals  vary.  A 
frequency  modulation  <FM)  occurs  since  the 
torsional  vibration  acts  as  a  modulating  signal. 
If  such  a  pulse  train  is  Inputted  Into  an  FM 
discriminator  circuit,  the  modulating  signal  is 
recovered  If  It  exceeds  the  threshold  of  the 
circuit  resolution. 

The  principle  Itself  is  well  known.  It  is 
often  used  by  positioning  a  magnetic  transducer 
in  close  proximity  to  an  existing  gear  wheel  or 
to  a  toothed  wheel  attached  to  the  drive  line. 
Also  used  are  photoelectric  means  in  conjunc¬ 
tion  with  a  light-chopping  disc.  Commercially 
available  torsional  vibration  measuring  Instru¬ 
ments  use  a  60  to  120  toothed  chopper  and 
expect  larger  than  0.2  rad/s  amplitude  of 
vibrational  signal  before  any  reading  occurs. 
That  is  why  they  fail  to  meet  the  required 
0.01*  resolution  in  velocity  variation  (e.g. 

0.01  rad/s  at  1000  rpm).  Test  results  obtained 
from  the  velocimeter  developed  here  indicate 
that  the  velocity  variations  can  be  reliably 
resolved  to  a  precision  of  0.005*  of  mean 
value. 

An  encoder  (Fig.  2)  comprises  a  glass  disc 
which  is  rigidly  connected  to  the  Input  shaft. 
The  disc  has  a  precision  pattern  that  is  photo¬ 
graphically  Imprinted,  containing  areas  that 
are  clear  and  areas  that  are  opaque.  A  light 
beam  passing  through  the  rotating  disc  will 
illuminate  the  pattern,  and  behind  the  disc  a 
photo-sensor  will  produce  a  corresponding  on- 
off  output  signal.  By  focusing  light  into  a 
very  narrow  beam,  a  very  high  resolution  of 
thousands  of  pulses  per  turn  can  be  obtained. 

In  optical  encoders  one  is  concerned  with 
two  kinds  of  accuracy:  bit-to-bit  and  absolute. 


Fig.  2  -  Schematic  of  an  Optical  Encoder 


The  first  refers  to  the  distance  between  adja¬ 
cent  bits,  the  latter  refers  to  the  actual 
shaft  position.  It  is  not  unusual  to  obtain 
from  some  of  the  encoder  series  the  following 


characteristics  of  accuracy: 

bit- to-bit  arc  sec  RMS  .....  2 
absolute  arc  sec  RMS  .  4 


Let  us  assume  now,  for  the  sake  of  sim¬ 
plicity,  that  the  absolute  error  values  taken 
over  the  entire  circle  of  bits  form  a  pure 
sinusoidal  pattern  with  the  integer  number  ’ k * 
of  complete  cycles  and  with  the  magnitude  of  ak 

arc  sec  RMS.  While  steadily  rotating,  the 
encoder  reading  vs.  actual  shaft  position  would 
contain  an  erroneous  sinusoidal  component  of 
1.41ok  amplitude  of  displacement  and  of  'kf  ' 

frequency  (where  f  =  rpm/60  -  rotational 
or  fundamental  frequency). 

Since  the  actual  error  pattern  of  any 
shape  is  converted  by  a  steady  rotation  to  a 
periodic  function  (T  =  l/fr),  the  encoder 

reading  error  may  be  represented  by  a  sum  of 
its  Fourier  components  r{1.4ak*SIN  2nkfr)  with 

the  total  RMS  level  of  the  error  equal  to: 


In  order  to  comply  with  0.01*  (or  10*4)  accuracy 
In  velocity  variation,  each  of  the  error  com¬ 
ponent  ok  (in  RMS  of  displacement)  has  to 

satisfy  the  following  self  explanatory  rela¬ 
tionship: 

ak  <  £  (104  •  «r  •  57.3  •  3600)/2skfr 

=  ^  arc  sec  (2) 

With  this  in  mind  let  us  have  a  look  into 
the  given  absolute  error  of  4  arc  sec  RMS. 
Typically  the  error  is  spread  among  harmonics 
In  a  way  in  which  the  higher  the  order  the 
lower  the  amplitude,  and  amplitudes  of  suffi¬ 
ciently  high  harmonics  decay  faster  than  in 
inverse  proportion.  Thus,  a  reasonable  estimate 
for  error  components  would  be  an  expression 

A 

ak  <  ^  arc  sec  (3) 

Since  the  estimated  errors  (3)  are  well  below 
allowable  values  (2),  such  an  encoder  is 
expected  to  meet  the  accuracy  requirements. 

Another  important  characteristic  is  the 
resolution  of  the  encoder  or,  in  other  words, 
the  number  of  pulses  produced  per  one  turn. 

The  resolution  determines  the  highest  frequency 
of  vibration  component  which  still  can  be 
sensed  without  distortion.  A  discretization 
procedure,  such  as  employed  in  an  encoder, 


Imposes  a  condition  called  the  Nyquist-Kotelni- 
kov  rule.  It  means  that  the  number  of  data 
points  (pulses  In  our  case)  to  be  taken  per 
one  cycle  of  the  highest  frequency  component 
of  Interest,  must  be  larger  than  2.  Practi¬ 
cally,  It  is  recommended  to  keep  the  number  at 
least  equal  to  4. 

If  V  Is  the  order  of  the  highest  harmo¬ 
nic  of  interest,  the  resolution  N  of  the 
proper  encoder  must  be  N  >  4n.  Thus,  for  a 
sensor  with  10  to  1000  Hz  frequency  range,  to 
the  fundamental  component  of  10  Hz  corresponds 
the  upper  possible  order  around  100.  Then,  N 
>_  400.  Some  of  the  commercial  encoder  series 
offer  wide  ranges  of  counts  per  turn  (typically 
up  to  (5-12)  x  103 ) ,  that  practically  covers 
any  of  possible  need. 

Another  fact  about  *  N  *  appears  to  be 
important.  Computer  algorithms  of  the  Fast 
Fourier  Transform  (FFT)  operate  with  blocks  of 
data  points  equal  to  an  integer  power  of  2. 

If  the  number  of  counts  per  turn  of  the  encoder 
is  also  some  integer  power  of  2,  the  computer 
will  always  acquire  a  signal  length  of  integer 
number  of  complete  turns.  This  synchronism 
permits  averaging  of  readings  through  a  number 
of  revolutions,  to  yield  accurate  results  at 
precise  multiples  of  the  fundamental  frequency 
while  rejecting  other  vibrations.  Encoder 
manufacturers  nowadays  include  such  numbers  as 
256,  1024  and  others  of  power  of  2  to  their 
standard  specification  of  disc  resolution. 

An  example  of  the  encoder,  which  meets 
the  foregoing  requirements,  is  BEI  670-series 
optical  incremental  encoder  with  hollow  shaft 
of  2"  dia.  The  pass-through  configuration 
eliminates  any  interference  with  the  power 
train,  and  relieves  the  encoder  from  any 
torque  load  when  installed  in  any  intermediate 
part  of  the  shaft.  If  a  proper  flexible 
coupling  is  employed,  it  also  relieves  the 
encoder  from  excessive  radial  and  axial  leads. 
By  limiting  the  forces  to  10  lb,  a  sufficient 
bearing  life  of  3  x  109  rev  and  an  absolute 
accuracy  of  4  arc  sec  RMS  are  achieved. 

Converter.  An  FM  discriminator  is  another 
important  part  of  the  velocimeter  with  regard 
to  precision,  stability  and  simplicity.  Time 
intervals  between  encoder  output  pulses  are  to 
be  measured  with  a  resolution  around  1  part 
per  10,000  and  linearity  must  be  on  the  same 
order. 

A  possible  solution  may  be  based  on  a 
digital  timer-counter  technique  with  suffi¬ 
ciently  high  base  frequency  (like  200  MHz  for 
20  kHz  carrier)  and  with  properly  configured 
interface  to  a  computer.  A  significantly  less 
sophisticated  solution  has  been  proposed  by 
employing  an  integrated  circuit  module  for  the 
frequency-to-voltage  conversion  along  with  a 
simple  filtering  network. 

The  DATEL  VFV-100K  universal  voltage-to- 
frequency  and  frequency-to-voltage  converter 


is  an  example  of  a  module  with  adequate 
performance.  The  VFV-converters  have  a  resolu¬ 
tion  of  better  than  1  part  in  10,000  and  a 
non-linearity  between  0.05  and  0.005%.  The 
linearity  holds  down  to  zero  input,  resulting 
in  wide  dynamic  range  of  80  db.  The  wide 
carrier  frequency  range  of  0  to  100  kHz  covers 
practically  any  combination  of  encoder  resolu¬ 
tion  and  speed  (like  1024  counts/turn  at  about 
6000  rpm). 

The  output  signal  of  the  F/V  converter 
contains  three  parts: 

DC  component  proportional  to  the  mean 

carrier  frequency  (mean  speed  of  rota¬ 
tion); 

AC  component  proportional  to  the  FM- 

modulating  signal  (torsional  vibration); 

carrier  frequency  output  ripple. 

Due  to  substantial  differences  between 
the  AC  (below  1  kHz)  and  ripple  (above  5-10 
kHz)  frequencies,  an  enhancement  of  the  AC 
part  is  only  a  matter  of  conventional  fil¬ 
tering  techniques. 

Output  ripple  of  the  F/V  converter  can  be 
made  arbitrarily  low  by  using  an  external 
filtering  capacitor  as  a  feedback  (Fig.  3a). 
However,  this  also  slows  down  the  output 
response  time  (Fig.  3b)  affecting  the  AC 
components  of  interest.  A  proper  trade-off  is 
achieved  by  employing  a  subsequent  network. 

An  example  of  the  signal  recovery  network, 
which  has  been  incorporated  into  the  veloci¬ 
meter  with  1024  counts/turn  for  500-5000  rpm, 
is  shown  in  Fig.  4.  The  preamplifier  part 
takes  care  of  the  ripple-to-signal  ratio 
reduction  in  order  to  ensure  the  required 
amplifier  resolution.  The  amplified  signal  is 
subsequently  transferred  to  the  computer  input 
through  an  antialiasing  filter,  where  the 
ripple  component  is  completely  eliminated. 

The  VFV-100  with  a  conversion  factor  of 
0.1  v/kHz  will  output,  say,  2  v  DC  from  an 
input  train  of  20  kHz  (1200  rpm,  1024  counts). 
The  external  feedback  capacitor  of  O.OluF  will 
output  500  mv  of  ripple  (Fig.  3a)  to  be  com¬ 
pared  with  only  0.2  mv  of  AC  component  to  be 
resolved  (remember  0.01%  of  2  v  DC).  On  the 
other  hand,  the  time  constant  of  0.1  ms  (Fig. 
3b),  or  1600  Hz  cutoff,  leaves  room  to  employ 
more  filtration. 

The  next  cascade  simply  eliminates  the  DC 
part,  and  then  the  third  cascade  once  again 
forms  a  low-pass  filter  with  1600  Hz  cutoff, 
thus  reducing  the  total  bandwidth  to  about 
1000  Hz  level.  On  the  other  hand,  the  ripple 
amplitude  now  exceeds  the  signal  at  most  by  40 
db  which  is  compatible  with  characteristics  of 
a  typical  amplifier  ('say,  linearity  of  0.01%, 
common  mode  rejection  of  120  db,  input  noise 
below  10uv). 
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The  remaining  part  of  filtering  is  per¬ 
formed  by  the  antialiasing  filter.  48  db/ 
octave  slope  and  2  kHz  cutoff  setup  will 
finally  provide  for  signal-to-ripple  ratio  to 
better  than  80  db.  The  actual  test  proved 
that  a  signal  as  low  as  1  part  in  30,000  of  DC 
component  may  be  recovered  by  this  network 
accurately  to  5%. 

It  is  worthwhile  to  note,  that  by  branching 
the  F/V  output  (prior  to  the  first  RC  cascade 
in  Fig.  4),  and  utilizing  a  low-pass  network, 
the  DC  and  low  frequency  signal  can  be  easily 
obtained  in  addition  to  the  three  other  out¬ 
puts.  This  new  output,  if  needed,  can  be  used 
as  a  conventional  tachometer. 

Performance.  Among  several  important 
advantages  of  the  new  velocimeter,  one  is  its 
ease  of  calibration.  Usually  the  more  precise 
is  a  transducer,  the  more  careful  and  tedious 
Is  its  calibration  procedure.  Highly  accurate 
external  mechanisms  and/or  alternative  reference 
devices  are  usually  Involved.  This  is  not  the 
case  with  the  new  velocimeter. 

Indeed,  the  calibration  factor  • k' ,  as  a 
ratio  of  the  input  velocity  V  in  rad/s  to 
the  output  voltage  'V'  can  be  expressed  as  a 
product  of  two  factors: 

i.  _  u  _  u  F  rad/s 
k  ’  V  ‘  F  * 


^0  I  234567 

Fig.  3  -  Characteristics  of  the  F/V  converter: 
a  -  peak-to-peak  output  ripple  vs. 
input  pulse  rate,  b  -  normalized  out¬ 
put  vs.  time  in  multiples  of  the  time 
constant 


F  *  N  •  f_ 


carrier  frequency 


N  -  encoder  resolution  in  counts/ 
turn 

f  =  u!2v  -  frequency  of  rotation 

The  first  is  the  encoder  conversion  constant 
which  is  readily  seen  to  be  equal  to  2s/N. 
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Fig.  4  -  Schematic  of  the  recovery  network 


It  does  not  require  any  calibration  since  ' N ' 
is  known.  The  second  multiplier  represents  a 
conversion  constant  of  the  recovery  network. 
Electronic  instruments  are  the  only  means 
required  to  establish  and  adjust  this  constant 
to  any  desired  degree  of  accuracy.  Hence,  the 
calibration  of  the  velocimeter  is  reduced  to 
the  procedure  of  tuning  the  electric  circuitry, 
which  is  easily  performed  on  site. 

Accuracy  of  the  new  velocimeter  has  been 
intensively  studied  [i].  High  linearity  of 
the  device  is  only  violated  at  low  signals, 
namely  those  comparable  to  the  residual  readings 
(so  called  null-errors)  due  to  imperfections 
of  the  device.  Studies  have  demonstrated  that 
a  null-error  for  any  harmonic  above  the  funda¬ 
mental  is  well  below  0.005%  of  mean  rotation 
velocity.  That  confirms  the  anticipated 
performance  evaluated  above. 

The  null -error  at  the  fundamental  fre¬ 
quency  is  sensitive  to  excentric  rotation  of 
the  encoder  ball  bearings.  Improper  means  of 
encoder  coupling  increase  the  error  to  0.2- 
0.3%.  A  sufficiently  flexible  coupling  is  one 
which  reduces  forces  transferred  to  ball 
bearings  to  a  level  below  10  lb.  On  the  other 
hand,  the  coupling  must  be  torsionally  stiff 
to  avoid  any  resonance  in  the  frequency  range 
of  interest  caused  by  interaction  with  the 
inertia  of  the  encoder  rotor. 

A  coupling,  configured  to  fit  inside  the 
2"  hollow  shaft  of  the  BEI-670  encoder,  which 
flexibly  couples  this  shaft  to  the  1-1/8"  pass¬ 
through  drive  shaft,  is  shown  in  Fig.  5a. 

This  coupling  employs  a  diaphragm  type  princi¬ 
ple.  It  is  designed  to  compensate  for  rela¬ 
tively  small  residual  angular  misalignment, 
provided  that  fabrication  tolerances  of  the 
assembly  shown  in  Fig.  5a  do  not  exceed  .002- 
.003".  With  such  a  coupling  the  fundamental 
null -error  has  been  reduced  to  0.006-0.007%  of 
mean  rotation  velocity,  and  no  resonance 
within  900  Hz  range  was  observed.  The  coupling 
is  also  important  to  ensure  the  specified  ball 
bearing  life. 


Fig.  5  -  Installation  of  the  Velocimeter  with 
a  Flexible:  a)  rotor  coupling  or 
b)  housing  suspension 


is  achieved.  Accuracy  of  180°  shift  is  equal 
to  less  than  half  of  one  count.  For  the  encoder 
of  1024  counts/turn  the  shift-error  is  less 
than  0.17°.  For  the  harmonic  order,  say  101, 
the  error  becomes  about  17°  which  is  still 
good  for  compensation. 

With  the  above  improvements  the  threshold 
level  of  the  velocimeter  is  within  0.005%  of 
mean  rotation  velocity. 


Another  method  of  coupling  the  sensor  to 
a  drive  train  is  to  use  a  rigid  attachment  to 
the  shaft  and  a  flexible  suspension  coupled  to 
the  base  (Fig.  5b).  Again,  this  suspension 
must  be  torsionally  stiff,  however  this  time 
much  stiffer  since  it  works  against  larger 
inertia  of  the  entire  housing. 

Further  improvement  in  accuracy  is  achieved 
by  using  a  special  encoder  with  an  additional 
optical  pickup  station.  The  station  is  located 
180  mechanical  degrees  away  from  the  primary 
pickup  and  produces  a  secondary  output.  While 
the  torsional  signal  appears  precisely  the 
same  at  any  readout  station,  a  null-error  at 
every  odd  harmonic  comes  out  from  the  primary 
and  secondary  outputs  In  counterphase.  By 
simple  summation  of  the  two  analog  outputs  a 
compensation  for  the  largest  (fundamental) 
null -error  as  well  as  for  other  odd  harmonics 


SIGNAL  PROCESSING 


Waveforms  of  the  gear  fault  related 
torsional  vibrations  and  their  spectral  repre¬ 
sentation  are  schematically  shown  in  Fig.  6. 
Along  with  the  fundamental  pinion  component 
(IP)  and  its  harmonics  (2P,  3P  ...)  there 
exists  the  corresponding  series  of  ring  gear 
harmonics  or  orders  (1G,  2G  ...)  caused  by 
pitchline  runout.  Some  of  the  harmonics  might 
be  more  pronounced  due  to  special  reasons. 
Examples  are:  -  Influence  of  the  bolt  holes 
in  the  ring  gear  body  (1G  x  number  of  holes), 
appearance  of  the  "ghost"  component  embedded 
by  the  gear  machining  process  (  1G  x  index 
wheel  teeth). 

Tooth  meshing  components  ( 1TM,  2TM  ...) 
represent  "mesh  noise"  and  appear  at  frequen- 


cies  that  are  multiples  of  the  number  of 
teeth.  Each  of  the  TM  components  is  sur¬ 
rounded  by  sidebands.  Because  of  nonlinear 
interaction  between  excitations  through  the 
tooth  loading,  a  modulation  effect  occurs  and 
gives  rise  to  a  pair  of  sidebands  [31.  Dif¬ 
ference  in  orders  between  central  (TM)  and 
side  components  is  exactly  equal  to  the  order 
of  the  low  frequency  error.  If,  say,  the 
modulation  is  caused  by  the  fundamental  com¬ 
ponent  (IP),  the  difference  is  one  order,  and 
the  side  components  will  be  TM  +  1,  where  TM 
is  equal  to  number  of  pinion  teeth.  As  a 
result,  the  energy  induced  by  the  tooth¬ 
meshing  error  is  spread  along  the  bandwidth, 
thus  the  error  is  no  longer  quantitatively 
represented  by  TM-orders  alone  [41.  Other 
related  orders  also  have  to  be  considered. 

The  prime  objective  of  the  data  processing 
system  is  to  identify  the  conjugate  deviation 
components.  The  best  diagnostic  tool  is  to 
apply  the  pinion  and  gear  order  analysis. 
Sometimes,  along  with  the  FFT,  it  is  also 
advantageous  to  reduce  data  in  the  time  domain. 
Such  is  a  case  of  sharp  impacts  referred  to  in 
Fig.  6  as  "nicks".  The  energy  of  a  sharp 
impluse  is  spread  between  a  wide  band  of 
harmonics  in  the  frequency  domain,  without 
leaving  any  distinct  features  of  the  "nick". 

One  is  better  off  by  applying,  say,  convolution 
or  other  digital  filtering  techniques  to  the 
waveform  signature,  along  with  time  domain 
averaging.  This  will  allow  enhancement  and 
extraction  of  impact  events  of  a  periodic 
nature. 

An  efficient  and  accurate  method  to 
computerize  order  analysis  is  to  digitize  the 
analog  signal  at  an  external  sampling  rate, 
this  rate  being  controlled  by  an  encoder 
angularly  locked  to  the  rotating  shaft  of 
interest  [5].  The  encoder  produces  a  number 
of  pulses  per  revolution  equal  to  some  interger 
power  of  2.  Thus,  a  block  of  data  which 
contains  -  a)  a  number  of  data  points  equal  to 
an  integer  power  of  2,  and  -  b)  an  interger 
number  of  fundamental  periods  (or  revolutions), 
can  be  easily  acquired.  These  two  conditions 
are  sufficient  to  obtain  a  "leakage  free" 
Discrete  Fourier  Transform,  therefore  harmonics 
caused  by  gearing  action  can  be  accurately 
identified. 

Normally,  one  would  acquire  certain 
number  of  data  blocks,  each  containing  a 
number  of  data  points  satisfying  the  above  two 
conditions.  To  eliminate  random  scatter, 
these  blocks  would  be  accumulated  by  averaging 
in  time  domain  with  subsequent  FFT  processing 
or,  alternatively,  would  first  undergo  FFT  and 
then  be  accumulated  by  averaging  in  the  fre¬ 
quency  domain. 

However,  substantial  complications  are 
encountered  In  the  gear-related  data  processing 
of  the  frequently  occurred  cases  of  a  so 
called  "hunting  tooth".  The  "hunting  tooth" 
means  that  the  gear  teeth  constitute  a  mutually 


nick 


sideband 


Fig.  6  -  Typical  components  of  conjugate  error 


prime  set  of  numbers,  for  example  12  and  37, 
which  implies  that  the  same  pair  of  teeth  will 
contact  again  only  in  exactly  37  pinion,  12 
ring  gear  revolutions.  Whenever  such  an 
arrangement  is  kinematically  allowable,  it  is 
also  preferable  because  of  a  number  of  advan¬ 
tages. 

A  quieter  gear  set  is  obtained  since  part 
of  the  energy,  induced  by  a  conjugate  error, 
is  shifted  toward  low  frequencies,  practically 
out  of  the  vibration  range.  Furthermore, 
through  contacting  virtually  all  of  the  mating 
teeth,  wear  tends  to  mitigate  distortion 
introduced  by  a  "bad"  tooth.  This  is  contrary 
to  aggravating  the  distortion  (imprinting) 
when  only  a  few  mating  teeth  are  permanently 
in  contact.  Additional  advantage  is  achieved 
from  the  fact  that  many  of  the  pinion  and  gear 
spectral  components  do  not  coincide,  thus 
indicating  distinctly  the  source  of  the  error 
(e.g.  IP  f  3G  in  case  of  12  S  37  teeth, 
contrary  to  the  12  S  36  teeth  case). 

Let  us  return  now  to  the  complications  in 
the  data  processing  caused  by  the  "hunting 
tooth".  The  example  of  12  A  37  teeth  will 
again  be  used  throughout  the  discussion. 

First,  in  order  to  eliminate  a  possible 
Influence  of  the  periodicity  Inflicted  by  the 
same  pair  of  mating  teeth  on  harmonics  of 
Interest,  data  points  must  be  acquired  over 
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the  time  interval  which  contains  an  integer 
number  of  these  periods  (at  least,  one  set  of 
37  pinion  revolutions). 

Second,  a  data  block  consisting  of  an 
integer  number  of  pinion  revolutions  generally 
does  not  contain  an  integer  number  of  ring 
gear  revolutions.  Remember  that  both  conditions 
are  of  prime  importance  to  obtain  "leakage 
free"  (accurate)  Fourier  transform.  The 
shortest  acceptable  data  block  is  one  which 
covers  37  consecutive  pinion  revolutions:  it 
also  contains  exactly  12  ring  gear  revolu¬ 
tions.  Thus,  real  time  data  acquisition  of  a 
number  of  consecutive  shaft  revolutions  is 
required. 

Third,  such  a  data  block,  directly  acquired 
through  a  sampling  rate  synchronous  with  the 
shaft  rotation,  will  contain  a  number  of  data 
points  never  equal  to  an  integer  power  of  2. 

The  reason  for  that  is  simple:  37  is  not  an 
integer  power  of  2.  Therefore,  the  necessary 
condition  for  FFT  is  not  satisfied. 

There  exists  an  algorithm  (Fig.  7)  which 
allows  meeting  all  of  the  three  above  conditions. 

A  block  size  of  2n  data  points  is  defined,  2n 
also  being  the  number  of  pulses  per  pinion 
revolution,  generated  by  the  external  device. 

The  analog  conjugate  gear  error  signal  is 
sampled,  digitized,  and  entered  into  the  block 
only  at  every  37th  pulse  of  the  external  pulse 
train.  Therefore,  it  takes  37  rotations  of 

the  pinion  to  fill  2n  entries  into  the  data 
block.  It  also  takes  exactly  12  complete 
revolutions  of  the  gear. 

The  remainder  of  the  procedure  is  obvious. 

FFT  is  applied  to  the  whole  2n-point  block. 

The  pinion  order  spectrum  now  consists  of  FFT 
components  located  at  position  37  and  multiplies 
thereof  (74,  111,  ...).  Positions  12,  24,  36, 

...  in  the  FFT  will  form  the  gear  order  spectrum. 
The  fundamental  tooth  mesh  order  (1TM)  is 
common  to  pinion  and  gear  orders,  being  the  37 
x  12  =  444th  FFT  component. 

The  only  concern  left  is  to  select  the 

resolution  2n  of  the  data  block  and,  respec¬ 
tively,  of  the  external  encoder,  sufficient  to 
represent  without  distortion  the  highest 
harmonic  of  interest.  According  to  the  already 
mentioned  Nyquist-Kotelnikov  rule,  the  number 
of  data  points,  taken  per  one  cycle  of  the 
highest  harmonic,  is  recommended  to  be  at 
least  equal  to  4.  If,  for  example,  the  spec¬ 
trum  of  interest  is  limited  to  the  second 
tooth-mesh  component  with  the  side  band:  2TM 
+  3  *  27  in  terms  of  pinion  orders,  the  total 
number  of  points  acquired  in  37  revolutions 

must  exceed  37  x  27  x  4  =  3996,  and  2n  =  4096 
is  the  resolution  suitable  for  this  case. 
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Fig.  7  -  Algorithm  of  separate  pinion  and  ring 
gear  order  analysis 

OYNAMIC  RESPONSE 

The  torsional  signal,  accurately  trans¬ 
mitted  and  processed,  is  not  yet  directly 
related  to  the  conjugate  error.  The  relation¬ 
ship  between  the  signal  and  the  source  is 
determined  by  the  transfer  function  of  the 
mechanical  system,  the  encoder  mounting  fixture 
included.  Therefore,  the  correction  of  the 
pinion  and  gear  order  components  by  the 
proper  transmissibil ity  factors  is  required. 

In  order  to  establish  quantitative  trans- 
missibility  characteristics  of  the  mechanical 
system  by  conventional  experimental  methods, 
one  would  normally  introduce  the  exciting 
force  of  a  known  level  in  the  frequency  range 
of  interest.  This  becomes  an  exceedingly 
difficult  task  for  the  gear  drive  train.  The 
gear  set  would  have  to  be  in  place  since  the 
gear  ratio  determines  the  dynamic  characteris¬ 
tics  of  the  train.  The  forcing  function  would 
have  to  be  applied  in  the  vfclnity  of  meshing 
gears  and,  preferably,  during  rotation,  since 
the  damping  factors  may  be  different. 

A  more  natural  method  of  excitation  is 
devised,  one  which  employs  a  conjugate  error 
of  the  gear  set  itself.  The  method  does  not 
require  any  additional  facilities,  providing 
the  speed  of  rotation  can  be  varied.  By 
measuring  a  few  properly  selected  spectral 
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components,  while  varying  speed  of  rotation, 
and  by  sequential  matching  the  overlapped 
parts  of  the  response,  the  normalized  trans- 
mlsslblllty  curve  can  be  experimentally  obtained. 
The  quantities  furnished  by  the  curve  directly 
relate  both  the  error  and  the  signal  compo¬ 
nents  to  each  other  as  a  function  of  their 
frequency. 

In  more  detail  the  method  Is  Illustrated 
in  Fig.  8  in  reference  to  the  12:37  gears 
assembled  Into  some  mechanical  setup. 

First,  the  range  of  variable  pinion  rpm 
from  400  to  2000  is  selected  suitable  for 
running  this  particular  system.  Therefore, 
each  single  component  will  cover  a  freqency 
range  of  5. 

Next,  a  few  prominent  spectral  components 
are  selected  to  be  spaced  In  frequency  ratios 
of  less  than  5  (preferably,  3  to  4),  thus  the 
frequency  ranges  of  adjacent  components  will 
overlap.  The  lowest  Is  the  gear  fundamental 
component  1G,  which  at  400  rpm  determines  2.2 
Hz  as  the  lowest  frequency  of  the  response 
curve  (400/60  •  12/37  -  2.2),  and  reaches  11 
Hz  at  2000  rpm.  Other  components  and  reasons 
for  their  selection  are  as  follows: 

3G,  which  Is  preferred  here  to  the 
almost  coinciding  IP  as  less  susceptible 
to  the  drive  motor  noise  at  sensor  loca¬ 
tion; 

10G,  which  happens  to  be  pronounced 
because  of  the  10  bolt  holes  In  the  ring 
gear  body; 


TM,  that  Is  37G,  as  being  properly 
spaced  (3.7  times)  from  the  previous  one; 

2TM,  which  at  2000  rpm  determines  800  Hz 
as  the  highest  frequency  of  the  response 
curve  (2000/60  •  2  •  12  «  800). 

Then,  the  system  Is  tested  over  the  speed 
range  of  Interest,  each  of  the  selected  com¬ 
ponents  Is  measured  as  the  angular  displace¬ 
ment  vs.  frequency  and  plotted  In  logarithmic 
coordinates.  An  absolute  value  of  the  scale 
factor  for  each  of  the  plots  can  be  chosen 
arbitrarily.  In  Fig.  8,  for  example,  both  the 
1G  and  the  2TM  plots  look  quite  similar  but 
they  cover  very  different  ranges  —  60  to  900 
and  0.4  to  8  arc  sec,  respectively.  This 
simply  reflects  the  fact  that  the  various 
error  components  Introduce  different  levels  of 
excitation. 

In  order  to  reduce  the  result  to  a  uni¬ 
form  level  of  excitation  throughout  the  entire 
frequency  range,  all  of  the  five  plots  are 
combined  Into  one  by  matching  the  overlapped 
portions  of  Information.  In  case  of  discre¬ 
pancies  between  adjacent  overlapped  portions, 
any  method  of  curve  fitting  would  be  helpful. 

Finally,  the  combined  response  have  to  be 
normalized  using  a  portion  where  transmlssl- 
blllty  Is  known.  Usually  at  frequencies  below 
the  first  source-to-sensor  resonance  the 
response  Is  merely  determined  by  the  Inertia 
distribution  between  the  pinion  and  gear 
shafts.  In  this  example,  the  response  at  15 
to  50  Hz  range  (just  above  the  Isolation 
related  low  frequency  resonance)  was  assigned 
to  unity,  since  the  opposite  shaft  Inertia  was 
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Fig.  9  -  Case  of  12:37  gear  set  studies 


intentionally  enlarged  by  a  flywheel.  Thus, 

3G  amplitude  is  taken  as  reference,  1G  and  10G 
are  obtained  from  it  by  overlap,  from  which  TM 
and  then  2TM  are  similarly  matched. 

ILLUSTRATION 

Fig.  9  shows  some  output  results  with  re¬ 
spect  to  the  12:37  gear  and  the  setup  which  is 
characterized  by  the  dynamic  response  as  per 
Fig.  8.  The  results  are  selected  to  illustrate 
the  above  concepts  of  gear  error  measurement. 

The  pinion  fundamental  component  occurs  at 
26.5  Hz,  corresponding  to  the  166  rad/s  of 
rotation  velocity  (1590  rpm).  Since  the  level 
of  0.01  rad/s  can  be  distinctly  observed  in  the 
graphs,  the  resolution  is  containable  within 
the  goal  of  1  part  in  10,000.  Both  the  pinion 
(Fig.  9a)  and  the  gear  (Fig.  9b)  order  spectra 
exhibit  prominent  characteristic  components: 

IP  to  5P,  TM,  TM  +  IP,  2TM,  2TM  +  IP 

and 

1G,  10G  (bolt  holes),  TM,  TM  +  1G,  TM  + 

6G,  TM  +  bolt  holes  (27  &  47),  2TM. 

A  dashed  line  in  Fig.  9a  relates  the  pinion 
spectrum  to  the  source  of  the  error  as  a  re¬ 
sult  of  applying  the  transmissibility  factors. 
Some  of  the  components  undergo  significant 
changes.  Thus,  the  12-th  order  (318  Hz)  in¬ 
creases  3.7  times  because  of  its  proximity  to 
the  node  around  210  Hz  In  Fig.  8.  Contrary  to 
that,  the  4-th  order  decreases  3.5  times  since 
it  closely  approaches  the  108  Hz  resonance. 

After  the  correction  Is  applied,  it  is 
easy  to  obtain  any  of  the  components  In  arc 
sec  of  angular  displacement.  If  the  conjugate 
error  is  of  a  prime  concern.  For  Instance, 


the  tooth-meshing  component  (12P)  of  .27  rad/s 
represents : 

0.27  •  57.3  •  3600/ (2it  •  26.5  -12)  =  28 
arc  sec  -  as  related  to  the  pinion  shaft; 

or 

28  •  12/37  =  9  arc  sec  -  as  related  to 
the  gear  shaft. 

Another  case  of  12:37  gear  set  is  shown  in 
Fig.  9c,  d  as  partial  view  on  the  tooth-meshing 
order  with  the  sidebands.  The  only  prominent 
component  of  the  gear  order  spectrum  is  the 
37G  (TM),  whereas  the  pinion  orders  have  rather 
peculiar  form.  However,  the  dashed  line  graph 
in  Fig.  9c,  which  represents  the  corrected 
and  also  translated  into  seconds  of  arc  spectrum, 
exhibits  a  typical  picture  of  significant  modu¬ 
lation.  Indeed,  the  pinion  fundamental  com¬ 
ponent,  which  happened  to  be  very  pronounced 
in  that  case,  gave  rise  to  the  sidebands.  The 
11-th  and  13-th  orders  (that  is  TM  +  IP) 
of  25  and  23  arc  sec  respectively,  are 
especially  strong.  They  exceed  even  the  prime 
TM  component,  that  is  the  12-th  order  of  17 
arc  sec  magnitude. 

This  case  illustrates  a  very  good  separa¬ 
tion  of  pinion  and  gear  orders,  and  subse¬ 
quently,  separation  of  their  respective  causes. 
The  case  also  confirms  that  the  TM-orders  alone 
may  not  be  representative  of  the  tooth-meshing 
error.  Energy  of  the  error  may  be  drained  to 
the  sidebands,  subject  to  how  deep  is  the 
modulation. 


CONCLUSIONS 


A  drive  train  whose  dynamic  response  has 
been  calibrated,  a  novel  sensing  device,  and  a 
signal  processing  algorithm  described  In  this 
paper,  form  the  basis  of  a  powerful  measuring 
technique  applicable  to  gear  trains.  In 
measuring  the  conjugate  error  of  a  gear  set, 
output  data  capable  of  separating  pinion  from 
gear  order  spectra  are  obtainable. 

Mechanical  implementation  of  this  techni¬ 
que,  including  sensing  instrumentation,  is 
relatively  simple,  being  based  on  commercially 
available  components.  No  external  devices  are 
needed  to  provide  excitation  for  purposes  of 
establishing  the  dynamic  response  of  the  test 
system.  All  necessary  information  is  obtained 
by  varying  the  speed  of  rotation  of  the  sys¬ 
tem. 


5.  Braun,  S.  G.,  Seth,  B.  B.,  “On  the  Extrac¬ 
tion  and  Filterinq  of  Signals  Acquired 
from  Rotating  Machines,  "  Journal  of  Sound 
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While  simple  to  Implement,  the  technique 
is  very  effective  in  supplying  accurate  measure¬ 
ments.  When  used  with  a  properly  configured 
computing  system,  preferably  with  one  which 
includes  an  array  processor,  data  acquisition 
and  processing  time  may  be  as  short  as  3 
seconds.  The  technique  is  proven  for  on-line 
field  application  [2]  with  results  that  have 
shown  95-98%  correlation  with  conventional 
laboratory  measurements. 

It  should  be  pointed  out  that  the  newly 
developed  angular  velocimeter  is  not  limited 
to  gear  related  meast, -einents.  It  may  be 
profitably  utilized  in  many  applications 
concerned  with  torsional  oscillations.  The 
principle  employed  to  calibrate  the  dynamic 
response  on  the  basis  of  excitations  internal 
to  the  system  is  likewise  not  limited  to 
gears.  Ball  bearings,  belt  transmissions, 
turbine  wheels,  and  the  like  may  be  utilized 
as  natural  sources  of  excitation  for  purposes 
of  calibration  of  torsionally  as  well  as 
linearly  vibrating  systems. 
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DISCUSSION 


Mr.  Volin  (Shock  &  Vibration  Inf oration 
Center);  What  was  the  source  of  the  carrier 
ripple  frequency  In  the  measurements  of  the  gear 
vibration? 

Mr.  Shmuter:  By  carrier,  do  you  mean  the 
carrier  frequency  fluctuation? 

Mr.  Volin;  No.  There  was  a  ripple  frequency. 
What  was  that  due  to? 

Mr.  Shmuter;  It  Is  the  number  of  pulses  per 
turn.  You  rotate  the  encoder,  and  If  the 
velocity  Is  steady.  It  Just  produces  a  two  kHz 
pulse.  You  have  1,024  pulses  per  turn,  and  you 
may  rotate  It  at  1,200  rpm.  So,  you  have  a 
frequency  of  20  Hz  multiplied  by  1,000  pulses 
per  turn,  and  you  get  a  20  kHz  pulse  rate.  This 
produces  the  ripple.  When  you  demodulate  the 
signal,  you  recover  your  torsional  vibration 
which  Is  below  one  kHz.  But,  the  20  kHz  Is  a 
carrier  frequency,  so  you  want  to  get  rid  of 
It.  That  Is  what  I  mean  by  carrier  frequency 
ripple . 

Mr.  Volin:  Could  this  system  be  used  to  detect 
gear  meshing  problems?  Could  It  also  be  used 
for  machinery  health  condition  monitoring?  This 
looks  like  It  might  be  one  very  good 
application,  particularly  since  you  have  a  non¬ 
contacting  measurement  scheme.  Trying  to 
recover  gear  signatures  from  just  monitoring  or 
measuring  the  vibration  at  the  bearing  caps  Is 
difficult. 

Mr.  Shmuter:  That  Is  true.  Yea,  I  share  this 
with  you.  Although  we  use  It  for  the  diagnostic 
on  the  production  floor,  this  technique  can  be 
used  for  machinery  conditioning  monitoring  as 
well,  especially  In  the  way  I  presented  It 
here.  I  extracted  from  our  machine  the  simple 
solution  and  presented  here  to  be  used  In  other 
applications.  One  application  Is  base-line 
monitoring  or  something  like  that  which  you  just 
mentioned. 
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Premature  cracking  of  the  first  stage  turbine  blades  in  the  high  pres¬ 
sure  fuel  turbopump  of  the  space  shuttle  main  engine  could  be  alleviated 
by  redesign  of  the  platform  friction  dampers  that  are  used  to  reduce  the 
vibration  response  of  the  blades.  Analytical  studies,  by  the  lumped 
mass  method,  of  friction  damper  effectiveness  have  been  performed. 
Methodologies  used  in  the  program  are  described.  Results  show  that  the 
effectiveness  of  the  blade  platform  dampers  can  be  increased  if  the 
operating  parameters  of  the  system  can  be  defined. 


NOMENCLATURE 

A,D  -  peak  deflection  amplitudes  of  the  in¬ 

board  and  outboard  modal  masses,  re¬ 
spectively,  of  the  lumped  parameter 
blade 

E  -  engine  order  of  the  excitation  forcing 

function 

f 1 , f 2 , f 3  -  resonant  frequencies  for  the  first 
three  flexural  modes 

k1,k2  -  modal  stiffnesses  of  the  outboard  and 

inboard  flexural  springs  of  the 
lumped  parameter  blade 

m  ,m  -  modal  masses  of  the  lumped  parameter 
blade 

N  -  normal  force  holding  two  surfaces 

together 

n  -  total  number  of  blades  in  a  bladed 

disk 

5  -  peak  amplitude  of  the  forcing  function 

t  -  instantaneous  value  of  time 

x,x,x  -  instantaneous  values  of  the  deflection, 
velocity,  and  acceleration  of  a  modal 
mass 

ci,y  -  phase  angles  associated  with  A  and  D, 

respectively 

6  -  phase  angle  associated  with  S  for  a 

particular  blade 

ri  -  loss  factor  of  the  lumped  parameter 

blade 

9  -  relative  blade  to  blade  phase  angle  of 

a  tuned  system 

U  -  coefficient  of  friction 

V  -  blade  number 

si  -  2itf,  the  angular  velocity 

1,2  -  subscripts  for  the  outboard  and  in¬ 

board  blade  parameters,  respectively 

1 .  BACKGROUND 

The  space  shuttle  main  engine  ISSUE)  is  a 
reusable,  high  performance,  liquid-propellant 
rocket  engine  with  variable  thrust.  Each  of  the 
three  SSME's  used  on  the  orbiter  vehicle  is  rated 
at  375,000  lb.  thrust  at  sea  level,  470,000  lb. 
thrust  in  vacuum,  and  is  throttle  controllable 
from  65  to  109  percent  of  rated  thrust.  Four 
accessory  turbopumps  feed  the  liquid  hydrogen 


fuel  and  liquid  oxygen  oxidizer  at  high  pressure 
to  the  injectors  of  the  main  burner.  The  two 
high  pressure  turbopumps  are  driven  by  steam 
mixed  with  hydrogen  which  is  produced  by  com¬ 
bustion  of  an  over-rich  fuel  mixture  in  each  of 
two  prebumers,  one  in  the  fuel  and  one  in  the 
oxidizer  supply  system.  The  liquid  hydrogen 
fuel  is  circulated  as  a  coolant  through  tubes  in 
the  main  nozzle  and  combustion  chamber  walls , 
and  over  the  turbine  blade  necks  and  through  the 
bearings  of  the  high  pressure  turbopumps.  The 
SSME's  are  rated  for  7.5  hours  of  operational 
life  and  55  starts.  The  standard  mission  con¬ 
sists  of  520  seconds  of  operation. 

The  SSME  has  been  very  reliable  to  date  ex¬ 
cept  for  premature  cracking  of  first  stage  tur¬ 
bine  blades  in  the  high  pressure  fuel  turbopump 
(HPFTP) .  The  HPFTP  consists  of  a  two  stage  high 
speed  turbine  driving  a  three  stage  centrifugal 
pump  through  a  common  shaft  (See  Fig.  1).  The 
shaft  is  supported  at  the  turbine  inlet  by  a 
roller  bearing  constrained  by  13  struts  attached 
to  the  turbine  housing.  The  aft  support  is  pro¬ 
vided  by  a  thrust  bearing  assembly  attached  to 
the  pump  housing.  The  HPFTP  turbine  operates  at 
high-speed  (28,000  to  38,000  rpm) ,  high-pressure 
(4,000  to  5,500  psi  inlet  pressure),  high-temp¬ 
erature  (2,000°Rat  inlet),  and  is  rated  at 
70,000  hp.  The  two  stage  turbine  assembly  is 
approximately  12  inches  in  diameter  and  12 
inches  long. 

The  first  stage  turbine  of  the  HPFTP  consists 
of  a  fixed  41  vane  nozzle  assembly  feeding  a  63 
blade  turbine  wheel.  A  schematic  of  the  flow 
path  is  shown  in  Figure  2.  The  solid  blades  of 
the  turbine  are  cast  from  a  superalloy  (Mar  M 
246)  and  are  directionally  solidified.  The 
blades  attach  to  the  disk  with  a  four-eldment 
firtree.  They  have  a  short  neck,  a  platform, 
and  a  curved  airfoil  that  measures  approximately 
0.85  inch  in  both  the  spanwise  and  chordwise 
directions.  Interblade  friction  dampers  are 
constrained  in  slots  below  the  platfo.m  to  pro¬ 
vide  both;  (1)  a  platform  seal  between  the  hot 
driving  gas  and  the  blade  neck  coolant;  and 
(2)  damping  of  blade  vibrations  through  the  ap¬ 
plication  of  friction  forces  to  the  lower  sur- 


clearance  between  adjacent  blade  platforms  for 
one  turbine  build. 


face  of  the  blade  platform.  The  friction  dampers 
are  held  loosely  in  the  slots  below  the  plat¬ 
forms  until  turbine  spin  up  occurs.  Thereafter 
they  are  held  tightly  against  the  lower 
surface  of  the  platforms  by  the  combination  of 
centrifugal  force  and  by  the  pressure  differen¬ 
tial  between  the  driving  and  coolant  gases.  A 
photo  of  two  HPFTP  first  stage  turbine  blades 
and  friction  dampers  is  shewn  in  Fig.  3. 


FIG.  1  SECTION,  SSME  HIGH  PRESSURE  FUEL 
TURBOPUMP 


FIG.  2  HPFTP  FLOW  PATH  SHOWING  STRUTS,  NOZZLES 
AND  TURBINE  BLADES,  R=  5.465 

The  HPFTP  failures  have  consisted  of  cracks 
in  the  first  stage  turbine  blade  airfoils  just 
above  the  platform,  primarily  in  the  leading  and 
trailing  edges  of  the  airfoils.  Three  failures 
that  occurred  very  early  in  the  engine  develop¬ 
ment  program  were  the  most  severe  and  were 
attributed  to: 

1.  An  overtemperature  run  that  welded 
dampers  to  some  of  the  platforms,  causing  plat- 
from  lockup: 

2.  An  overtemperature  run  that  caused  a 
nickel  plate  anti-friction  coating  on  the  damp¬ 
ers  to  extrude  between  platforms,  again  causing 
platform  lockup; 

3.  Platform  lockup  caused  by  insufficient 


FIG.  3  HPFTP  1st  STAGE  BLADES  AND  DAMPERS 

Additional  slowly  growing  cracks  have  been 
noted  in  other  test  stand  turbine  runs,  and 
have  been  attributed  to  lockup  of  adjacent  plat¬ 
forms  by  overeffectiveness  of  the  interblade 
friction  dampers.  This  problem  has  been  reduced 
considerably  through  a  test  and  development  pro¬ 
gram  which  has  led  to  reduction  of  the  mass  of 
the  friction  dampers  by  a  factor  of  three  and 
also  has  led  to  streamlining  of  the  turbopump 
front  bearing  support  struts. 

However,  test  and  analytical  studies  have 
been  inconclusive  in  defining  the  fatigue  life 
of  this  turbine  blade  because  neither  the  vibra¬ 
tion  excitation  forcing  function  nor  the  blade 
response,  as  affected  by  the  platform  friction 
dampers,  could  be  clearly  or  completely  described. 
The  turbopumps  therefore  have  been  used  for  only 
one  or  two  flights  of  the  SSME. 

The  critical  mode  of  the  HPFTP  first  stage 
turbine  blade  is  judged  to  be  the  first  flex 
mode  of  the  overall  blade  with  the  root  firmly 
clamped  at  the  firtree.  Modal  analyses  have 
been  performed  on  several  blades  and  show  this 
mode  occurs  at  4,500  ±  200  Hz.  The  platform 
dampers  installed  in  this  turbine  stage  have 
always  damped  this  mode  effectively.  However, 
if  these  dampers  lockup  adjacent  platforms  a 
new  flex  bending  mode  of  only  the  airfoil  sec¬ 
tion  of  the  blade  occurs  at  approximately  8,500 
Hz.  If  the  platforms  become  rigidly  locked 
this  mode  is  very  lightly  damped.  As  mentioned, 
previous  blade  failures  have  been  attributed  to 
just  such  occurrences.  Successful  operation  of 
this  platform  damper  thus  requires  sufficient 
damping  to  alleviate  the  first  flex  mode  reso¬ 
nance  condition  without  inducing  an  undamped  or 
very  lightly  damped  airfoil  alone  resonance 
mode.  Both  of  these  modes  show  maximum  alter¬ 
nating  stresses  at  the  leading  and  trailing  edge 
comers  of  the  airfoil  just  above  the  platform- 
to-airfoil  fillet  radius,  the  locations  where 
most  failures  have  occurred. 


The  primary  excitation  source  for  blade  vi-  - 
bration  is  the  drive  gas  stream  perturbations 
caused  by  the  wakes  from  the  13  front  bearing 
support  struts  and  the  41  first  stage  nozzle 
vanes.  These  wakes  provide  fairly  broadband  ex¬ 
citation  of  the  turbine  blades  to  an  upper  fre¬ 
quency  of  at  least  50  KHz.  The  13  support  struts 
are  each  aligned  with  a  nozzle  vane  and  increase 
the  wake  effects  for  13  of  the  41  vanes,  as 
shown  in  Figure  4.  Since  the  strut  spacing  is 
necessarily  non-symmetrical  a  large  number  of 
fourier  components  appear  in  the  flow  perturb¬ 
ation  pattern  frequency  analysis.  The  strongest 
component  occurs  at  41  x  revolutions  per  second 
(41E)  which  covers  the  range  from  19  to  26  KHz 
for  the  operational  speed  range  of  the  turbopump. 
This  frequency  range  includes  some  of  the  higher 
modes  of  the  blade.  Other  components  occur  at 
9E,  HE,  13E,  and  15E,  which  would  excite  the 
4500  and  8500  flex  modes  of  the  blade  within  the 
operational  speed  range.  The  8500  Hz  flex  mode 
of  the  airfoil  alone  is  excited  over  a  wider 
speed  range  and  at  a  higher  energy  level  than 
the  4500  Hz  flex  mode  of  the  whole  blade.  The 
very  low  blade  damping  at  rigid  platform  lockup 
makes  the  8500  Hz  mode  a  potentially  high  damage 
mode.  The  configuration  of  the  front  struts  has 
been  redesigned  to  a  near  optimal  streamline  to 
reduce  the  excitation  of  the  lower  vibration 
modes  of  the  blade  but  these  modes  are  still 
judged  to  be  the  major  causes  of  blade  fatigue 
damage,  with  the  8500  Hz  mode  judged  most  damag¬ 
ing.  However,  the  level  of  the  excitation  has 
not  been  well  defined  and  this  causes  a  problem 
in  designing  an  optimum  damper,  as  will  be  seen 
later  in  the  analysis  data. 

SSME  HPFTP 

TURBINE  INLET  AND  FIRST  NOZZLE 
AIR  RIC  TESTS 

aQ0  I  PRODUCTION  STRUTS 

f  STRUT  BOUNDARY  LAYER  PROBE  STRUT 

NOZZLE  NOZZLE 


eters  of  the  blade  in  the  flexural  plane,  nie 
modal  parameters  for  the  SSME  HPFTP  first  stage 
blade  can  be  determined  from  the  resonance  equa¬ 
tions  of  the  blade  in  three  flexural  resonance 
conditions,  as  shown  in  Fig.  5.  The  resonance 
frequencies  f^,  f_,  f.  have  been  measured  in 
test  programs  as  follows:  f  has  been  measured 
by  Rocketdyne  Division  of  Rockwell  International 
(RD)  in  siren  tests  and  by  the  University  of 
Dayton  Research  Institute  (UDRI)  in  impact  tests; 
fj  has  been  measured  by  RD  in  siren  tests;  f 
was  shown  in  the  RD  whirligig  test  data  (Refer¬ 
ence  1)  on  blades  with  welded  platforms  and  on 
blades  with  friction  dampers  when  the  dampers 
greatly  limited  platform  motion.  These  values 
are  average  values  for  several  blades. 
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FIG.  4  WAKE  PERTURBATIONS  CAUSED  BY  NOZZLES 
AND  STRUTS 

2.  THE  LUMPED  PARAMETER  (LUMPED  MASS)  ANALYSIS 

The  lumped  mass  program  analyzes  the  blade 
only  in  its  lower  order  flexural  modes  and  only 
for  the  steady  state  solution.  The  blade  is 
represented  by  two  concentrated  masses  (m^,!^) 
supported  in  series  by  two  flexural  springs 
(k  ,k,)  with  a  hysteretic  loss  factor  <n>  asso¬ 
ciated  with  the  springs.  The  hysteretic  loss 
factor  represents  the  combination  of  root  damp¬ 
ing,  aerodynamic  damping,  and  material  damping 
in  the  operating  blade.  The  concentrated  masses 
and  flexural  springs  represent  the  modal  param¬ 


FIG.  5  HPFTP  1st  STAGE  BLADE  FLEX  MODES 

Three  resonance  equations  can  be  derived, 
two  for  the  free  blade  and  one  for  the  platform 
locked  blade,  as  below. 

^1^2  2 

i^=(4"flf2)2  (1) 

^l+^2  +  2  2  2 

-±  =  4rT(f  +f  *)  (2) 

m2  12 


These  three  equations  can  be  simplified  algebra¬ 
ically  to  state  three  of  the  unknown  parameters 
in  terms  of  the  fourth  as: 

kj  =  (2TTf 3) 2  m  (4) 

v  <2  W3)2  (5) 

2’(fJ2-fJ2)(f,,-fl2)  ^ 


<f22-f32) (f32-fl2) 


(6) 


Then  if  m^  is  assigned  a  value  the  other  three 
parameters  are  defined.  We  assigned  m  =  0.02 
pound,  then  m2  =  0.007975  pound,  k.  =  5.705xl07 
pounds/inch,  and  =  2 .859x10  pounds/inch.  The 
dimensionless  hysteretic  los3  factor,  r|<  has 
been  assigned  values  of  0.002  and  0.008  in  var¬ 
ious  computer  analysis  runs  conducted  to  date . 

If  a  series  of  these  blades  are  installed 
in  a  rigid  disk  with  platform  friction  dampers 
between  the  blades  and  with  airfoil  excitation 
forces  imposed,  the  discrete  bladed  disk  model 
shown  in  Figure  6  is  evolved.  This  system  is  a 
modal  analog  of  the  HPFTP  first  stage  blade  disk 
in  the  frequency  range  of  0  to  perhaps  20,000  Hz. 

The  equations  of  motion  for  the  vth  blade  in 
Fig.  6  are: 

*ivn  .  . 

mlvxlv+klv  (xlv‘x2  v>  +U“<X  lv'x2 v> =Svcos  * t+ V 


x,.  -k,..x,.+ 


“2v-2v--lv“lv-  —  (X2V-X1V,+  ^rX2v+UV  Sign 
<X2v‘X2,V+l)+lJNv-lR  si^'*2v-X2,V-l)+  <8) 

(klV+k2v,X2v=  0 


k2vn- 
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FIG.  6  LUMPED  MASS  MODEL  OF  BLADED  DISK  SYSTEM 


for  V  =  l,2,...,n,  where  n  is  the  number  of 
blades  in  the  system.  These  are  a  set  of  non¬ 
linear  equations  of  the  second  order,  the  only 
nonlinear  terms  representing  a  Coulomb  model  of 
the  friction  forces  on  the  platform.  The  pre¬ 
viously  undefined  term3  in  these  equations  are 
the  harmonic  excitation  force,  S^cos  (o  t+6^) ,  the 
coefficient  of  friction,  y,  the  normal  force  on 
the  friction  surface,  Ny  and  R  is  a  correction 
coefficient.  The  phase  angle,  5  ,  represents 
the  time  lag  of  a  traveling  wave  excitation 
around  the  disk  system.  This  is  representative 
of  the  spinning  blade  system  passing  through 
pressure  disturbances  caused  by  the  inlet  vanes 
and  shaft  front  support  struts . 

This  system  of  equations  is  solved  using  the 
method  of  harmonic  balance.  A  nonlinear  matrix 
iteration  is  used  to  obtain  numerical  solution 
(see  Reference3) .  The  solution,  obtained  by 
computer,  consists  of  the  amplitudes  Dy,  A  ,  and 
the  phase  angles  Y,y  r  ,  for  the  outboard 


(airfoil)  and  inboard  (platform  and  neck)  modal 
masses  of  each  blade  as  a  function  of  the  system 
paramters  n>lv,  m2v,  kly,  k2v,  Nv>  Sv>  y,  n,  and 

(i)  .  Since  most  of  the  system  parameters  are  input 
to  the  computer  as  arrays,  i.e.,  all  the  sub¬ 
scripted  parameters,  many  types  of  mistimed  sys¬ 
tems  can  be  evaluated.  Only  solutions  for  a 
tuned  system  have  been  evaluated  to  date  in  this 
study,  specifically,  a  tuned  system  with  the 
HPFTP  average  blade.  To  vary  N,  S,y,  or  n  a 
series  of  runs  must  be  made.  Analyses  have  been 
made  with  q  =  0.008  or  0.002,  y  =  0.19  or  0.38, 

S  =  1,  10  or  100  pounds,  and  N  equal  various 
values  from  0  (the  undamped  case)  to  50,000 
pounds  (with  N  appropriate  to  the  other  parame¬ 
ters  selected) . 

The  usual  analysis  is  a  series  of  computer 
runs  with  rj ,  y,  and  S  constant  and  N  varying 
from  0  to  a  selected  upper  limit  in  about  ten 
steps .  In  each  run  solutions  are  obtained  from 
a  lower  starting  frequency  to  an  upper  ending 
frequency  at  fixed  increments  of  the  frequency 
range.  The  range  from  3,000  to  12,000  Hz  has 
been  evaluated  in  100  l)z  increments  in  most  runs 
since  failures  at  the  8500  Hz  mode  when  platform 
lockup  occurs  are  of  major  interest.  A  few  rure 
from  3,000  to  20,000  Hz  have  been  processed  and 
show  that  the  friction  damping  is  as  effective 
at  the  second  flexural  mode  of  the  free  blade 
(18,000  Hz)  as  it  is  at  the  first  flexural  mode 
(4500  Hz) . 

Another  controlling  parameter  of  the  fric¬ 
tion  damper  performance  is  the  blade  to  adjacent 
blade  phasing.  One  would  expect  that  when  adja¬ 
cent  blades  are  in  phase  no  damping  by  the  inter¬ 
platform  friction  dampers  would  occur.  Converse¬ 
ly,  maximum  damping  would  be  expected  when  the 
blades  are  out  of  phase.  The  interblade  phase 
angle  is  controlled  by  6,  ,  the  phase  shift  of 
the  harmonic  forcing  function  S^cos  (st+6  ) ,and 
is  input  to  each  run  as  an  array.  The  value  of 
6V,  the  phase  angle  of  the  vth  blade  for  a 
phase  tuned  system  is  defined  as: 


6 

v 


2tiE(v-1) 

n 


(9) 


where  E  is  the  engine  order  of  the  vibration 
mode  and  n  is  the  total  number  of  blades  in  the 
disk.  For  simplification  n=64,  the  number  of 
blades  in  a  synthetic  system  has  been  used 
rather  than  n=63,  the  number  of  blades  in  the 
actual  HPFTP  first  stage  disk  system.  This 
allows  for  considerable  simplification  and  con¬ 
sequent  cost  savings  in  the  computer  runs.  The 
blade  to  blade  phase  shift  is  called  phase  angle 
0.  0  is  defined  as: 


0  = 


Thus  8  =  T 

and  n  =  2 
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leads  to  an  eight-bladed  disk  system.  These 
systems  have  been  analyzed.  Future  plans  in¬ 
clude  runs  of  16  and  32  bladed  tuned  systems 
(E  *  4  and  2,  and  8  *  ir/8  and  ir/16,  respective¬ 
ly)  .  In  these  tuned  systems  all  blades  exper¬ 
ience  identical  deflections  at  the  modal  masses 
(D,  A  for  m  ,  m2)  and  identical  phasing  (y;*). 

3.  ANALYSIS  RESULTS 

A  sample  of  program  output  data  for  the  out¬ 
board  modal  mass  is  presented  in  Fig.  7  as  a  plot 
of  amplitude  0  versus  frequency  and  a  similar 
set  of  data  for  the  inboard  modal  mass  (ampli¬ 
tude  A)  is  presented  in  Figure  8  for  the  same 
computer  runs.  These  data  sets  arise  from 
successive  runs  of  the  lumped  mass  program  with 
the  program  N  array  set  successively  to  the 
values  shown  in  the  tables  on  the  figures.  The 
other  system  parameters  for  these  runs  were : 

9  =  rr/4  (8  bladed  disk) 

S  =  1.0  lb.  cos  Lit  +  2~^V~1)  ) 

p  =  0.19 

n  =  0.002 

and  m  ,  m^,.  k^,  k., ,  *  HPFTp  average  blade  modal 
values  for  the  tuned  first  stage  disk  system. 


FIG.  7  AMPLITUDE  OF  HPFTP  BLADE  MODAL  MASS  m 
VERSUS  FREQUENCY  OF  EXCITATION 

Figure  7  shows  that  amplitude  D  is  reduced 
nearly  three  orders  of  magnitude  when  optimum 
damping  occurs  and  that  it  is  quite  highly 
damped  at  8500  Hz,  even  for  large  values  of  N, 
the  damper  normal  force.  In  Figure  8,  it  can 
be  seen  that  amplitude  A  tends  to  a  value  at 
8500  Hz  that  is  more  than  three  orders  of  mag¬ 
nitude  below  the  value  for  the  free  blade  at 
4500  Hz.  This  indicates  that  the  Coulomb  fric¬ 
tion  force  is  supplying  a  substantial  amount  of 
damping,  even  for  very  low  amplitude  platform 
motion.  This  will  be  discussed  in  more  detail 
later. 

Figure  9  shows  the  plot  of  the  maximum  am¬ 
plitude  of  D  (airfoil  modal  mass  deflection) 


versus  the  ratio  pN/S,  the  ratio  of  the  friction 
force  amplitude  opposing  platform  motion  to  the 
blade  forcing  function  amplitude.  The  data 
points  selected  for  the  Figure  9  plot  are  circled 
and  annotated  on  Figure  7.  Figures  7  and  8  show 
that  the  blade  vibration  amplitude  is  reduced 
very  quickly  by  friction  damping  at  relatively 
low  values  of  N.  This  fact  is  depicted  very 
graphically  on  the  D  versus  UN/S  plot.  Figures 
7  and  8  show  also  that  the  blade  transitions 
very  quickly  from  the  4500  Hz  mode  to  the  6500 
Hz  mode  at  low  values  of  N  or  pN/S  and  that  the 
minimum  response  of  the  blade  occurs  in  this 
transition  region  at  very  near  the  midfrequency 
of  the  region. 
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FIG.  8  AMPLITUDE  OF  HPFTP  MODAL  MASS  m 
VERSUS  FREQUENCY  OF  EXCITATION 


FIG.  9  MAXIMUM  AMPLITUDE  OF  VERSUS  ™ 


AMPLITUDE 


Figure  10  shows  the  effect  of  quadrupling  n, 
the  hysteretic  loss  factor,  from  0.002  to  0.008 
while  all  other  parameters  remain  unchanged. 
Figure  10  shows  that  hysteretic  damping  is  lin¬ 
early  effective  in  combination  with  the  friction 
damping  at  the  4500  Hz  modal  frequency.  After 
the  friction  damping  forces  the  frequency  into 
the  transition  region,  however,  the  effect  of 
the  hysteretic  damping  becomes  negligible. 
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FIG.  10  MAXIMUM  AMPLITUDE  OF  m  VERSUS  ^  » 
VARIATION  IN  n  '  S 

Figure  11  shows  the  effect  of  variation  of 
8,  the  blade  to  blade  phase  angle.  It  is  seen 
that  a  larger  phase  shift  between  blades  up  to 
an  equivalent  engine  order  (E)  of  vibration  of 
n/2,  produces  a  higher  level  of  Coulomb  friction 
damping,  as  expected.  However,  this  is  not 
usually  a  controllable  parameter  in  an  opera¬ 
tional  turbine,  as  may  be  true  of  most  of  the 
other  parameters.  The  figure  does  show  the 
characteristics  of  the  curves  for  various  engine 
orders  of  excitation,  and  consequently  provides 
useful  design  or  evaluation  information.  It 
should  be  noted  that  the  amplitude  reduction 
possible  is  the  same  for  all  values  of  9  but  at 
different  values  of  UN/S. 

Figure  12  shows  the  effect  of  variation  of 
S,  the  forcing  function  amplitude.  It  should  be 
noted  that  the  three  curves  shown  have  identical 
shapes,  but  that  for  an  order  of  magnitude  in¬ 
crease  in  S  the  D  (and  A)  response  amplitudes 
increase  by  an  order  of  magnitude.  This  shows 
the  system  to  be  linear  with  S  and  indicates 
that  a  unit  curve  (S=l)  can  be  used  to  define  a 
syst->m.  Then,  the  response  amplitude  can  be 
scaled  by  the  value  of  S  at  any  for  any  op¬ 
erating  system  having  otherwise  identical  oper¬ 
ating  parameters. 

All  the  previous  data  sets  represent  systems 


having  a  u(the  damper  to  platform  coefficient  of 
friction)  of  0.19,  a  strictly  arbitrary  value 
used  by  UDRI  in  some  analyses  for  a  previous 
program.  A  set  of  computer  data  was  generated 
for  a  system  having  u  of  0.38,  double  the  pre¬ 
vious  value.  However,  when  a  data  point  for 
0.38x5  _ _  ...  „ 


UN/S  values 


was  plotted,  the  amplitude 


fell  identically  on  —  X —  ,  and  similarly  for 
all  values  of  0.19  XN  equivalent  to  0.38XN. 

This  shows  that  u  and  N  are  not  independent  var¬ 
iables,  which  should  be  expected  as  it  is  a 
basic  tenet  of  Coulomb  friction.  This  does  not 
mean  that  it  is  not  necessary  to  know  the  values 
of  p  and  N  and  their  characteristics  throughout 
the  operating  temperature-pressure  speed  regime 
of  the  turbine.  Instead,  the  converse  is  true 
because  they  may  be  amenable  to  some  modifica¬ 
tion  if  design  problems  are  encountered,  or  if, 
later,  operational  fatigue  problems  are  encount¬ 
ered  that  make  modification  of  the  system 
mandatory . 
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FIG.  11  MAXIMUM  AMPLITUDE  OF  m,  VERSUS 
UN/S,  VARIATION  OF  8 

A  weakness  of  this  dynamic  analysis  is  that 
the  Coulomb  friction  model  applies  only  over  a 
limited  lower  part  of  the  UN/S  range.  Theextent 
of  Coulomb  friction  damping  in  the  uN/S  range  is 
affected  by  the  friction  surface  parameters,  the 
normal  forces,  and  the  vibration  frequency  and 
amplitude.  At  some  magnitude  of  uN/S  Coulomb 
friction  ends  and  the  regime  of  stick-slip  fric¬ 
tion  begins.  The  stick-slip  regime  is  followed 
by  the  end  of  slip,  the  lockup  regime,  where 
friction  ends  and  the  surfaces  are  locked  firm¬ 
ly  together.  Important  questions  for  any  fric¬ 
tion  damping  system  are: 

1.  Where  do  stick-slip  begin  and  end?  and 

2.  What  are  the  effects  of  the  stick-slip 
mode? 

The  consequence  of  platform  lockup  has  been 
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shown  to  be  quite  severe  for  the  system  under 
study,  being  almost  immediate  failure  of  the 
turbine  blade,  Hie  effect  of  lockup  is  not  only 
the  loss  of  friction  damping  but  also  the  loss 
of  the  normally  very  effective  blade  root  damp¬ 
ing.  Thereafter,  airfoil  vibration  amplitude  at 
excited  resonance  modes  is  limited  only  by  the 
very  low  blade  material  hysteretic  loss  factor 
combined  with  whatever  aerodynamic  viscous 
damping  is  imparted  to  the  blade  by  the  flow  of 
the  driving  fluid.  The  outboard  blade  section 
effective  loss  factor  is  quite  likely  to  be  at 
least  an  order  of  magnitude  less  than  that  of 
the  inboard  blade  section. 


FIG.  12  MAXIMUM  AMPLITUDE  OF  m  VERSUS 
uN/S,  VARIATION  OF  S 

Hie  consequences  of  stick-slip  and  lockup 
have  been  sketched  on  a  copy  of  the  Figure  9 
graph  as  shown  in  Figure  13.  The  Figure  13 
data  was  replotted  with  linear  scales  in 
Figure  14  to  emphasize  its  significance.  Hie 
location  of  stick-slip  onset  and  the  breadth  of 
the  stick-slip  range  may  be  very  critical  to 
system  survival.  They  are  likely  to  be  indeter¬ 
minable  without  a  careful  and  costly  test  pro¬ 
gram.  Such  a  program  may  yield  only  margin¬ 
ally  satisfactory  results.  What  is  needed  is 
instrumentation  data  readings  during  system 
operation.  Acquisition  of  such  data  is  still 
beyond  the  state  of  the  art  for  some  high  per¬ 
formance  systems,  particularly  small  ones  oper¬ 
ating  at  high  rotational  speeds. 
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FIG.  13  MAXIMUM  DEFLECTION  OF  m  VERSUS  pN/S, 
EFFECTS  OP  STICK-SLIP  AND  STICK 


FIG.  14  MAXIMUM  AMPLITUDE  OF  m  VERSUS  pN/S  - 
LINEAR  PLOT,  EFFECTS  OP  STICK-SLIP  AND 
STICK 

Hie  computer  program  for  the  lumped  mass 
analysis  of  the  HPFTP  blade  has  been  modified 
recently  to  separate  the.  loss  factor  n  into  two 
separate  parameters,  U,  and  h2,  to  be  associated 
with  the  flexural  springs  k^  and  kj,  respective¬ 
ly.  The  program  results  now  will  reflect  the 
absence  of  root  damping  in  the  blade  airfoil 
section  vibration.  Additional  analysis  is  in 
work  to  evaluate  the  effects  of  this  change. 

A  follow  on  paper  will  be  written  describing 
the  new  analysis  and  its  results. 


4.  CONCLUSIONS 

the  following  conclusions  are  drawn  concern¬ 
ing  the  application  of  the  lumped  parameter  (or 
lumped  mass)  analysis  to  the  HPFTP  1st  stage 
blade  failure  problem. 

1.  The  lumped  mass  analysis  shews  the  qual¬ 
itative  effects  of  the  platform  friction  dampers 
on  the  flexural  resonance  response  modes  of  the 
blade  in  the  frequency  range  of  0  to  20,000  Hz. 

2.  Good  quantitative  analysis  (amplitude, 
strain)  is  dependent  on  reliable  knowledge  of 
the  parameters  upon  which  the  analysis  is  based, 

i.e.,  m.,  m  ,  k  ,  k_,  y,  T) ,  N,  S,  and  e  or  6, 
these  latter  being  functions  of  the  excitation 
frequency  and  the  number  of  blades  in  the  disc. 

3.  The  analysis  shows  that  very  effective 
friction  damping  is  achieved  in  the  range  of  the 
parameter  uN/S  from  the  values  of  2  to  the  value 
where  UN/S  causes  the  onset  of  stick-slip  fric¬ 
tion,  and  later  stick  (no  friction) .  In  the 
range  of  pN/S  from  2  to  100,  for  instance,  the 
amplitude  response  of  the  blade  is  reduced  more 
than  90  percent. 

4.  The  root  damping  of  the  blade  does  not 
appreciably  affect  the  airfoil  response  after 
the  friction  damping  becomes  effective. 

5.  The  response  amplitude  of  the  airfoil  is 
reduced  more  than  two  orders  of  magnitude  (more 
than  99  percent)  in  the  minimum  response  fre¬ 
quency  transition  region  (uN/S  range  approxi¬ 
mately  2  to  5 ,  dependent  on  9) . 

6.  The  response  amplitude  curves  shown  in 
Figure  10  through  12  define  the  effects  of 
variation  of  n,  9,  and  S  on  the  response  of  the 
HPFTP  1st  stage  blade  in  the  lower  UN/S  region 
where  stick-slip  and  stick  are  not  encountered. 

7.  Figure  12  shows  that  the  response  curves 
for  S»1  can  be  used  for  design  or  redesign  of 
the  blade-damper  system  since  the  amplitude 
response  scales  linearly  as  a  function  of  s  at 
any  value  of  uN/S. 

8.  The  values  of  UN/S  that  cause  onset  of 
stick-slip  and  stick  are  critical  to  the  damper 
system  design.  If  these  regions  can  be  avoided 
the  Coulomb  friction  damping  is  very  effective. 

9.  The  airfoil  amplitude  response  during 
stick-slip  is  undefined  and  if  stick  is  encoun¬ 
tered  the  airfoil  amplitude  will  be  controlled 
only  by  the  damping  of  the  airfoil  section  of 
the  blade. 

It  can  be  stated  further  that  the  HPFTP  1st 
stage  blade/damper  lumped  mass  analysis  provides 
guidance  for  the  design  of  any  similar  blade 
system.  It  is  emphasized  that  the  stick-slip 
and  stick  regimes  must  be  avoided  and  that  quan¬ 
titative  evaluation  is  dependent  on  the  accuracy 
of  the  data  set  input  to  the  analysis. 
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DISCUSSION 

Mr.  Slckmeler  (General  Motors);  Since  friction 
produces  wear,  based  on  your  testing,  did  you 
predict  how  long  this  damper  would  last  before 
It  would  wear  out  and  lose  Its  effectiveness? 

Mr.  Dominic:  I  made  no  predictions.  Friction 
studies,  in  most  cases,  are  quite  expensive  and 
difficult,  In  ray  experience. 

Mr.  Slckmeler:  At  this  point,  how  long  were  the 
runs  that  you  have  made  that  have  proven 
satisfactory  In  time? 

Mr.  Dominic:  I  don't  have  that  Information. 

But,  the  little  bit  that  I  have  picked  up  In 
going  through  my  data  sets  Is  really  quite 
fascinating.  A  number  of  the  engines  have  flown 
several  missions,  and  as  far  as  I  know,  there 
have  been  no  problems  with  friction  dampers. 
Those  are  super  alloy  blades  and  dampers,  MAR-M- 
24'6  directionally  solidified  blades,  and  the 
same  material  Is  In  the  dampers.  There  Is  some 
lubrication  by  gas  flow  from  the  cooling  system 
on  the  roots,  up  through  the  dampers  and  Into 
the  turbine  drive  gas  stream.  I  would  really 
like  to  know  what  the  coefficient  of  friction  Is 
myself.  I  don't  think  It  Is  possible  to  get 
that  Information. 

Mr.  Lee  (Ohio  State  University):  Do  you  have 
any  experimental  measurements  showing  what  la 
actually  going  on  at  the  Interface  of  the  disk 
and  the  root  of  the  blade,  such  as  friction  and 
relative  motion? 

Mr.  Dominic:  No.  David  Jones  wrote  an 
extensive  paper  on  root  damping  In  turbine 
blades.  It  Is  referenced  in  my  paper. 

Mr.  Lee:  Also,  there  was  some  theoretical  work 
done  about  ten  years  ago  by  Jim  McBaln,  at  the 
Aero  Propulsion  Laboratory,  on  the  effect  of 
root  constraint  on  the  vibration  of  a  blade. 

So,  I  am  very  Interested  In  this  subject 
myself.  How  do  you  model  something  which 
obviously  looks  like  a  discrete  model  having  a 
mass  and  spring  damper?  It  wouldn't  be  able  to 
take  care  of  the  Initial  stresses  due  to 
temperature,  and  perhaps  the  stress  Induced  by 
rotation  at  the  root.  It  may  not  behave  as  a 
coulomb  friction  low  damper.  So,  I  wonder  If  a 
more  complete  model  should  consider  the 
deformation  of  the  Interface  between  the  blade 
and  the  disk,  and  also  the  Initial  stress  due  to 
the  temperature  rise  and  the  rotation  of  the 
machinery?  I  believe  they  must  be  considered 
for  a  more  complete  analysis.  How  do  you  feel? 

Mr.  Dominic:  I  think  that  Is  true.  Of  course, 
you  are  talking  about  one  of  the  very  tough 
problems.  There  was  a  very  extensive  finite 
element  analysis  of  this  blade  by  Lockheed, 

Many  people  spent  a  lot  of  time  on  It,  and  they 
developed  a  very  detailed  model.  But,  they  did 
not  even  pick  up  the  8,500  Hz  mode,  which  Is  the 
failure  mode  of  the  blade.  So,  1  think  the  more 


complicated  the  finite  element  models  get,  the 
more  fineness  you  get  In  your  answers.  But  you 
get  less  resolution  because  you  don't  know  your 
Input  parameters  or  the  Input  effects  that 
closely. 

Mr.  Lee:  Since  you  mentioned  the  finite  element 
method,  I  don't  know  whether  the  existing  finite 
element  model  can  really  handle  such  a 
complicated  problem  including,  perhaps, 
frictional  contact,  impact,  and  slip  stick. 

These  are  very,  very  complicated  problems. 
Second,  about  the  root;  In  your  experimental 
results,  I  believe  you  said  that  If  It  Is 
welded,  you  did  not  see  any  vibration  above 

4.500  Hz.  But,  If  It  Is  slotted,  you  saw  a 
spanwlse  bending  mode,  or  was  It  a  torsional 
mode? 

Mr,  Dominic:  It  was  a  spanwlse  bending  mode, 
but  you  also  get  a  torsional  mode.  There  Is  a 
very  strong  torsional  mode  on  the  blade  at  about 
11,000  Hz. 

Mr.  Lee:  In  that  set  of  experimental  data,  I 
was  wondering  whether  there  was  a  switch  In  the 
mode  from  spanwlse  bending  to  a  torsional 
vibration  that  depended  on  the  speed  of 
rotation? 

Mr,  Dominic:  This  Is  the  welded  blade,  and  here 
Is  the  4,500  Hz  region.  There  Is  a  very  small 
Indication  of  It,  and  that  is  about  all.  The 
data  are  in  the  transition  region  up  to  the 

8.500  Hz  mode  which  sets  In  at  a  very  high 
amplitude.  This  Is  the  failure  mode  of  the 
blade.  The  torsional  mode  Is  also  very  strong, 
but  it  la  primarily  the  8,500  Hz  mode  that 
causes  the  problem.  This  was  the  first  run  made 
on  this  particular  test  program  from  which  these 
data  were  taken.  The  Interruptions  In  the  data 
are  due  to  problems  with  the  high  speed  slip 
rings.  They  shut  down  the  test  (they  were  going 
to  38,000  rpm  on  this  test)  at  28,000  rpm 
because  of  outer  limit  response  at  one  of  their 
safety  parameters  that  they  monitored.  They 
made  later  runs  where  they  had  13  E  excitation 
which  they  knew  was  an  exciting  parameter  for 
the  blades.  But  by  the  time  they  got  there, 
most  of  the  strain  gauges  were  gone.  They  lost 
a  good  many  of  their  strain  gauges  in  this  run, 
and  that  Is  why  I  presented  a  set  of  data  from 
this  run.  All  of  the  strain  gauges  on  the 
welded  together  blades  went  out  on  this  run. 
There  are  no  data  on  the  constrained  blades  on 
any  of  the  other  runs.  There  are  some  data  on 
the  blades  with  no  dampers  and  on  the  blades 
having  three  different  types  of  friction 
dampers.  So,  that  Is  a  problem.  They  tested  a 
blade  with  three  different  types  of  dampers. 

The  masses  of  those  dampers  were  .5  gram,  .65 
gram,  and  one  gram.  They  got  almost  equal 
response  from  the  .5  gram  and  the  .65  gram 
dampers.  I  think  they  called  this  their 
precision  damper.  They  had  some  lands  built  on 
the  end  of  the  damper  to  try  to  restrict  the 
torsion  none  because  they  would  have  more 
friction  on  the  lands.  You  would  only  have 
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VIBRATION  PROBLEMS 


TRANSIENT  VIBRATION  TEST  CRITERIA 
FOR  SPACECRAFT  HARDWARE 


D.  L.  Earn  and  C.  D.  Hayes 
Jet  Propulsion  Laboratory 
California  institute  of  Technology 
Pasadena,  California 


Transient  vibration  test  criteria  have  been  developed  for  spacecraft  hardware. 
The  test  orlterla  provide  a  test  rationale  to  verify  the  capability  of  the 
hardware  to  withstand  the  low  and  aid  frequency  transient  vibration 
environaents  Induced  by  launch  vehicle  events.  The  traditional  test  aethod 
eaployed  to  siaulate  transient  vibration  environaents,  the  slow  swept  sine, 
results  In  exaesaive  resonant  response  buildup  and  an  excessive  nuaber  of 
vibration  oyolea  as  ooapared  to  the  actual  transient  flight  environment.  A 
unique  test  aethod,  consisting  of  a  series  of  dlsorete  frequency,  Halted 
cycle,  nodulated  sine  wave  pulses,  was  developed  to  avoid  the  slow  swept  sine 
drawbacks,  yet  provide  a  repeatable  teat  that  would  excite  all  frequencies. 
The  shape  of  the  wavefora  Is  that  of  the  olasslo  response  or  the  aass  of  a  one 
degree  of  freedom  syatea  when  it  Is  base-excited  by  an  exponentially  decayed 
sine  wave  transient.  Criteria  were  developed  to  define  pulse  aaplltudea, 
shapes,  and  center  frequencies  free  spacecraft  loads  analyses.  Test  tolerance 
criteria  were  also  developed  and  specified.  The  transient  vibration  test 
orlterla  were  Implemented  on  spacecraft  flight  hardware  both  at  the  Jet 
Propulsion  Laboratory  and  at  contractor  facilities.  The  test  orlterla 
achieved  their  objective  of  providing  a  Bore  realistic  test  simulation  (l.e., 
less  conservative)  for  qualification  of  spacecraft  hardware  without  risk  of 
undertest. 
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The  Jet  Propulsion  Laboratory  has  been  assigned 
by  NASA  the  task  of  managing  the  Galileo 
prograa,  a  planetary  exploration  spacecraft 
with  a  Jupiter  orbit  and  probe  deployment 
mission  scheduled  for  launch  via  Shuttle/Wide 
Body  Centaur  in  1986.  Loads  predictions  for 
Galileo  show  that  the  spacecraft  and  Its 
hardware  will  be  subjected  to  significant  low 
(below  35  Hx)  and  aid  (between  35  and 
approximately  too  Hz)  frequency  transient 
vibration  environaents  during  launch  vehicle 
events.  To  ensure  alsslon  success,  it  is 
necessary  to  verify  that  the  spacecraft  and 
hardware  can  withstand  these  transient  launch 
environaents.  The  traditional  test  aethod  tb 
siaulate  transient  vibration  environaents  for 
spacecraft  hardware  (electronic  equlpaent, 
aeohanioal  devloea,  aolenoe  Instruments,  eto.) 
Is  the  slow  swept  sine  vibration  test. 
However,  this  test  method  has  the  drawbacks  of 
lrduclng  excessive  resonant  response  buildup 


ard  an  excessive  number  of  vibration  cycles  as 
compared  to  the  actual  transient  flight 
environment.  Two  Galileo  spacecraft  hardware 
lteas,  both  predicted  to  experience  high 
transient  vibration  loads  during  Shuttle 
launch,  were  anticipated  to  be  particularly 
susceptible  to  the  slow  swept  sine  vibration 
test.  In  support  of  the  Galileo  prograa, 
special  transient  vibrstlon  tests  have  been 
developed  and  lapleaented  for  these  hsrdwere: 
the  Radioisotope  Theraoeleotrio  Generstors 
(RTG's)  and  the  Magnetometer  Boom  Asseably. 
The  RTG's  were  Identified  esrly  in  the  Galileo 
prograa  as  being  sensitive  to  slow  swept  sine 
vibration  testing,  based  on  previous  test 
experience  with  a  slailar  design  that  flew  on 
the  Voyager  and  the  Linooln  Labs  Experlaental 
Satellite  (LES)  8  and  9  spacecrafts.  The  two 
boon  aounted  RTG's,  whioh  weigh  122  pounds 
saoh,  provide  the  electrical  power  for  the 
spacecraft.  An  RTG  will  alao  fly  on  the 
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International  Solar  Polar  Mission  (ISPM) 
spacecraft,  whloh  is  also  launched  on  a 
Shuttle/Hide  Body  Centaur.  The  Magnetometer 
Boon  Assembly  consists  of  sensor  elements  on 
the  end  of  a  long  collapsible  boom  stowed  in  a 
oannister  for  launch.  This  item  was  identified, 
later  in  the  program,  as  being  sensitive  to  low 
frequency  vibration  and  slightly  different 
transient  vibration  test  criteria  were 
developed  for  its  qualification. 
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The  low  and  mid  frequency  transient  vibration 
environments  that  the  Galileo  spacecraft  will 
experience  are  induced  by  Shuttle/Wide  Body 
Centaur  launch  vehicle  transient  events  such  as 
liftoff  ignition,  nonsymmetria  ignition  of  the 
Solid  Rocket  Boosters  (SRB's),  SRB  thrust 
buildup,  stage  separations,  engine  cutoff 
gusts,  transonic  and  maximum  Q  flight,  and 
landing.  These  transient  events  provide  the 
dominant  vibration  source  for  the  Galileo 
spacecraft  in  the  low  frequencies.  The  high 
frequencies  are  dominated  by  the  aooustlcally 
Induced  random  vibration  environment.  The 
cross  over  frequency  range  for  Shuttle  payloads 
where  the  random  vibration  environment  begins 
to  dominate  over  the  transient  environment  is 
not  well  defined.  However,  current  Galileo 
loads  predictions  show  significant  transient 
environments  out  to  80  Hz.  The  predicted 
Galileo  transient  vibration  responses  are  based 
on  a  shock  spectra  and  impedance  method  to 
determine  an  upper  bound  for  spacecraft  loads. 
Reference  1.  Below  35  Hz,  Galileo  responses 
are  predicted  using  transient  forcing  functions 
supplied  by  the  STS  contractor.  Pinal  loads 
verification  will  be  accomplished  by  a  full 
Space  Transportation  System  (STS)/0allleo 
coupled  loads  analysis.  STS  payload  transient 
forcing  functions  are  defined  only  to  35  Hz  due 
to  STS  Finite  Element  Model  (F.E.M.)  size  and 
other  limitations.  Between  35  Hz  and  80  Hz, 
Galileo  transient  responses  are  predicted  using 
a  "synthetic*  forcing  function.  This 
"synthetic"  forcing  function  is  based  on 
Shuttle  flight  data  and  on  a  generalized 
extrapolation  of  loads  analyses  below  35  Hz  to 
the  higher  frequencies.  The  Galileo  loads 
analyses  are  restricted  to  an  upper  frequency 
of  80  Hz  due  to  the  spacecraft  F.E.M.  accuracy 
limitations. 

Based  upon  uncertainties  in  the  definition  of 
the  Shuttle  dynamic  environments  prior  to  the 
availability  of  STS-1  flight  data,  Galileo  RTG 
and  Magnetometer  Boom  Assembly  transient 
vibration  environments  were  specified  to  100  Hz 
and  200  Hz  respectively.  The  magnitude  of  the 
environments  were  derived  from  the  load 
analyses  and  from  response  data  from  the 
Voyager  spacecraft  foroed  vibration  tests. 
Both  the  RTG  and  the  Magnetometer  Boon  Assembly 
are  represented  in  the  Galileo  F.E.M.  by  single 
point  masses  at  their  c.g.s.  Each  point  has 
six  degrees  of  freedom.  Results  of  the 


spaoeoraft  loada  analyaaa  are  in  the  form  of 
maximum  aeoeleratlon  or  foroe  for  eaoh 
spaoeoraft  mode.  Eighty  spacecraft  modaa  are 
oaloulatad,  whioh  cover  the  frequency  range 
from  about  12  Hz  to  80  Hz.  Spaoeoraft  loads 
are  developed  by  calculating  the  square  root  of 
the  sum  of  the  squares  (RSS)  of  the 
acceleration  or  foroe  levels  for  eaoh  mode. 
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There  are  a  number  of  factors  which  must  be 
considered  in  selecting  a  method  to  simulate 
the  launch  transient  vibration  environment  for 
qualification  of  spacecraft  hardware,  suoh  as, 

1)  accuracy  of  the  test  method  relative 
to  desired  test  level,  frequency, 
waveform,  etc. 

2)  repeatability  of  the  test  for  the 
same  or  different  qualification 
hardware  and  test  facilities, 

3)  potential  risk  of  Inadvertent  over test, 

i|)  number  of  vibration  cycles  imposed  on 
the  hardware  relative  to  the 
predicted  flight  environment, 

5)  magnitude  of  the  hardware  responses 
relative  to  the  predicted  flight 
responses, 

6)  loading  history  (acceleration  versus 
time)  on  the  hardware  relative  to 
predicted  flight  environment, 

7)  manpower,  materials,  test  time,  and 
facilities  required  to  conduot  the 
qualification  tests,  and 

8)  contractor  capabilities  to  implement 
the  test. 

Various  test  methods  for  simulating  the  launch 
transient  vibration  environments  were 
considered.  The  above  factors  served  as  the 
oriterla  for  evaluating  these  methods.  The 
major  advantages  and  disadvantages  of  the  test 
simulation  methods  considered  are  as  follows. 

Slow  Swept  Sine 

By  far  the  most  oommon  method  for  simulating 
low  frequency  transient  vibration  environments 
is  the  slow  swept  sine.  The  conventional  slow 
swept  sine  vibration  test  is  well  understood, 
easy  to  implement  and  oontrol,  and  is 
repeatable.  However,  it  has  several 
disadvantages.  The  responses  of  hardware  to 
swept  sine  tests  are  frequently  considerably 
greater  than  to  the  actual  flight  transient 
environment  due  to  resonance  buildup.  The 
resonanoe  buildup  can  be  compensated  for  by 
reducing  the  sine  test  level  to  provide  the 
same  hardware  response  as  predicted  in  flight. 
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However,  this  requires  knowledge  of  the  Q  for 
the  critical  hardware  resonanoe  and  aay  result 
In  overtest  or  undertest  for  other  reaonanoes 
with  different  Q  values.  Also,  the  slow  swept 
sine  test  produoes  sanjr  sore  peak  response 
eyoles  tbsn  does  the  aotual  flight  transient 
environment.  The  inoressed  nunber  of  oyoles 
■ay  be  significant  relative  to  Material 
fatigue,  wear  on  internal  components  that  rub 
or  Impact,  and  fracture  oontrol  requirements 
for  Shuttle  payloads.  Another  disadvantage  is 
that  the  sine  teat  excites  resonances 
individually,  while  the  flight  pulse  oontalns  a 
relatively  broad  band  of  excitation  and  will 
excite  several  response  modes  simultaneously. 
Thus,  potential  failure  mechanisms  related  to 
simultaneous  modal  exoltation  are  not 
simulated. 

Harrow  Band  Handom 

In  this  test  method  narrow  band  random 
vibration  exoltation  is  applied  to  the  hardware 
at  one  or  more  frequencies  at  a  time,  Reference 
2.  This  method  has  the  advantages  that  the 
resonanoe  buildup  is  reduced  relative  to  the 
slow  swept  sine  and  the  number  of  vibration 
cycles  exceeding  a  preselected  level  can  be 
reduoed.  Simultaneous  excitation  of  two  or 
■ore  hardware  response  modes  may  also  be 
accomplished.  However,  direct  control  over 
Input  amplitudes  and  number  of  cycles  Is 
limited,  as  Is  test  repeatability.  This  method 
may  provide  some  simulation  improvement  for 
transient  events  that  occur  repeatedly  over  a 
period  of  time,  such  as  maximum  Q  flight,  but 
has  much  less  promise  for  simulating  the 
dominant  Shuttle  transient  events,  associated 
with  liftoff  Ignition  and  landing. 

This  method  applies  a  classioal  transient  pulse 
to  the  spacecraft  hardware,  such  as  a  terminal 
sawtooth  or  half  sine.  These  waveforms  are 
easy  to  generate  on  a  shaker  and  excite  a  broad 
frequency  range.  However,  such  pulses  are  a 
poor  simulation  of  oscillatory  type  flight 
transient  environments.  Also,  the  method 
relies  on  shock  spectra  to  define  the 
magnitude. 


Blreat  TrtnglW  Reproduction 

A  complex  transient  pulse  based  on  the 
spacecraft  loads  analysis  is  applied  to  the 
hardware  In  this  case,  References  2  and  3. 
This  is  theoretically  the  most  realistic  test 
method.  However,  the  complex  weveform  is 
difficult  to  generate  end  Implement  on  a 
shaker.  Modifications  to  the  spacecraft 
structure  or  lnaoouracles  in  the  model  ean  make 
the  test  nonoonservative  even  if  the  shook 
speotrum  of  the  transient  does  not  ohange 
significantly.  Also,  the  complex  transient 
would  be  difficult  to  notch  if  it  were 
desirable  to  limit  the  reponses  of  the  hardware 
at  oertaln  frequencies. 

Peat  Swept  Sine 

The  fast  swept  sine  wave  transient  test  method 
has  been  employed  with  some  success,  Reference 
A.  The  waveform  is  apparently  easy  to  generate 
on  electrodynamic  shakers  and  amplitudes  are 
reasonably  controllable,  although  it  would  be 
difficult  to  generate  a  narrowband  notch  at 
specific  frequencies  to  limit  hardware  resonant 
response.  Amplitudes  and  sweep  rates  for  the 
fast  swept  sine  are  usually  defined  to  matob  a 
shock  spectrum  response  requirement.  It  would 
be  possible,  however,  to  define  the  sweep  rate 
based  on  a  specified  number  of  cycles  per  modal 
bandwidth.  As  with  the  slow  swept  sine,  the 
fast  swept  sine  excites  only  one  frequency  at  a 
time. 

HPdulfcW  Sine  Pulse 

A  series  of  individually  applied,  discrete 
frequency,  limited  cycle,  modulated  sine  wave 
pulses  was  the  test  method  selected  to  simulate 
vibration  environments  for  susceptible  Galileo 
spacecraft  hardware.  The  shape  of  the  waveform 
is  the  acceleration  versus  time  response  of  the 
■ass  of  a  one  degree  of  freedom  system  when  it 
Is  base-excited  by  an  exponentially  decayed 
sine  wave  transient.  The  normalized  waveform, 
shown  in  Figure  1,  can  be  approximated  by  the 
following  equation: 
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NOTE  #1  For  the  amplitude  duration  B,  defined 
by  equation  (5),  G*  1#  equal  to  the 
amplitude  of  the  naxlaun  peak  of  the 
particular  nodulated  sine  pulse. 

NOTE  #2  The  precise  value  of  the  damping 
ratio  c  used  for  these  pulses  was 
chosen  to  satisfy  ths  following 
requlreasnts : 

1 .  The  primary  requirement  for  this 
value  (  c  =  0.04897)  was  that  It 
be  approximately  equal  to  0.05, 
whloh  Is  a  typical  aagnltude  for 
C  for  complex  structure 

2.  Its  precise  value  also  satisfied 
the  additional  requlreaent  that 
the  peak  of  the  envelope  of  any 
pulse  (l.e.,  the  maximum  of  the 
equation  for  GpCfii1)  )  occurs 
during  the  peak  of  the  naxiaua 
sine  wave  oscillation  for  that 
pulse. 

These  requirements  provide  a 
particular  expression  for  Gp(fi>t) 
which  can  be  accurately  compared  to 
the  naxiaua  excursion  of  the  actual 
nodulated  sine  teat  pulses. 

The  nodulated  sine  pulse  waveforn  was  chosen  to 
ainulate  the  transient  environment  because  It 
is  the  basic  waveforn  observed,  for  widely 
separated  nodes,  froa  Galileo  loads  analysis 
responses.  Figure  2  shows  the  response 
waveforn  for  the  RTG  in  the  vertical  axis, 
resulting  fron  the  spacecraft  loads  analysis, 
which  can  be  conpared  to  the  normalized  test 
pulse  in  Figure  1,  Figure  2  shows  the  response 
waveforms,  froa  the  spacecraft  loads  analysis, 
of  a  spacecraft  element  with  two  dominant 
nodes.  The  corresponding  filtered  waveform  for 
each  node  would  be  similar  to  that  of  Figure  1. 

Analytically,  this  waveform  can  be 
approximately  derived  by  making  simplifying 
assumptions  regarding  the  source  pulse,  the 
transfer  function  from  the  source  to  the 
Shuttle/spacecraft  interface  and  the  transfer 
function  from  the  Shuttle/spacecraft  interface 
to  the  spacecraft  hardware.  This  Is 
illustrated  in  Figure  3.  The  transient  source 
waveforn  is  assumed  to  be  a  delta  function. 
Assuaing  the  Shuttle  can  be  represented  as  a 
single  degree  of  freedom  system,  the  response 
at  the  Shuttle/spacecraft  interface  to  a  base 
delta  function  input  is  an  exponentially 
decayed  sine  wave  transient,  shown  in  Figure  3. 
The  same  approxlaate  waveforn  will  also  result 
for  aore  oomplex  systems  and  for  more  realistic 
transient  waveforms  than  the  delta  function 
waveforn  if  the  modes  are  widely  separated. 
Assuming  that  the  forolng  function  at  the 
Shuttle/apaoecraf t  interface  is  the 
exponentially  decaying  sine  wave  transient,  and 
that  the  spacecraft  can  be  represented  by  a 
single  degree  of  freedom  system,  the  response 


of  the  spacecraft  at  hardware  locations  (such 
as  the  RTG  o.g.)  is  the  modulated  sine  wave 
shown  at  the  bottom  of  Figure  3.  Again,  for 
widely  separated  nodes,  the  response  will  still 
resemble,  even  for  more  oomplex  systems,  a 
modulated  sine  wave. 
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Fig.  1  Normalized  Modulated  Sine 
Pulse  Tine-History 
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Fig.  2  Typical  Spacecraft  Hardware 
Response  from  Loads  Analysis 
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The  principal  disadvantage  of  this  aodulated 
sine  test  pulse  ie  the  ease  aa  the  fast  swept 
sine  test  aethod-lt  does  not  slaulate  the  loads 
at  all  frequencies  slaultaneously.  However, 
there  are  a  nun bar  of  advantagea: 


1)  The  aodulated  sine  wave  pulses 
approxiaate  the  shape  of  the  Galileo 
structural  response  as  deterained  by 
the  loads  analysis. 

2)  The  test  pulse  can  be  easily 
correlated  to  the  Galileo  loads 
analysis  transients.  Since  the 
result  of  the  losds  analysis  is  the 
peak  acceleration  level  for  eaoh 
spacecraft  aode,  the  analysis  result 
can  be  used  directly  to  deteraine  the 
peak  level  of  the  test  pulse.  The 
number  of  cycles  in  the  test  pulse 
can  be  adjusted  easily  to  aatch  the 
loads  analysis  pulse  cycles.  It  is 
not  necessary  to  artiflcally  adjust 
the  test  pulse  to  aohleve  a  response 
shock  spectra  orlterla. 

3)  The  test  pulses  are  not  difficult  to 
generate,  lapleaent,  and  control.  In 
the  event  that  the  spacecraft 
hardware  teat  response  needs  to  be 
Halted  at  certain  resonant 
frequencies,  the  entire  amplitude  of 
the  test  pulses  at  the  corresponding 
frequencies  can  be  appropriately 
reduced,  based  on  low  level  test 
results. 

A)  The  test  pulse  provides  test  accuracy 
and  repeatability  which  is  comparable 
to  the  slow  swept  sine,  since  the 
waveforms  are  generic  in  nature,  only 
the  amplitudes  and  possibly  the 
number  of  cycles  would  have  to  be 
changed  in  the  event  of  a  revised 
loads  analysis. 


HO  TEST  CRITERIA 

Only  conventional  rigid  fixture  shaker 
vibration  test  methods  with  input  control  on 
the  fixture  were  considered.  Although  HTG 
accelerations  deterained  by  the  loads  analyses 
are  defined  at  the  RTG  c.g.,  installation  of 
the  control  accelerometer  on  the  flight 
hardware  was  not  feasible.  This  was  not  an 
insurmountable  problem  since  at  scat 
frequencies  within  the  test  range,  the  aajor 
mass  of  the  RTG  acts  as  a  rigid  body.  That  is, 
the  response  at  the  c.g.  equals  the  input.  The 
major  conoern  for  the  RTGs  relative  to  the 
transient  environments  was  lightweight  internal 
components  sensitive  to  accelerations  at  lower 
frequencies.  At  major  resonances  of  the  RTG  on 
the  rigid  fixture,  input  levels  were  reduoed  so 
that  c.g.  responses  corresponded  to  loads 
predictions. 

In  order  to  evaluate  the  practicability  of  the 
modulated  sine  pulse  test  aethod,  a  series  of 
shaker  vibration  tests  were  conducted  using  the 
simplified  one  end  two  aass  models  idealised  in 
Figure  A.  Eaoh  aass  weighed  approximately  60 
pounds  -  the  weights  of  the  RTG  case  and  heat 
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source.  The  pulses  were  generated  by  utilising 
the  Tine  Data  software  pro gran  normally  used  to 
produoe  decaying  sinusoidal  waveforas  for 
pyroteehnle  shock  simulation.  Modulated 
waveforas  of  various  aaplltudes,  discrete 
frequencies,  and  nuaber  of  cycles  were  used. 
Test  results  were  coapared  to  results  of  swept 
sine  tests.  Wavefora  distortion  was  alniaal 
except  when  the  excitation  pulse  frequency 
aatohed  the  RTC  aodel  first  resonanoe.  Since 
slallar  distortion  occurred  during  the  swept 
sine  vibration  tests,  this  was  attributed  to 
shaker  flxture/aodel  Interactions  due  to  the 
aodel  weight,  low  damping,  and  c.g.  offset. 

Analytical  and  test  ooaparisons  of  the  slow 
swept  sine  wave  and  the  aodulated  sine  pulse 
showed  slallar  results.  Resonant  response  froa 
the  aodulated  sine  pulse  excitation  was 
significantly  less  that  the  slow  swept  sine. 
Table  I  coaparea  the  resonant  response  of  a 
single  degree  of  freedoa  systea  to  sine  dwell, 
slow  swept  sine,  and  the  aodulated  sine  pulse. 
The  nuaber  of  cycles  imposed  within  the  half 
power  points  of  a  response  was  nore  than  an 
order  of  magnitude  less  with  the  aodulated  sine 
pulse  as  coapared  to  the  slow  swept  sine.  A 
review  of  the  Galileo  loads  analysis  waveforas 
lndioated  that  spacecraft  hardware  responses 
did  not  contain  more  than  five  high  aaplitude 
cycles  for  any  significant  launch  vehicle 
event.  Therefore  the  RTG  test  pulse  waveforas 
were  Halted  to  five  cycles  that  exceeded  .707 
tlaes  the  highest  aaplitude  cycle,  as  shown  in 
Figure  1.  Table  IX  ooapares  the  nuaber  of 
cycles  within  a  resonance  for  sine  dwell,  swept 
sine  excitation  and  aodulated  sine  pulse 
excite tlon. 


Pig.  4.  One  and  Two  Degree -of -Freedoa 
Teat  Models 


Sinoe  the  RTGs  will  fly  on  both  the  Galileo  and 
International  Solar  Polar  Mission  (ISPM) 
spacecrafts,  transient  test  requirements  were 
developed  which  envelope  the  predicted 
vibration  envlronnents  for  both  spacecrafts. 
The  approach  taken  was  to  define  a  frequency 
spectrum  which  conservatively  enveloped 
predicted  RTG  accelerations  for  both 
spacecrafts  and  to  apply  the  pulses  at  equal 
frequanoy  increments  to  enooapass  the  full 
spectrua.  Pulse  frequencies  and  apacings  were 
based  on  response  speotruas.  A  criteria  was 
specified  that  the  crossover  point  for  adjacent 
response  shock  speotruas  (using  Q  *  10)  shall 
be  not  aore  than  3  dB  (half  power  point)  below 
the  peak  level  of  the  shook  speotruas.  A  Q  of 
to  was  chosen  as  a  typical  experimentally 
observed  response  ratio  for  coaplex  structures. 
It  was  determined  that  a  pulse  spacing  of  one 
third  octave  satisfied  this  criteria.  This  is 
illustrated  in  Figure  5. 
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Fig.  5.  Typical  Shock  Spectrum  Overlap 

Between  Two  Adjacent  Test  Spectruma 


The  Galileo  loads  analysis  for  the  RTG  is  in 
terns  of  the  Root  Sun  Square  (RSS)  acceleration 
level  and  the  acceleration  level  for  each 
spacecraft  node.  S^nce  the  test  is  applied 
only  one  frequency  at  the  tine,  setting  the 
test  pulse  levels  equal  to  the  acceleration  of 
eaoh  node  would  be  nonconservative.  To  develop 
a  conservative  test  spectrua,  the  acceleration 
level  for  eaoh  node  was  aultlplled  by  the  ratio 
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of  tho  RSS  acceleration  lovol  to  tho 
aoooleratlon  laval  of  the  highest  aoda.  This 
approaoh  added  only  about  402  to  tha 
aooalaratloa  lavala  of  tha  Individual  aodaa 
whan  only  a  faw  aodaa  doalnatad,  but  waa 
probably  ovorly  oonaarvatlva  for  dlraotlona  In 
whloh  thorn  vara  no  aodaa  that  groatly  azoaadad 
tha  othar  aodaa.  Tho  ISPH  RTO  loads  analysis, 
parforaad  by  Oanaral  Dynaalos,  was  In  taras  of 
tlaa  historian  and  shook  spoetruas.  Tha 
hlghast  paak  laval  froa  aaoh  tlaa  history  was 
aultlpllad  by  a  faotor  of  1.3  to  obtain  an 
approxlaate  RSS  laval.  Tha  shook  spaotruas 
worn  than  soalad  such  that  tha  hlghast  paak  of 
tho  shook  apaotrua  aqualod  tha  appropriata  RSS 
laval.  Tabla  III  shows  tha  RTO  ooaposita  tost 
apaotrua.  Thosa  pulsas  ara  Input  ona  at  a 
tlaa. 

Transiant  vibration  tost  tolaranoa  requirements 
warn  also  davalopad  for  tha  RTO  taats.  Tha 
tolerances  and  their  derivation  ara  described 
below: 

V)  Aaplitude  Tolaranoa:  Aaplitude  of 
aaoh  pulse  shall  be  within  tha 
tolerance  band  of  Figure  6. 


Thosa  aaplitude  tolaranoaa  ware 
defined  baaed  on  oonvantlonal  sina 
test  tolaranoaa  (±102  for  paak 
levels)  and  test  oontrol 
practicability  as  astablisbad  by 
early  developaental  tasting. 

2)  Frequency  Shift  Tolaranoa:  Tha 
fundaaantal  fraquanoy  of  aaoh  pulse 
shall  be  within  ±22  of  tha  apeoiried 
1/3  ootava  oenter  fraquanoy. 

A  Monte  Carlo  statistical  analysis, 
using  shook  spaotruas,  was  used  to 
establish  tha  adaquaoy  of  tha  ±22 
fraquanoy  shift  tolaranoa  and  tha  1/3 
ootava  oantar  fraquanoy  spaolng  of 
tho  pulsas.  Zn  particular,  tha 
following  orlterla  was  laplawented: 

Tha  notch  generated  by  the 
intersection  of  tha  shock 
speetra  of  pulsas  having  equal 
aaplitupes  and  fundaaantals 
equal  to  tha  "worst  case*  oantar 
frequencies  of  two  adjacent  1/3 
ootave  bands.  Is  required  to  ba 
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Pig.  6  Normalized  Nodulated  Sine  Pulee 
with  Test  Tolerance  Bands 


3) 


n  sort  than  A  dB  below  the 
shook  speotrua  magnitude  (Q  « 
10)  at  the  fundamental 
frequency.  ("Horst  case" 
fundamentals  consisted  of  a  -Zf 
shift  of  the  lower  fundamental 
frequency  and  a  +2J  shift  of  the 
upper  fundamental  frequency  at 
any  two  adjacent  pulses.  This 
condition  resulted  In  the 
maximum  frequency  spacing 
between  the  two  pulses, 
consistent  with  the  toleranoe 
Halts,  and  a  corresponding 
maximum  In  the  depth  of  above- 
described  notch.) 

Harmonic  Distortion  Toleranoe;  The 
Shock  Spectrum  Amplitude  (with  Q  * 
10)  of  each  pulse  at  any  harmonio 
above  the  fundamental  shall  be  at 
least  6  dB  below  the  Shook  Speotrua 
amplitude  at  the  fundamental. 

This  orlterla,  based  on  a  Monte  Carlo 
shook  speotra  analysis,  requires  that 
the  shock  spectrum  peak  of  any 
harmonic  be  at  least  6  dB  lower  than 


the  shock  spectrum  peak  of  the 
fundamental.  This  orlterla  was 
imposed  even  In  the  extreme  case 
where  all  of  the  harmonio  energy  of 
the  pulse  is  concentrated  in  a  single 
frequency  component. 

The  above  orlterla  assured  a  measure 
of  test  article  excitation  throughout 
the  entire  frequency  spectrum  of 
interest.  In  particular,  it  assured 
excitation  at  any  frequency  within  A 
dB  of  the  maximum  excitation  which 
occurred  at  eaoh  of  the  pulse's 
fundamental  frequency. 


MAOBTCWm  BOOM  ASSBfflLI  TEST  CHimiA 

The  Magnetometer  Boom  Assembly  test  orlterla 
were  similar  to  those  employed  for  the  RTGs, 
with  some  minor  variations.  Test  orlterla  for 
the  Magnetometer  Boom  Assembly  were  developed 
much  later  in  the  Galileo  program,  when  the 
spacecraft  design  configuration  had  been  frozen 
and  all  loads  analysis  cycles,  except  the  final 
verification  analysis,  had  been  completed. 
Sinoe  the  prediction  of  the  magnitude  and 
frequency  content  of  the  Magnetometer  Boom 
Assembly  transient  vibration  environment  could 
be  expected  not  to  undergo  further  changes,  s 
more  specific  test  representstlon  of  the 
environment  was  specified.  However,  since  the 
shock  speotrum  loads  analysis  method  does  not 
provide  a  unique  complex  waveform,  a  dlreot 
transient  waveform  reproduction  teat  method  was 
not  considered.  The  Magnetometer  Boon  Assembly 
test  orlterla  was  derived  from  the  test  method 
developed  for  the  RTGs.  Rather  than  encompass 
the  full  frequency  range  by  equally  spacing 
pulses  every  one  third  ootave,  test  pulses  were 
specified  only  at  the  precise  nodal  frequencies 
of  the  higher  level  transients.  In  this  case, 
pulses  were  specified  for  all  predicted 
transients  of  2.7  Gpk  or  higher.  The  test 
pulse  frequencies  are  shown  on  Table  IV.  To 
account  for  the  lower  level  transient  at  other 
spacecraft  modes,  a  2.0  0_k  sine  sweep  was 
imposed  on  the  hardware  from  10  to  200  Hz. 
Additionally,  the  more  recent  loads  analysis 
showed  that  the  number  of  significant  oycles 
for  the  dominant  transient  events  was  fewer 
than  five,  A  shortened  test  pulse,  shown  in 
Figure  7  was  used  for  the  Magnetometer  Boom 
Assembly. 


TEST  RB30LT3 

The  RTGs  are  being  furnished  to  NASA  by  the 
Department  of  Energy  (D.O.E.).  The  contractor 
for  D.O.B.,  responsible  for  the  RTGs,  is 
General  Eleotrlo  (G.E.),  Valley  Forge, 
Pennsylvania.  G.E.  has  tested  an  RTG  dynamic 
model,  which  oonslsts  of  a  dynamically 
simulated  oase  and  heat  aouree,  but  with  a 
thermopile  wbloh  is  only  mass-simulated.  They 
have  also  tested  an  engineering  model,  which 
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Fig.  7,  Typical  Teat  Pula*  for 

Magnetometer  Boom  Transient 
Testing 


consists  of  a  flight-ilk#  RTQ  css#  and 
tharaoplla,  but  with  a  dynasloally  non  sisllar 
alaotrlo  hast  aouroa.  Tha  tast  tranalant 
waveforms  war#  generated  by  Modifying  tha  shape 
of  a  segsent  of  a  vary  slowly  swapt  slna  wave 
by  aeans  of  a  tracking  filter  and  high  and  low 


pass  filters.  The  BTG  dynamic  simulator 
successfully  passed  the  transient  vibration 
qualification  level  tests,  but  the  engineering 
model  suffered  broken  theraocouples  due  to  the 
dynamic  displacement  of  a  lightweight  internal 
frame  which  Impacted  the  hot  shoes.  Tbs 
failure  was  considered  significant,  based  on 
the  realistic  flight-like  test  conditions;  the 
frame  was  redesigned  and  the  engineering  model 
successfully  passed  retest.  The  qualification 
RTO  is  scheduled  to  undergo  transient  vibration 
testing,  In  early  1964,  at  a  D.O.E.  faoillty 
which  Is  certified  to  handle  nuolear  materials. 
Software  modifications  to  the  facilities 
oontrol  system  will*allow  the  transient 
waveforms  to  be  generated  digitally. 

The  Magnetometer  Boon  Assembly  was  transient 
vibration  test  qualified  at  JPL.  The  pulses 
were  generated  by  a  software  program  whloh  is 
normally  used  to  produoe  decaying  sinusoidal 
waveforms  for  pyroteohnlo  shook  simulation. 
The  Magnetometer  Boon  Assembly  successfully 
passed  the  qualification  tests.  The  waveforms 
were  found  to  be  easy  to  generate  and  to 
oontrol.  Response  limiting  was  aoooapllshed  by 
measuring  responses  from  low  level  pulse  test 
inputs  and  adjusting  the  peak  level  of  the 
qualification  pulse  to  obtain  the  desired 
response. 
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Two  sensitive  spacecraft  hardware  lteas  were 
subjected  to  Halted  cycle,  discrete  frequency, 
Modulated  sins  wave  pulses,  which  verified 
their  capability  to  withstand  the  launch 
vehlole  induced  transient  vibration 
envlronaents.  The  tranalent  vibration  test 
Method  avoided  unrealistic  hardware  failures 
which  were  anticipated  to  occur  if  the 
conventional  slow  swept  sine  vibration  test 
Method  had  been  utilized.  The  transient  pulse 
teats  were  found  to  be  reasonably  slaple  to 
lMpleeent  and  control.  The  tine  required  to 
perfora  the  transient  tests  could  be  Made 
coaparable  to  the  slow  swept  sine  test  tins  if 
the  discrete  frequency  pulses  were  oonblned 
into  a  single  wave  train.  Based  on  the  above 
described  test  experiences,  it  is  recoaaended 
that  transient  vibration  test  Methods  be 
eapldyed  to  replace  slow  swept  sine  tests  in 
order  to  aore  realistically  slaulate  the 
effeots  of  transient  vibration  environMents, 
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VIBRATIONAL  LOADING  MECHANISM  OF  UNITIZED  CORRUGATED  CONTAINERS 


WITH  CUSHIONS  AND  NON-LOAD-BEARING  CONTENTS 


Thosus  J.  Urbanik,  Research  General  Engineer 
Forest  Products  Laboratory,*  Forest  Service 
U.S.  Department  of  Agriculture 


The  use  of  hardwood  and  recycled  fiber  will  no  doubt  increase  as 
specifications  for  corrugated  fiberboard  containers  change  from  material 
to  performance  standards.  This  report  shows  another  way  to  accelerate 
this  use  by  reducing  the  strength  requirements  of  containers  shipped  in 
unitized  loads.  The  rate  of  container  deformation  with  top  loading  and 
the  compliance  of  internal  packing  material  or  cushions  are  newly  identi¬ 
fied  variables  governing  the  compression  of  bottom  containers. 

Unitized  containers  need  strength  beyond  the  warehouse  stacking 
requirements  to  support  dynamic  loads  during  shipping.  The  spring  rates 
of  top-loaded  containers  and  internal  cushions  amplify  the  weight  force 
of  a  unitized  load  during  transportation.  The  progressive  deformation 
with  top-loading  of  corrugated  containers  causes  increasingly  higher 
spring  rates  with  a  subsequent  effect  on  dynamic  loads.  Cushions  or 
internal  packing  provide  a  natural  ability  to  absorb  vibrations  to 
a  degree,  depending  on  their  spring  rates  relative  to  the  containers' . 

Over-the-road  shipping  vibrations  encompass  the  natural  frequencies 
of  most  unitized  loads  and  dynamically  load  the  bottom  containers.  A 
worst  case  assessment  calculates  the  maximum  load  on  the  bottom  tier, 
expected  during  truck  transportation.  The  cushion-to-container  spring 
ratio  and  the  rate  of  increasing  container  spring  rates  with  top-loading 
are  the  primary  variables  determining  dynamic  loads. 


NOMENCLATURE 

Ct  Total  compressive  loading  factor 

c  .  Critical  damping  coefficient  of 

ci  ,  .  ■ 

element  1 

c^  Damping  coefficient  of  element  i 

[ D]  Damping  matrix 

|D^]  Partition  of  damping  matrix 

F  Cushion-to-container  spring  ratio 

f  Natural  frequency  factor 

fj  Lowest  natural  frequency  factor 

G  Gravitational  constant 

(I)  Identity  matrix 

i  Element  number  in  spring-mass  model 

j  Imaginary  unit 

Cushion  spring  rate 

1C.  Bottom  container  spring  rate 


*Maintained  at  Madison,  Wis.,  in 
cooperation  with  the  University  of 
Wisconsin. 


Kn  Container  spring  rate  in  tier  n 

K  Container  spring  rate  with  top  load  P 

P 

Container  spring  rate  with  top  load  W 
Kj  Container  spring  rate  with  unit  top  load 
k.  Stiffness  coefficient  of  element  i 

l 

(M)  Mass  matrix 

m  Unit  mass 

m.  Mass  of  element  i 

i 

N  Number  of  mass  elements 

n  Tier  number 

P  Top  load 

Pj  Dynamic  compressive  load 

(R)  A  matrix  of  stiffness  coefficients 

[>fR)  A  matrix  of  stiffness  coefficients 

r  Exponent  in  spring  rate  formula 

[S]  Stiffness  matrix 

(S£]  Condensed  stiffness  matrix 

(S.  .)  Partition  of  stiffness  matrix 

ij 

W  Unit  weight  per  container 

{X}  Response  vector 


111 


*-•  '  *.* 


Xjj+j  Displacement  of  element  N+l 

Xjj+j  Acceleration  of  element  N+l 

{Y}  Disturbance  vector 

{Y1 1  Partition  of  disturbance  vector 

Y  Displacement  disturbance 

Y  Acceleration  disturbance 

p  Damping  ratio 

ui  Natural  frequency 

u)j  Lowest  natural  frequency 

[0]  Zero  matrix 

{0,0}  Zero  vector 


INTRODUCTION 

One  problem  with  designing  corrugated 
fiberboard  containers  is  determining  an  ade¬ 
quate  load  carrying  ability.  The  top-to- 
bottoro  compressive  strength  measured  in  a  lab¬ 
oratory  test  is  the  upper  limit  of  strength 
expected  under  only  the  most  favorable  condi¬ 
tions.  The  problem  of  comparing  this  strength 
to  the  anticipated  dynamic  load  becomes  par¬ 
ticularly  relevant  when  containers  are  shipped 
in  unitized  loads.  While  the  additive  weight 
of  the  upper  containers  is  obvious,  it  is  not 
always  apparent  how  to  treat  the  effects  of 
over-the-road  vibrations. 

Unitized  containers  need  extra  strength 
beyond  the  warehouse  stacking  requirements  to 
support  dynamic  loads  during  shipping.  One 
of  the  surest  methods  for  assessing  adequate 
strength  is  the  ASTM  Vibration  Test  1 1 ] .  How¬ 
ever,  being  empirical,  its  application  is  a 
trial  and  error  search  for  a  unitized  load  that 
survives  the  test. 

An  analysis  can  speed  up  the  search,  and 
one  of  the  earliest  is  that  by  Godshall  [2] . 
Godshall  treated  corrugated  containers  as 
spring-mass  systems,  and  determined  which  char¬ 
acteristics  would  predict  their  response  to 
transportation  vibrations.  He  used  repeated 
loading  compression  tests  to  measure  the  spring 
rates  of  top-loaded  containers.  Later  vibra¬ 
tion  experiments  by  Godshall  [3)  confirmed  the 
effectiveness  of  these  tests.  A  primary 
finding  was  that  corrugated-container  systems 
will  likely  resonate  during  shipping  with  de¬ 
structive  compressive  forces  limited  primarily 
by  material  damping,  empirically  determined  to 
be  0.1  IS  times  the  critical  damping  value. 

With  machines  where  changing  damping  is 
impracticable,  engineers  have  attached  vibra¬ 
tion  absorbers  to  stabilize  their  motion. 
Analogously,  it  makes  sense  that  cushions  with¬ 
in  containers  can  reduce  unit  load  vibrations. 
Hatae  (4)  gives  a  comprehensive  treatment  of 
the  mechanics  of  package  cushions.  Godshall 
(5)  applied  these  concepts  to  corrugated  pads 
and  compared  spring  rates  determined  from  re¬ 
peated  loading  tests  with  values  calculated 
from  resonant  frequencies  determined  in 
vibration  tests.  The  vibration  test  is  more 


accurate,  especially  when  the  loading  condition 
between  a  product  and  cushion  may  be  uncertain. 

While  Godshall  studied  only  single  degree 
of  freedom  systems,  my  earlier  work  [6,7)  pro¬ 
posed  a  new  theory  and  a  computer  program  for 
multiple  degree  of  freedom  systems.  Calcula¬ 
tions  with  representative  spring  rates  and 
damping  characteristics  of  corrugated  con¬ 
tainers  explained  why  disturbances  at  only  the 
lowest  of  multiple  natural  frequencies  inherent 
to  a  unitized  load  cause  problems.  One  example 
trial  of  my  computer  program  evaluated  a  unit¬ 
izing  arrangement  in  a  theoretical  shipping 
environment  for  dynamic  compression  of  the 
bottom  containers. 

The  investigation  by  Ostrem  and  Godshall 
[8)  quantified  the  actual  shipping  environment 
for  unitized  loads.  Figure  7  in  their  report 
summarizes  the  envelope  of  truck  vibrations 
and  suggests  that  calculating  the  response  of 
unitized  loads  for  a  0.5  G  acceleration  dis¬ 
turbance  predicts  the  hazards  associated  with 
this  mode  of  shipping. 

This  previous  research  thus  established 
the  following  principles  leading  to  this  study: 
(1)  Repeated  loading  tests  predict  the  spring 
rates  of  corrugated  containers;  (2)  spring 
rates  of  cushions  are  determinable  from  vibra¬ 
tion  tests;  (3)  corrugated  fiberboard  systems 
are  damped  at  about  0.115  times  the  critical 
damping  value;  (4)  the  first  natural  frequency 
is  of  primary  concern,  and  the  truck  transpor¬ 
tation  environment  normally  excites  that  fre¬ 
quency;  and  (5.')  vibration  disturbances  in 
trucks  are  typically  about  0.5  G  in  magnitude. 


OBJECTIVE  AND  SCOPE 

The  objective  of  this  report  is  to  explain 
how  the  spring  rates  of  cushions  and  containers 
amplify  the  compressive  weight  force  of  a  unit¬ 
ized  load  during  truck  transportation.  This 
study  starts  by  measuring  spring  rates  of  com¬ 
binations  of  corrugated  containers  and  plastic 
bottles.  The  experiments  lead  to  a  formula  for 
predicting  the  spring  rates  of  containers  in 
different  tiers  of  a  stack.  A  theory  proposes 
the  behavior  of  a  unitized  load  having  defin¬ 
able  ratios  among  its  components'  spring  rates. 
The  spring  rates  of  cushions  enter  the  theory 
as  a  means  of  reducing  the  dynamic  response  of 
a  stack.  A  spring-mass  model  of  a  unitized 
load  guides  the  theory  through  a  matrix 
analysis  for  which  a  set  of  dimensionless 
parameters  greatly  reduces  the  number  of 
variables . 

While  transportation  vibrations  can  disar¬ 
range  a  unitized  load  or  resonate  the  contents, 
the  primary  mode  of  damage  considered  in  this 
report  is  compression  of  the  bottom  containers. 
The  theory  treats  a  specific  type  of  package 
wherein  the  innermost  contents  carry  no  load, 
although  the  interior  package  might  share  the 
load  with  the  box.  Moreover,  these  contents 


act  like  lumped  masses  suspended  on  cushions 
resulting  from  actual  cushions  within  the 
boxes,  the  compliance  of  interior  packages,  or 
when  the  contents  are  soft,  their  own 
coiapliance. 

The  general  principles  of  vibration  isola¬ 
tion  discussed  in  (9]  indicate  the  significance 
of  material  damping.  Although  arbitrary  cush¬ 
ioning  materials  may  encosipass  wide  variations 
in  damping  characteristics,  this  study  con¬ 
siders  only  one  damping  ratio  typical  of  corru¬ 
gated  fiberboard.  An  application  of  the  theory 
calculates  compressive  loads  for  combinations 
of  spring  rates  and  numbers  of  unitized  tiers. 
The  results  suggest  ways  to  reduce  the  strength 
requirement  of  boxes  used  in  unitized  loads. 


TEST  MATERIAL  AND  PROCEDURE 

A  repeated  loading  test  top-loads  a  con¬ 
tainer  to  an  equilibrium  value  equal  to  the 
static  load  it  normally  supports  then  repeat¬ 
edly  raises  and  lowers  the  load  to  simulate 
vibrations  and  establish  a  linear  section  of 
the  load  deformation  trace.  A  series  of  re¬ 
peated  loading  tests  for  this  study  measured 
the  spring  rates  of  corrugated  containers  and 
plastic  water  bottles.  The  bottles  were  nomi¬ 
nal  1-gallon,  commercial  plastic  bottles  for 
distributing  distilled  water.  The  boxes  were 
nominal  200-pound  C-flute  commercial,  regular- 
slotted  containers  intended  for  the  bottles. 


A  check  was  made  for  vibrational  work 
hardening.  While  other  units  were  unused  prior 
to  compression  tests,  units  10-12  consisted  of 
containers  used  in  previous  vibration  tests 
performed  at  30  and  90  percent  RH  for  another 
study . 

Each  unit  underwent  16  repeated  loading 
tests.  Each  test  first  compressed  the  con¬ 
tainer  between  two  parallel  platens  at  a  rate 
of  42.3  pm/s  up  to  an  equilibrium  load  (EL) 
followed  by  repeatedly  raising  and  lowering  the 
load  with  an  amplitude  determined  as  a  per¬ 
centage  of  the  EL.  The  16  tests  consisted  of 
all  combinations  of  4  EL's  and  4  percentages 
of  EL. 

Equilibrium  loads  of  25,  50,  75,  and 
100  kg  duplicated  the  static  top  load  per  con¬ 
tainer  due  to  the  upper  four  tiers  of  a  stack. 
Repeated  loading  and  unloading  between  ampli¬ 
tudes  of  25,  50,  75,  and  100  percent  of  each 
EL  simulated  different  vibration  magnitudes. 

Load  was  measured  with  an  electronic 
transducer  attached  to  the  bottom  platen  and 
deformation  with  a  drum  recorder  whose  rotation 
was  mechanically  proportional  to  the  displace¬ 
ment  of  the  upper  platen.  Five  cycles  of 
loading  were  enough  to  produce  a  repeating  load 
deformation  trace. 


DATA  AND  ANALYSIS 


To  test  the  effect  of  load  sharing  between 
the  bottles  and  the  box,  16  test  units  were 
separated  into  four  arrangements.  Units  1-9 
were  tested  in  the  normal  arrangement  of  a  box 
containing  six  bottles  filled  with  water. 

Tests  of  units  10-13  used  a  box  with  six  sand 
filled  bottles  having  cut-down  tops.  Each 
bottle  contained  3.8  kg  of  sand.  This  arrange¬ 
ment  concentrated  the  top  load  in  the  box  while 
providing  the  normal  lateral  pressure. 

The  reverse  arrangement  whereby  the 
bottles  carried  all  of  the  load  was  used  for 
testing  units  14  and  15.  The  midsection  about 
the  perimeter  of  each  box  was  cut  away  and 
the  box  contained  six  water-filled  bottles. 

Unit  16  consisted  of  six  water-filled  bottles 
with  no  box. 

To  test  the  effect  of  environmental  con¬ 
ditions,  the  tests  were  conducted  at  three 
different  temperatures  and  relative  humidities 
(RH).  Units  1-3  and  16  were  tested  at  73°F  and 
50  percent  RH;  units  4-6,  at  80°F  and  30  per¬ 
cent  RH;  and  units  7-15,  at  80°F  and  90  percent 
RH.  Container  preparation  followed  the  normal 
preconditioning  in  a  dry  environment  according 
to  ASTM  D  685-73  1 10)  with  subsequent  condi¬ 
tioning  at  the  prescribed  testing  environment. 
Conditioning  times  were  long  enough  to  ensure 
an  equilibrium  moisture  content  of  the 
material . 


The  spring  rate  of  a  container  equals  the 
slope  of  a  tangent  drawn  at  the  EL  to  the  trace 
produced  by  the  final  increasing  load.  The 
spring  rate  data  appear  in  Table  I. 

Spring  rates  of  the  containers  in 
units  1-15  follow  the  empirical  formula 


K  =  K  (P/W)r  (1) 

p  w 


P  is  the  EL  and  is  the  spring  rate  at  that 
load.  W  is  a  reference  load  and  K  the  corre- 


w 

sponding  spring  rate,  r  is  an  empirical  con¬ 
stant.  A  modified  formula  represents  condi¬ 
tions  in  a  unit  load  by  considering  only  values 
of  P  and  K  identified  with  each  tier.  Let  the 
P 


reference  load,  W,  equal  the  unit  weight  per 
container  and  number  the  tiers  1,  2....N  as 
shown  in  Figure  1  beginning  with  the  second 
tier  from  the  top.  If  n  =  P/W,  equation  (1) 
reduces  to 


Kn  =  K  nr  ;  n  =  1,  N  (2) 


where  is  the  spring  rate  at  tier  n. 


113 


S---. 

ii 


I  X  Cfl  X  X 

U  4J  u  £  O  •  • 

X  h  H  £  u.  x 

•H  *)  H  'rt  O 

tfl  >  O  cn  *4 

>  <«-i  0  C  f*^  O 

xi  in 


x  >»  c  x  w  •  — 

*i«  O'*  I  X  4J  *  X 

•*  J  i  h  c/5  U  OJ  U->  * 

J  to  X  41  — i  u  OX 

i  •*  U  X  *J  »h  *J  O 

xwB4jc«*ho  oo  H  <r 
03  w  tfl  J  ©  O  — 

00  O  ON 


r-4  C 
•*  * 

nm  O  •  \ 
l  x  X  -*l 

XI  CM 

C  *-»  X  «-« 

X  3 
05  O 

o 

X  oo  O' 


4  CO  o  o 
oo  in  m 
>n  ^  vo 


~  ©  CM  CN 
O  CM  ©  ~ 
cm  <n  n  in 


^  ^  n 

^  i/i  o  in 

cm  cm  >4  in 


0^-40 

PN.  CO 

CM  >4  O'  © 


O'  N  o  o 
cn  *4  o'  in 
cm  oo  r* 


00  CM  o  o 

©  *■*  n» 

CM  <t  ^  f-i 


cn  <r  o  © 
m  co  r—  O' 
cn  m  o  v© 


oo  ©  oo  cn 
r-*  vO  O  — » 
X  O' 


O'  oo  in  o 

'©•—•©  in 
CM  v©  O'  o 


v©  oo  m  m 
o'  ©  ^  in 
h  in  O'  O' 


CM  O  ©  00 

©  cm  in  o 
cn  -4  ©  oo 


©  r*.  ©  cn 

io  n  in  h 

cn  -4  p**  O' 


^  h  in 

•^  ©  cm  in 
cn  in  r-.  O' 


o>  ©  ©  co 
on  ©  m  ^ 
(*1  ©  N  O' 


>4  cm  in  cn 
—  ©  cm  — 
cm  cn  r^.  o' 


©  ©  co  in 
n  o  n  in 
cn  in  r»  o' 


cm  oo  oo  oo 
©  •-  cn 
in  in  ©  »n 


oo  cm  cn  © 
r«"f  cm  O 
cm  cn  in 


>o  n  oo  p- 
o'  inx«o 
--  cm  cn  *4 


©  -•  ©  © 
O'  *■*  MT  © 
>4  oo  in 


cn  o  cn  © 
cm  cm  —  oo 

CM  >4  O'  CM 


h  s  n  co 

O'  N  ^  O 

•-*  *4  O'  oo 


©  *4-  ©  o 
in  ©  —  oo 

N©  hoO 


x  no  in 

NNinN 
^  >o  N  CO 


oo  ©  cn  in 

NiflHO 

cn  ©  O'  ^ 


-  4  m  in 
O'  x  CM  N 
CM  lO  N  CO 


4  ©  X  O 
-4  O  ~  O 
cm  cn  ©  n. 


Nv  o  00  N«. 

N  N  fO  N 

cm  ^  in  © 


00  oo  00  o 
m  cn  *-«  in 
cm  *4  ©  r-* 


o\  in  in  © 
cn  cm  cm  >4 
cn  in  n  oo 


Vf  CN  ©  00 

O'  ©  in  © 

~  cn  ©  oo 


CS  N  N  00 
ONNO 
CM  <4  ©  00 


©  in  in  ® 
©  cm  cm  cn 
4  in  in  4 


cn  O'  4  cm 
©  —  00  00 
—  cm  cm  cn 


©  O'  4  in 
©  in4  n 
-h  cm  cn  cn 


©  cn  ©  © 
O'  cn  o  r- 
«-  cn  n  - 


P->  O'  00  © 
oo  oo  n  cn 
<->  cn  n  o 


©  CM  ^ 
r**  ©  ©  I 
«  (n  n  i 


o  cn  in  © 
h  in  in  o 
CM  in  O'  4 


CM  00  4  © 
>4  ©  oo  cn 
^  cn  in  © 


©  oo  oo  -4 
oo  cn  o  in 
cm  in  oo  © 


cm  ©  oo  © 
©o^o 
cm  »n  ©  n 


cn  cm  cn  oo 
cm  ©  in  — 
cm  cn  m  © 


4  cm  ©  © 
cn  oo  ©  © 
cm  cn  in  © 


CM  CM  ©  © 

4  oo  o  cn 
cm  cn  m  © 


on*©© 
©  r-.  cn  © 
cn  >4  ©  r-. 


oo  O'  «4  in 
f”-  cn  oo  cm 
h  cn  in  n 


4  N40 
oo  in  oo  © 
«  4  in  n 


O'  in  o  oo 
CM  CM  O  © 
4  iD  in  n 


©  O'  CM  O' 
m  oo  4  cn 
^  cm  m 


O'  cn  ©  m 
-4  O'  >4 

•-«  —  cm  cn 


cn  —  -4  -4 

©  O'  00  *- 
—  cm  m  O' 


©  cn  © 

©  —  m  l 

^  cn  ©  i 


©  in  © 

h  ©  m  i 

•  cn  ©  t 


f-  ©  ©  © 

oo  ©  in  un 

-4NO 


N  W  N  O 

cn  CM  4  © 
r-  m  <4  m 


4  O'  ©  © 
>4  cm  m  © 
CM  >4  ©  c*~ 


NNN4 

oo  in  oo 
4  4  in 


in  n  h  n 
—  ©  o  oo 
cm  cn  in  in 


m  ©  r--  cm 
cm  in  in  — 
cm  cn  4  n 


x  O'  n  cn 
cm  oo  m  in 
cm  cn  4  in 


O'  oo  oo 
o  4  in  4 
cn  >4  in  © 


O'  oo  >4  © 
in  O'  oo  cn 
— <  cm  in  © 


©  *4  cn  © 
m  o  in  © 
-  4  n  id 


r  '  - 


.Xvv-y 

xsxx. 


.•v •**,»*■ 
> .  •  /•  .*«>  ' 


ML83  5399 

Figure  1 . — Representation  of  a  unitized  load. 
The  tiers  are  nuabered  to  Batch  the  static 
loading  condition. 


Equation  (2)  reducea  the  aeasured  spring 
rates  Kj ,  ,  Kj,  and  to  predicted  paraa- 

eters  in  teras  of  Xj  and  r  for  each  repeated 

loading  aaplitude  of  each  group  of  data.  The 
values  of  X,  and  r  fitting  the  data  appear  in 
Table  II.  1 


Table  II. — Parameters  K}  and  r  deterained  froa 
repeated  loading  data 


Repeated 

Loading 

aaplitude 

Unit 

nuaber 

1-3 

4-6 

7-9 

10-12 

13 

14,15 

Pet  of  EL 

K1 

(kN/m) 

25 

291 

307 

282 

202 

142 

159 

50 

255 

258 

305 

228 

120 

160 

75 

239 

233 

250 

173 

115 

160 

100 

226 

224 

219 

134 

114 

136 

r 


25 

.838 

.757 

.937 

1.46 

1.74 

.838 

50 

.856 

.734 

.840 

1.28 

1.81 

.759 

75 

.801 

.710 

.835 

1.41 

1.66 

.618 

too 

.765 

.655 

.746 

1.48 

1.49 

.620 

Figures  2  and  3  show  soae  representative 
plota  of  the  data  and  average  characteristics. 
As  evidenced  in  Figure  2,  higher  repeated 
loading  amplitudes  cause  lower  spring  rates. 
Table  II,  however,  suggests  that  the  effect  of 
aaplitude  on  the  predicted  r's  is  not  serious. 


EQUILIBRIUM  LOAD  (kg) 

MLS)  MSI 


Figure  2. — Spring  rate  versus  equilibrium  load 
for  top-loaded  corrugated  containers  and 
plastic  bottles  of  units  1-3.  The  points 
represent  the  data.  The  curves  fit 
equation  (I)  to  data  obtained  with  25,  50, 
75,  and  100  percent  repeated  loading 
amplitudes. 


Figure  3  shows  the  effects  of  the  different 
arrangements,  environments,  and  prior  use.  A 
comparison  among  units  1-3,  4-6,  and  7-9  shows 
the  combined  effects  of  temperature  and 
humidity.  The  contribution  of  load  sharing  by 
the  bottles  becomes  evident  by  comparing 
units  7-9  with  unit  13  and  units  14,  IS.  Work 
hardening  permanently  deforms  the  paperboard 
material  and  increases  the  spring  rates  of 
lightly  loaded  containers.  Comparing 
units  10-12  with  unit  13  shows  this  effect. 


Figure  3. --Spring  rate  versus  equilibrium  load 
with  a  repeated  loading  amplitude  of  SO  per¬ 
cent  of  the  equilibrium  load.  The  points 
represent  the  average  data.  The  curves  fit 
equation  (1)  to  the  data. 


A  series  of  repeated  loading  tests  can 
be  abbreviated  by  testing  only  two  containers. 
Determine  spring  rates,  Kj  and  for  the 

second  and  bottom  tiers  in  a  unit  load  and 
calculate  r  from 


In  (Kjj/Kj) 

nrs 


Of  course  extra  tests  check  the  variability. 


THEORY 

The  diagram  in  Figure  4  represents  a  unit¬ 
ized  load  with  cushioned,  non-load-bearing 
masses.  A  model  with  N  masses  has  2N  degrees 
of  freedom  corresponding  to  a  unit  load  with 
N  ♦  1  tiers.  My  step  by  step  analysis  of  a 
similar  model  appears  in  (6,7) .  This  theory 


follows  the  same  steps  where,  after  associating 
equations  of  equilibrium  with  the  degrees  of 
freedom,  it  arranges  the  equations  for  a  matrix 
solution.  To  simplify  the  analysis  the  theory 
introduces  six  dimensionless  parameters,  of 
which  N  and  r  have  already  been  mentioned. 
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Figure  4. --Representation  of  a  unitized  load  as 
a  spring-mass  system.  The  degrees  of  freedom 
are  numbered  for  calculating  the  dynamic 
loading  condition. 


The  weight  of  the  contents  of  each  con¬ 
tainer  it  lumped  into  a  mass  m.  All  masses 
being  equal  gives 


*i  =  m  =  W/G  :  i  =  1,  N  (4) 


The  interior  springs  represent  cushions  and 
remain  equal  provided  the  container  costpression 
does  not  interfere  with  the  mass  vibration. 

Call  the  spring  rste  of  the  cushions  Kc  and  let 

the  dimensionless  parameter  F  be  the  cushion* 
to-container  spring  ratio. 


(5) 


where  [R]  appears  in  Table  III.  The  complete 
form  of  ( S ]  is  finally 


F  =  Kc/K 


1 


The  corresponding  stiffness  values  become 


k.  =  FKj  ;  i  =  1,  N  (6) 


The  outer  springs  follow  the  behavior  of 
top-loaded  containers  becoming  increasingly 
stiffer  progressing  down  the  stack.  Starting 
with  element  k^^  identified  with  tier  1,  and 

being  careful  to  note  the  difference  between 
tier  numbers  in  Figure  1  and  spring  numbers 
in  Figure  4,  the  stiffness  values  are 


Wi  •  vr 


i  =  1,  N 


(7) 


The  assumption  of  viscous  damping 
explained  Godshall's  data  |3)  reasonably  well 
and  is  extended  here  to  a  unitized  load.  If 
the  critical  damping  associated  with  each 
dashpot  is 


c  .  =  2  VmkT  ;  i  =  1,  2N  (8) 

cv  ’  l 


and  all  elements  have  equal  damping  ratios,  p, 
they  take  on  damping  values  given  by 


c.  =  pcc.  =  2  p  VSlT  J  i  =  1,  2N  (9) 


The  mass  matrix  [M]  of  size  2N  x  2N  is 
constructed  from  the  identity  submatrix  (I]  and 
the  zero  submatrix  [01  both  of  size  N  x  N. 


I M  ]  =  m 


(10) 


IS] 


(12) 


The  damping  matrix  |D]  is  partitioned  as  [S] 
was  according  to 


ID] 


(13) 


Its  construction  follows  a  similar  pattern 
given  by  equations 


[DnJ  =  2  p  ^  •  J¥  |I]  I 
[Dl2]  =  ID,,]  =  -IDU] 
[D22l  =  2  P  ^  [>/R] 


(14) 


where  an  element  of  [,/R]  is  equal  to  the  sum 
of  the  square  roots  of  each  term  in  the  cor¬ 
responding  element  of  [R] .  See  Table  III. 


To  exclude  degrees  of  freedom  having  no 
mass,  the  condensed  stiffness  matrix  [Sc]  is 

determined  by  the  static  condensation  method 
discussed  by  Clough  and  Penzier  [11].  [S^ ) 
of  size  N  x  N  is  calculated  from 


[Sc]  =  |Sn]  -  ISJ21  [S22]  [S21)  (15) 


which  reduces  to 


[Scl  =  Kj  (F  [I]  -  F2  IR]*1) 


(16) 


The  stiffness  matrix  (SJ  of  size  2N  x  2N  is 
partitioned  into  submatrices  [S^],  J sq 2 ^ ’ 

[S2j],  and  (S22l  all  of  size  N  x  N.  The  parti¬ 
tions  are  constructed  according  to  equations 

(S j  j I  =  KjF  [I] 

(Sjjl  =  tS2l'  =  ',Slli  /  (11) 

IS22)  =  K j  [ R 1 


The  natural  frequencies  of  the  system  are 
determinable  by  solving  for  the  frequencies  to 
that  make  the  determinant 


[Scl  -  u.2  [M]  =  0 


(17) 


This  formula  is  made,  dimensionless  by  intro¬ 
ducing  the  natural  frequency  factor  f  to  define 


Table  I I I . --Construction  of  matrices  [R]  and  I^R] 


Substituting  equations  (10),  (16),  and  (18) 
into  (17)  gives 


with  the  steady  state  motion  of  the  degrees  of 
freedom  and  ultimately  results  from  |Y).  {X} 

has  size  2N  x  1  and  is  calculated  from 


(F  (II  *  F2  (Rf1)  -f2  [I]  |  =  0  (19) 


(X!  =  (|S1  -  U)2  [M]  +  jiu  |D]) 


of  which  the  smallest  solution  f^  yields  the 
first  natural  frequency  . 

The  disturbance  vector  |Y]  of  size  2N  x  1 
is  constructed  from  real  and  imaginary  compo¬ 
nents  of  a  sinusoidal  displacement  of  infinite 
duration.  The  disturbance  occurring  only  at 
the  bottom  makes  all  except  one  of  the  elements 
in  |Y]  equal  zero.  { Y}  is  partitioned  into  the 
complex  zero  vector  {0,0}  and  a  complex  sub¬ 
vector  {Y'}  both  of  size  N  x  1  with 


'I 


1,0 

IV  }  °:° 

0,0 


(20) 


•  (NrK,  +  ju)  2  p  {Y}  (22) 


where  j  is  the  imaginary  unit.  This  formula 
is  made  dimensionless  by  combining  previous 
equations  to  get 


{X} 


/ 

• 

r 

1 

FI 

-FI 

_f2 

-fI” 

..... 

•I 

\ 

+jf  2  p 


-Jr  i  :  Jr 


-i 


*  (Nr  ♦  jf  2  p  JF) 


(23) 


where  the  displacement  amplitude  is  normalized 
to  unity.  The  complete  form  of  {Y}  is 


where  expressions  FI  and  JT  I  represent 
matrices  F  [I]  and  J¥  [I], 


{V} 


(21) 


The  response  vector  {X}  is  the  set  of  com¬ 
plex  numbers  representing  sinusoids  associated 


APPLICATION 

Overcompression  of  the  bottom  container 
causes  stack  failure.  The  maximum  compression 
equals  the  amplitude  of  the  difference  between 


sinusoids  Xjj+j  and  Y  occurring  at  ui^  as  given 
by  |Xjj+1  -  Y|.  Repeating  the  previous  analysis 

leading  to  equation  (23)  with  units  of  accel¬ 
eration  instead  of  displacement  yields  the 

maximum  compression  |Xjj+1  -  Yj/uij2.  Multi¬ 
plying  this  maximum  by  the  spring  rate  of  the 
bottom  container  gives  the  dynamic  compressive 
load 


Pd  = 


*N+1 


KjN  /u>x 


(24) 


The  total  load  on  the  box  due  to  statics 
and  dynamics  is  ♦  W*N.  The  following  is 

an  assessment  of  a  worst-case  condition  for 
loading  based  on  the  information  of  Ostrem  and 
Godshall  (8]  that  the  envelope  of  truck  vibra¬ 
tions  includes  the  natural  frequencies  of  most 
unitized  loads,  and  exerts  acceleration  levels 
on  the  order  of  0.5  G.  The  results  give  the 
total  multiplication  of  unit  weight  the  bottom 
container  is  likely  to  experience  in  terms  of 
the  dimensionless  total  compressive  loading 
factor  C  . 


V 


P,  +  W-N 
d _ 

W 


(25) 


I 
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Figure  5. --Contours  of  constant  load  multipli¬ 
cation  factors  calculated  for  combina¬ 
tions  of  r  and  F  in  a  four-tier  unitized 
load.  The  calculations  assume  p  =  0.115. 


Values  of  were  calculated  for  various 

unit  loads  with  different  combinations  of  r, 

F,  and  N.  The  values  -0.2  <  r  <  1.6  encom¬ 
pass  typical  values  indicated  by  the  repeated 
loading  data.  The  values  0.001  <  F  <  100  check 
the  effects  of  relatively  very  soft  to  rela¬ 
tively  very  hard  cushions.  All  calculations 
assumed  p  =  0.115. 

Figure  5  shows  the  effects  of  r  and  F  on 
for  a  four-tier  stack.  Static  conditions 

would  normally  load  the  bottom  container  to 
three  times  its  weight.  The  results  show  that 
the  maximum  total  load  during  shipping  can 
attain  about  16  times  the  unit  weight  for  the 
lowest  r  value  found  in  this  study.  The  cause 
of  dynamic  compression  shifts  around  F  =  1. 

When  Kc  >  the  system  is  ’’hard"  with  the 

cushions  becoming  increasingly  less  effective 
with  higher  spring  rates.  Ultimately,  the 
cushions  act  as  though  they  were  rigid.  While 
changing  or  (and  thus  F)  has  little 

effect  on  C^,  increasing  r  reduces  C^.  With 

effectively  rigid  cushions  the  rate  of  con¬ 
tainer  deformation  with  increasing  top  loads 
governs  the  magnitude  of  dynamic  loading. 

When  the  system  is  "soft"  with 

the  cushions  becoming  more  effective  as  their 


spring  rates  decrease.  While  increasing  Kj  or 
reducing  reduces  C^f  changing  r  has  little 
effect  on  Ct-  If  the  cushions  have  spring 

rates  lower  than  the  containers’,  the  magnitude 
of  loading  results  primarily  from  the  spring 
rate  of  the  cushion  relative  to  that  of  the 
container . 

The  shift  in  the  mechanism  of  dynamic  com¬ 
pression  makes  sense  considering  how  vibration 
energy  gets  absorbed  throughout  the  stack.  If 
the  system  is  "hard",  the  response  of  each  tier 
is  effectively  added  until  the  bottom  container 
resists  all  the  action.  If  the  system  is 
"soft",  each  container  absorbs  some  energy 
thereby  reducing  the  cumulative  response. 

The  effect  of  stack  height  is  determinable 
by  comparing  previous  values  of  to  values 

calculated  for  a  ten-tier  stack  (Fig.  6).  The 
shift  between  a  hard  and  soft  system  is  again 
evident  and  rigid  cushions  are  now  possible  at 
lower  spring  rates.  If  the  unit  weight  remains 
unchanged,  static  conditions  would  load  the 
bottom  tier  of  a  ten-tier  stack  three  times 
that  of  a  four-tier  stack.  A  representative 
Ct  -  90  corresponds  to  about  =  15  in 

Figure  5,  indicating  that  the  expected  total 
load  is  actually  six  times  more  than  that  of 
a  four-tier  stack.  Additional  tiers  are  thus 
more  severe  not  only  because  they  weigh  more, 


119 
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Figure  6. --Contours  of  constant  load  multipli¬ 
cation  factors  C  calculated  for  combina¬ 
tions  of  r  and  F  in  a  ten-tier  unitized 
load.  The  calculations  assume  p  =  0.115. 


but  because  their  weight  gets  increas ingly 
amplified  during  shipping. 


CONCLUSIONS 

The  top-to-bottom  strength  requirements  of 
unitized  corrugated  containers  may  exceed  the 
normal  static  strength  requirement  depending  on 
the  compressive  loads  caused  by  transportation 
vibrations.  The  spring  rates  of  top-loaded 
containers  and  cushions  are  primary  properties 
determining  dynamic  loads. 

This  report  proposes  new  ideas  about  the 
progressive  deformation  of  corrugated  con¬ 
tainers  with  loading,  using  a  set  of  dimension¬ 
less  parameters,  r,  F,  N,  p,  f,  and  C^,  which 

reduces  the  numbers  of  variables  involved  with 
calculating  the  response.  The  permanent 
yielding  of  material  around  the  top  of  the  box 
increases  its  spring  rate  and  superior  boxes 
yield  gradually  with  lower  tier  position. 
Inferior  boxes  that  deform  excessively  during 
initial  loading  cause  high  dynamic  loads  by 
equalizing  the  spring  rates  of  the  lower  tiers. 

Repeated  loading  experiments  provided  data 
on  typical  spring  rates  of  corrugated  con¬ 
tainers  and  plastic  bottles.  The  spring  rates 
increased  with  greater  equilibrium  loads  due  to 
yielding  of  material.  Flattening  the  hori¬ 
zontal  scoreline,  and  pressing  the  bottle  caps 
into  the  box  flaps  are  primary  causes  of  higher 


spring  rates  with  increased  loading.  As  con¬ 
tainers  are  stacked,  the  spring  rate  of  each 
tier  progressively  decreases  from  the  bottom 
tier  to  the  top  tier.  Thus,  by  increasing  the 
rate  of  changing  stiffness  in  the  various  tiers 
using  inserts,  scoreline  stiffness,  interior 
package,  etc.  the  dynamic  load  can  be  reduced. 

This  report  also  shows  how  the  spring 
rates  of  cushions  can  affect  the  dynamic 
Loading  of  containers.  Cushions  having  spring 
rates  lower  than  those  of  the  containers  absorb 
vibrations  and  significantly  reduce  the  com¬ 
pressive  loads.  Extending  the  concept  of  a 
cushion  implies  that  interior  packages  could  be 
arranged  to  take  advantage  of  their  inherent 
cushioning  ability. 

The  effects  of  progressive  deformation  and 
of  cushions  become  more  pronounced  with  more 
tiers.  To  reduce  the  dynamic  load  on  the  bot¬ 
tom  tier  you  should  therefore  minimize  the  nun» 
bet  of  tiers,  make  containers  that  hold  their 
shape  with  top  loading,  and  softly  support  the 
contents  using  cushions  or  an  effective 
arrangement  of  interior  packages.  It  should  be 
noted  that  excessively  soft  cushions  could 
bottom-out  and  result  in  a  damaged  product. 
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DISCUSSION 


Mr.  Reed  (Naval  Surface  Weapons  Center,  Session 
Chairman) :  I  noticed  that  your  data  on  the 
truck  and  train  vibration  went  up  to  100  Hz. 

That  seems  contrary  to  what  Is  more  or  less 
standard  practice. 

Mr.  Urbanlk:  The  data  are  based  on  a 
compilation  of  about  four  major  studies  of  the 
rail  and  truck  transportation  environments.  It 
Is  based  on  the  maximum  expected  acceleration 
level.  There  are  some  more  statistically 
sophisticated  presentations  of  the  data,  but  the 
approach  I  used  was  a  simplification  that  has 
been  documented  to  smooth  out  the  existing  data. 


LEAKAGE-FLOW  INDUCED  VIBRATIONS  OF  A  CHIMNEY 


STRUCTURE  SUSPENDED  IN  A  LIQUID  FLOW 


H.  Chung 

Components  Technology  Division 
Argonne  National  Laboratory 
Argonne,  IL  60439 


This  paper  presents  the  results  of  flow-induced  vibration  tests 
conducted  to  assess  the  vibration  characteristics  of  a  chimney  structure 
suspended  in  a  liquid  flow.  The  test  article  is  a  full-scale  model  of  a 
flow  chimney  used  in  a  nuclear  reactor  as  a  part  of  reactor  upper  inter¬ 
nals.  Tests  were  performed  by  simulating  all  pertinent  prototype  condi¬ 
tions  achievable  in  a  laboratory  environment.  The  test  results  show 
that  the  chimney  experiences  an  unstable,  motion-limited  vibration  which 
has  a  distinct  lock-ln  phenomenon  with  respect  to  the  flowrate.  This 
unstable  vibration  is  associated  with  the  leakage-flow-modulated  excita¬ 
tion  through  the  small  clearances  between  the  chimney  and  its  supports. 


INTRODUCTION 

Many  nuclear  reactor  Internal  components 
have  complex  geometries  and  are  subjected  to 
high-speed  coolant  flow.  On  evaluating  the 
flow-induced  vibration  characteristics  of  such 
components,  experimental  studies  are  generally 
required  as  analytical  methods  may  not  provide 
practically  useful  information. 

Chimney-type  structures  are  often  used  as 
a  part  of  the  upper-internal  structures  of  a 
nuclear  reactor.  They  are  typically  designed 
to  conduct  the  coolant  flow  from  the  reactor 
core  assembly  to  the  upper  plenum  in  order  to 
prevent  the  control  rods  from  experiencing 
cross-f low-induced  vibrations  and  to  minimize 
thermal  striping  on  the  upper-internal-struc¬ 
ture  (UIS)  components.  The  flow  chimney  con¬ 
sidered  In  this  paper  has  complex  geometry  and 
is  supported  in  a  rather  complicated  manner. 

This  paper  presents  an  experimental  study 
of  the  flow-induced-vibration  characteristics 
of  a  chimney  structure  suspended  in  a  hlgh- 
Reynolds-number  liquid  flow.  The  study 
Includes  an  examination  of  the  chimney's 
potential  to  rattle  at  its  supports  due  to  the 
potential  leakage-flow  excitation  through  the 
small  clearances  at  the  chimney  supports. 

CHIMNEY  ASSEMBLY 

Figure  1  shows  a  simplified  schematic  of 
the  chimney  and  its  support  arrangement  con¬ 
sidered  in  this  paper.  The  chimney  assembly 
consists  of  a  cylindrical  chimney  shell  with 
its  ends  fitted  with  diaphragm  rings  and  a 
control-rod  shroud  tube  attached  to  the  inner 
diameter  of  the  diaphragm  rings:  essentially 


two  cylinders  concentrically  attached  to¬ 
gether.  The  inner  and  the  outer  rings  are 
connected  together  by  three  tangential  spokes. 

There  are  two  types  of  chimneys  used  in 
the  reactor:  Chimney  A  with  the  coolant  flow 
from  the  core  is  constricted  by  the  presence 
of  the  control  rod  drive  line  (CRDL)  and 

Chimney  B  without  such  flow  constriction.  To 
allow  expansion  and  shrinkage  during  thermal 
cycles  of  reactor  operations,  either  chimney 
assembly  is  loosely  fitted  between  the  holes 
of  the  lower  and  the  upper  support  plates  of 
the  UIS.  The  total  weight  of  the  chimney  is 
solely  supported  at  the  lower  support  plate. 
The  diametrical  clearances  between  the 
chimney  ends  and  the  support  slots  are 

designed  to  be  0.013-0.041  cm  (5-16  mils) 
taking  into  account  manufacturing  tolerances. 
However,  these  clearances  would  allow  the 

chimneys  to  move  within  the  constraints  of  the 
clearances. 

The  chimney  is  mostly  made  of  Inconel 
718,  The  chimney  shell  is  approxi mately  218- 
cm  (86-in.)  long  and  has  a  27-cm  (10.75-in.) 
Inner  diameter  with  a  0.635-cm  (0.25-in.) 

wall.  The  shroud  tube  is  approximately  326-cm 
(129-in.)  long.  The  cross-sectional  dimen¬ 
sions  of  the  shroud  tubes  are:  U.4-cm 
(4.5-in.)  ID  and  0.635-cm  (0.25-in.)  wall 

thickness.  The  weight  of  chimney  is  approxi¬ 
mately  189  kg  (418  lb).  The  prototype  chimney 
operates  under  normal  conditions  of  537. S'C 
(1000°F)  and  12.8  kPa  (1.8  psi)  pressure 
drop.  The  flow  through  the  chimney  is  esti¬ 
mated  to  be  143.6  kg/s  (1.14  x  10°  lb/hr  or 
2760  gpm),  which  corresponds  to  an  average 
flow  velocity  of  3.75  m/s  (12.29  ft/s). 
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FLOW-INDUCED  VIBRATIONS 

There  are  three  types  of  f low-induced- 
vlbratlon  mechanisms  potentially  Involved  In 
exciting  the  chimney. 

(1)  Leakage-flow-modulated  excitation 
mechanism  resulting  from  flow  through  the 
support  clearances. 

(2)  Vortex-shedding  excitation  mechanism 
resulting  from  flow  across  the  three  spokes  of 
the  diaphragm  rings. 

(3)  Turbulent  random-pressure  fluctua¬ 
tion  on  the  surface  of  the  chimney. 

Since  the  chimney  Is  subjected  to  high- 
Reynolds-number  flow,  well-defined  vortex- 
shedding  excitation  may  not  occur.  Turbulence 
flow  and  leakage-flow-modulated  excitations 
are  more  Important  ones  to  consider.  The 
leakage-flow-induced  vibrations  are  strongly 
system-dependent  and  may  not  be  easily  pre¬ 
dicted  by  analytical  methods  or  by  scale-model 
testing  [1-3).  The  geometry  of  the  leakage- 
flow  path,  the  pressure  drop  through  the  path, 
the  fluid-film  damping  In  the  path,  and  the 
drag  force  are  all  important  governing  parame¬ 
ters.  Turbulence  flow  excitation  Is  another 
complicating  factor  on  the  chimney  vibration. 
Therefore,  a  full-scale  testing  Is  necessary 
to  obtain  the  vibration  characteristics  and  to 
ensure  that  the  chimney  response,  which,  If 
significant,  could  result  in  excessive  wear 
over  the  design  life,  is  acceptable. 

SIMILITUDE  REQUIREMENTS 

In  order  to  accurately  assess  the  vibra¬ 
tion  characteristics  of  the  chimney,  the 


testing  has  to  be  performed  with  careful 
consideration  of  similitude  parameters  between 
the  test  and  the  prototype  conditions.  The 
pertinent  similitude  parameters  are  geometric 
parameters,  material  and  fluid  properties, 
flow  velocities,  and  fluid-structure  inter¬ 
action  parameters  [4-5).  The  fluid-structure 
interaction  parameters  include  the  Reynolds 
number,  the  Strouhal  number,  the  Euler  number, 
and  the  fluid  damping  factor. 

Geometric  similarity  is  achieved  by 
designing  the  test  model  In  full  scale  and 
retaining  the  geometrical  features  pertinent 
to  flow-induced  vibrations.  Flow  restrictions 
In  Chimney  A  due  to  CRDL  was  modeled  by 
blocking  the  top  of  the  shroud  tube.  This 
modification  Is  considered  to  be  acceptable  as 
it  can  lead  to  more  conservative  test  results. 
The  test  model  Is  made  of  Type  304  stainless 
steel,  whose  mechanical  properties  closely 
simulate  Inconel  718  used  in  the  prototype. 

The  ratio  of  the  material  and  the  fluid 
density  is  an  important  parameter  on  simu¬ 
lating  the  susceptibility  of  structure  to 
flow-induced  vibrations.  This  density  ratio 
is  approximately  20?  larger  for  the  prototype 
than  the  model,  as  the  water  density  Is 
approximately  20?  larger  than  the  sodium 
density. 

The  tests  were  performed  with  room- 
temperature  water  at  flowrates  up  to  176?  of 
the  prototype  design  flowrate.  At  full  scale, 
design  flow,  with  water  near  room  temperature, 
the  Reynolds  number  is  about  1/4  the  proto- 
typlc  Reynolds  number,  as  the  kinematic 
viscosity  of  water  is  about  four  times  larger 
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than  that  of  liquid  aodlua.  However,  Reynolds 
numbers  with  respect  to  the  Inner  dlaaeter  of 
the  chlaney  shell  at  the  design  flowrate  are 
In  the  range  of  10°  for  the  prototype  and  the 
test  aodel.  In  the  hlgh-Reyno Ida -number 
region  (>10°),  f low-lnduced-vlbratlon  Is 
usually  independent  of  Reynolds  number,  thus 
the  chimney  vibrations  will  be  well  simulated 
In  the  model  test  with  respect  to  vortex 
shedding  and  turbulence  excitations. 

The  Reynolds  nuabers  with  respect  to  the 
support  clearances  are  much  smaller  (~10’) 
than  that  for  the  chimney-shell  Inner  diame¬ 
ter.  The  leakage-f low-modulated  excitation 
mechanism  has  two  Important  similitude  parame¬ 
ters,  among  others,  of  Reynolds  number  and 
fluid  damping  factor.  The  Reynolds-number 
similarity  Invokes  the  larger  clearance  for 
the  test  model.  However,  the  fluid  damping 
drastically  decreases  as  the  gap  size  In¬ 
creases  [6-7].  Consequently,  variation  In  the 
clearance  size  and  flowrates  was  selected  as 
0.0381-0.0635  cm  (15  and  25  mils)  in  order  to 
closely  simulate  the  Reynolds  number  with 


respect  to  the 
clearances. 

width 

of 

the  support 

The  Strouhal 

number 

Is 

an  essential 

parameter  to  achieve  similarity  of  well- 
defined  vortex-shedding  excitation.  Other 
f low-induced-vibration  phenomena  such  as 
turbulent  buffeting  and  fluldelastlc  Insta¬ 
bility  may  also  require  the  similarity  of 
Strouhal-number  (4-51.  Therefore  the  poten¬ 
tially  Important  Strouhal  number  was  simulated 
by  testing  the  model  up  to  176Z  of  design 
flow. 

The  Euler  number  similarity  requires 


sizes,  the  fluid  damping  will  be  larger  for 
the  aodel  than  for  the  prototype  ee  water  has 
higher  viscosity  than  liquid  sodlua.  However, 
the  selection  of  larger  support  clearances  for 
the  test  aodel  will  offset  this  Increase  In 
fluid  damping  as  fluid  damping  decreases  with 
larger  clearances.  Consequently,  the  fluid- 
damping  similarity  Is  approximately  achieved. 
However,  because  of  uncertainties  on  quanti¬ 
fying  the  fluid  damping,  conservative  modeling 
of  the  overall  system  damping  Is  not  fully 
ensured. 

CHIMNEY  TEST  MODEL 

The  arrangement  of  the  test  assembly  Is 
shown  In  Fig.  2.  A  photograph  of  the  test 
article  Is  shown  In  Fig.  3.  The  test  assembly 
consists  of  a  chimney  assembly,  an  upper  and  a 
lower  support  rings,  and  necessary  vessel  and 
pipings.  The  chimney  shell  was  fabricated  by 
rolling  a  Type  304  stainless  steel  plate  and 
seam-welding  It  to  form  a  cylindrical  shell. 
The  shroud  tube  was  also  made  of  Type  304 
stainless  steel  seamless  tube.  The  upper  and 
lower  diaphragm  rings  were  sand-casted  Type 
304  stainless  steel,  and  their  outer  and  Inner 
surfaces  were  machined  to  a  close  tolerance. 
The  diaphragm  rings  were  welded  to  the  shroud 
tube  at  the  upstream  side  and  were  fitted  Into 
the  chimney  shell  with  interference  up  to  76 
microns  (3  mils). 

The  main  bodies  of  the  support  rings  were 
made  of  Muntz  metal  with  Type  304  stainless 
steel  sleeve  Inserts.  Thus  the  Interface 
conditions  between  the  chinmey  and  Che  support 
rings  were  simulated  to  those  of  the  proto¬ 
type.  Two  pairs  of  support  rings  were 
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For  the  prototype  flowrate  In  the  model  (Vn) 
and  In  the  prototype  (Vp),  the  pressure  drop 
for  the  model  with  the  prototyplc  support 

clearances  Is  determined  by 

(Ap>m  -T$;(ip)p  ■ 

-  15.2  kPa  (2.2  psl) 

and  this  similarity  is  achieved  In  the  test. 

The  vibration  response  is  largely 

governed  by  the  system  damping,  including  the 
structural  and  fluid-dynamic  damping.  Because 
of  the  uncertainty  and  difficulty  In  charac¬ 
terizing  damping  In  the  prototype,  a  generally 
used  approach  lg  to  minimize  structural 
damping  In  the  model  to  thereby  achieve  a 
conservative  test. 

For  the  chimney  configuration,  the  fluid- 
dynamic  damping  Is  expected  to  be  much  larger 
than  the  structural  damping,  due  to  narrow 
fluid  gaps  between  the  chimney  ends  and  its 
supports.  With  the  same  support  clearance 
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Fig.  2  -  Chimney  model  test  assembly 
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Fig.  3  -  Cross-sect  tonal  view  of  chimney  model 
assembly 

fabricated;  Incurring  0.0381-  and  0.0635-cm 
<15-  and  25-mlls)  diametrical  clearances.  The 
pressure  vessels  accommodating  the  chimney 
assembly  and  Its  support  clearance  rings  were 
fabricated  from  two  segments  of  24-ln.  ASA 
Schedule  10S  welded  pipe,  three  24-in.  ASA 
150#  forged  flanges,  and  an  elliptic  head. 

Vertical  orientation  of  the  test  section 
and  space  limitation  of  the  test  facility 
precluded  the  direct  connection  of  long  runs 
of  straight  pipe  to  the  immediate  Inlet  of  the 
test  section.  Consequently,  It  was  necessary 
to  use  pipe  bends  and  an  area  enlarged  prior 
to  the  chimney  Inlet  pipe.  Two  steps  of  flow 
straightners  were  placed  at  the  upstream  of 
the  test  section  to  remove  major  distortions 
of  the  axial  velocity  profile  and  to  simulate 
the  fully  developed  flow  expected  In  the 
prototype. 

For  the  Chimney  A  test,  flow  through  the 
central  nozzle  of  the  seven  flow  conditioning 
nozzles  (Fig.  2)  was  blocked  by  a  cap,  while 
flow  through  the  shroud  tube  was  blocked  by  a 
plug  at  the  top  of  the  shroud  tube  (Fig.  3). 
However,  neither  of  these  flow  restrictions 
were  made  for  the  Chimney  B  test. 

The  test  section  was  connected  to  the 
Flow-Induced-Vibration  Test  Facility  (FIVTF) 
at  Argonne  National  Laboratory.  The  FIVTF  Is 
capable  of  providing  up  to  8000  gpm  of  room- 
temperature  water  and  equipped  with  extensive 
flow  control  and  measurement  Instruments. 

INSTRUMENTATION 

Two  types  of  vibratory  motion  were 
anticipated:  (1)  chimney  vibration  due  to 
flow-induced  Internal  excitations  and  (2) 
external  vibratory  motion  transmitted  to  the 
chimney  from  the  test  loop. 

Requirements  for  the  Internal  vibration¬ 
measuring  transducers  are  that  the  transducers 
avoid  disturbing  the  flow  regime  and  are 
protected  from  the  water-contamination.  For 
Internal  vibration  transducers,  two  pairs  of 


non-contacting  displacement  transducers  (Kaman 
Science  Model  KD-2300-1S)  and  three  pairs  of 
miniature  accelerometers  (four  Endevco  Model 
2220C  and  two  Endevco  PICOMIN  Model  22)  were 
selected  and  encased  In  small  water-proofed 
containers  and  mounted  Inside  the  test  sec¬ 
tion.  Figures  4  and  5  show  general  layout  of 
the  test  Instrumentation  and  data-acqulsltlon 
system.  A  pair  of  displacement  transducers 
was  mounted  on  each  diaphragm  rings,  posi¬ 
tioned  90°  apart  (D1  and  D2  on  the  lower,  and 
03  and  04  on  the  upper  ring)  (see  Fig.  6). 
Two  pairs  of  accelerometers  were  also 
installed  on  the  lower  (A1  and  A2)  and  the 
upper  (A3  and  A4)  end  of  the  chimney  with  the 
same  sensing  orientation  as  the  displacement 
transducers.  Accelerometers  A5  and  A6  were 
located  on  the  chimney-shell  surface  about 
96.5-cm  (38-in.)  above  Its  lower  end.  To 
measure  the  global  vibratory  motion  of  the 
test  section,  trlaxlal  accelerometers  (Endevco 
Model  2228C)  were  mounted  to  the  upper  and 
lower  flanges  of  the  pressure  vessel.  The 
signals  from  all  sensors  were  recorded  on  an 
FM  tape  recorder  and  analyzed  by  a  Hewlett- 
Packard  54S1C  Fast  Fourier  Transform  (FPT) 
analyzer. 

The  pressure  drop  across  the  chimney 
assembly  were  measured  via  two  differential 
pressure  transducers  (Viatran  Model  209).  The 
absolute  pressure  at  the  top  of  the  test  sec¬ 
tion  was  also  measured  by  a  Bourdon  gauge. 
The  flowrates  were  measured  by  turbine  flow¬ 
meters  Installed  In  the  test  loop  (FIVTF). 
The  loop  water  temperature  was  kept  near  20°C 


Fig.  4  -  Chimney  model  test  Instrumentation 
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Fig.  5  -  Schematic  of  data  acquisition  system 


Fig.  6  -  Upper  support  region  with 
Instrumentation 


throughout  the  test  performance.  To  verify 
the  uniformity  of  the  inlet  flow  velocity 
profile,  a  turbine  flowmeter  (Flow  Technology 
Model  FTP-GJS  (S))  was  placed  immediately 
upstream  of  the  inlet  flow  nozzles. 

FREE  VIBRATION  TESTS 

Prior  to  the  flow  tests,  three  phases  of 
free  vibration  tests  were  performed  to  deter¬ 
mine  the  free  vibration  characteristics  of  the 
chimney  in  air  and  in  water,  and  thus  to  aid 
the  interpretation  of  the  flow-induced- 
vibration  test  results.  Initially,  the  modal 
analysis  testing  with  a  Fourier  analyzer 
system  was  performed  to  investigate  the 
natural  frequencies  and  the  mode  shapes  of  the 
chimney  shell  in  air.  Second,  the  chimney 
assembly  was  installed  into  the  test  rig  and 
an  Impact  test  was  performed.  The  transient- 
response  signal  was  captured  and  processed  by 
the  Fourier  analyzer  to  provide  frequency 
spectra.  In  the  third  phase  of  testing,  the 
test  rig  was  filled  with  water  and  the  same 
procedure  as  the  second  phase  was  repeated  to 
Identify  the  peak  frequencies  of  the  chimney 
assembly  in  water. 

Natural  frequencies  of  the  chimney  shell 
are  high,  greater  than  180  Hz  in  air  and  122 
Hz  in  water.  Analytical  solutions  (8)  based 


on  the  classical-shell  theory  were  also  used 
to  substantiate  the  test  results. 

During  the  Impact  tests,  the  shell 
natural  frequencies  were  well  monitored  from 
accelerometers  A5  and  A6.  In-water  Impact 
test  shows  that  the  shell  natural  frequencies 
are  substantially  reduced  due  to  the  Inertia 
effect  of  added  water  mass. 

Accelerometers  Al-AA,  Installed  into  the 
upper  and  lower  supports  of  the  chimney, 
revealed  some  additional  resonance  peaks  other 
than  the  shell  frequencies.  These  resonance 
peaks  may  be  associated  with  the  free  vibra¬ 
tion  of  the  chimney-containing  vessel,  the 
test-assembly  support  frame,  or  the  piping 
connected  to  the  test  section.  However,  these 
frequencies  were  considered  not  Important  for 
the  present  test  program  as  we  are  primarily 
concerned  with  the  chimney  movement  with 
respect  to  its  support  rings. 

Displacement  transducers  Dl-DA,  mounted 
in  pairs  at  the  upper  and  lower  support  rings, 
measured  the  displacement  of  the  chimney 
relative  to  the  rings.  Transducers  D3  and  DA, 
mounted  at  the  upper  ring,  showed  low-level 
frequency  peaks  at  19  and  1A  Hz  in  air  and  in 
water,  respectively.  However,  D1  and  D2, 
mounted  at  the  lower  support  ring,  showed  no 
predominent  peak;  the  Impact  force  exerted  on 
the  chimney  was  not  large  enough  to  shake  the 
chimney.  Based  on  these  impact-test  results, 
one  can  conclude  that  the  chimney  may  rattle 
within  the  upper  support  ring  at  a  frequency 
of  1A  Hz  during  the  flow-induced-vibration 
test.  The  impact  tests  also  Indicated  that 
the  damping  of  the  chimney  is  small:  <0.311  in 
air  and  <2Z  in  water. 

FLOW-INDUCED-VIBRATION  TESTS 

After  the  free-vibration  tests,  the  test 
section  was  subjected  up  to  176%  of  the  proto¬ 
type  design  flowrate  of  2759  gpm.  The  flow- 
induced-vibration  tests  were  performed  to 
characterize  the  dynamic  behavior  of  the 
chimney  as  a  function  of  flowrates  for  various 
support  clearances  conf igurations  and  to 
Identify  any  dominant  flow  excitation  mecha¬ 
nism  associated  with  chimney  vibrations. 

A  total  of  eight  test  configurations  were 
tested:  four  different  combinations  of  the 
upper  and  lower  support  clearances  for  Chimney 
A  and  B.  Each  test  configuration  was  identi¬ 
fied  by  three  codes;  for  example,  A-15-25  is 
Chimney  A  test  with  15-  and  25-mils  clearances 
at  the  upper  and  the  lower  support,  respec¬ 
tively.  For  each  test  configuration,  the 
parameters  varied  were  flowrate  and  loop 
static  pressure.  Measurements  of  displace¬ 
ments,  accelerations,  and  pressures  were  made 
at  the  flowrates  ranging  from  12. 5%  to  176%  of 
the  prototype  design  flowrate  and  the  flowrate 
for  which  any  instability  occurs.  During  the 
lower-flowrate  (below  2500  gpm)  testing,  the 
static  pressure  in  the  test  section  was  raised 
by  throttling  the  downstream  butterfly  valve 
in  order  to  maintain  the  minimum  of  10A  kPa 


(13  psla).  At  higher  flowrates,  the  upstream 
and  downs t  ream  valves  were  left  wide  open. 
This  effort  was  necessary  to  eliminate  air 
bubbles  in  the  flow,  and  thus  minimize  any 
two-phase  flow  effects  and  the  possibility  of 
cavitation. 

During  the  tests  the  two  displacement 
transducers  measuring  the  lateral  motion  of 
the  chimney  at  the  upper  and  the  lower  support 
ring  were  displayed  on  an  oscilloscope  screen 
for  continuous  visual  monitoring,  and  thus  to 
Identify  the  critical  flowrate  associated  with 
any  dominant  flow-induced  vibration.  Because 
the  frequency  response  of  the  taped  recordings 
rolled  off  at  -1000  Hz,  the  accelerometer 
signals  were  scanned  periodically  and 
inspected  on  an  oscilloscope  screen  for  any 
visual  sign  of  impacting. 

Data  tapes  containing  transducer  signals 
were  processed  to  provide  displacement  and 
acceleration  PSD  for  the  frequency  range  of 
0-100  Hz;  frequency  components  above  80?  of 
the  upper  range  limit  were  filtered  out  to 
minimize  aliasing  errors  in  the  analog-to- 
dlgltal  converter.  In  the  analysis  range  of 
0-100  Hz,  the  spectrum  was  the  results  of 
ensemble  averaging  of  10  consecutive  samples 
with  a  resolution  of  0.195  Hz.  The  RMS 
displacement  of  the  chimney  at  its  upper  and 
lower  supports  were  calculated  by  integrating 
the  displacement  PSD.  The  RMS  amplitudes 
based  on  accelerometer  data  were  calculated  by 
doubly  integrating  the  acceleration  PSD  over 
the  frequency  bandwidth  containing  the 
vibration  frequency  of  Interest. 

DISCUSSION  OF  RESULTS 

Data-analysis  results  and  visual  observa¬ 
tion  during  the  tests  revealed  that  Chimney  A 
experienced  an  unstable,  motion-limited  vibra¬ 
tion  starting  at  -120%  of  the  prototype  design 
flowrate.  However,  this  vibration  did  not 
prevail  with  Chimney  B  where  the  flow  through 
the  shroud  tube  was  allowed. 

The  vibration  response  of  Chimney  A  at 
the  lower  support  became  unstable  at  -3320  gpm 
and  reached  its  total  instability  at  -3440 
gpm;  these  are  -120%  and  -125%  of  the  design 
flowrate,  respectively.  This  unstable  vibra¬ 
tion  was  concentrated  at  frequencies  below 
15  Hz  as  shown  in  Fig.  8,  and  persisted  at 
higher  flowrates  without  much  changing  its 
amplitudes  and  spectral  contents.  As  the 
flowrate  decreased,  the  response  became  re- 
stablllzed  at  -3135  gpm  that  is  lower  than  the 
flowrate  associated  with  the  onset  of  insta¬ 
bility;  indicating  the  vibration  has  the  hys- 
teretlc  behavior  with  respect  to  the  flowrate. 

Inspection  of  the  accelerometer  signals 
during  testing  showed  no  recognizable  evidence 
of  impacting.  The  vibratory  motion  was 
limited  by  the  support  clearances  and  their 
associated  squeeze-film  fluid  damping,  with 
the  result  that  amplitudes  are  smaller  than 
the  size  of  the  clearances;  the  chimney  was 
not  impacting  the  support  clearance  rings. 


However,  the  vibration  amplitude  at  the  upper 
support  Increased  steadily  with  the  flowrate; 
no  apparent  .lump  phenomenon  was  observed. 

The  observed  flow-induced  vibration  is 
associated  with  the  leakage-flow-modulated 
excitation  mechanism  controlled  by  the  chimney 
weight,  the  flow  lift  force,  and  the  asymmetry 
of  the  leakage-flow  path.  As  the  flowrate 
Increases,  the  lift  force  exerting  on  the 
chimney  rises.  When  the  lift  force  becomes 
large  enough  to  overcome  the  chimney  weight, 
the  chimney  starts  to  levitate,  incurring  the 
change  of  leakage-flow  paths  and  lateral  fluid 
forces  to  the  chimney  (see  Fig.  7).  Lateral 
movements  of  the  chimney  and  resulting  changes 
in  the  leakage-flow  paths  are  modulated  to 
sustain  the  vibratory  motions.  As  the  chimney 
levitated  with  increasing  flowrate,  the 
leakage-flow  paths  became  enlarged  and  the 
lift  force  exerting  on  the  chimney  stabilized; 
resulting  the  height  of  levitation  settled 
became  and  did  not  Increase  with  the  flowrate. 

Figure  9  presents  RMS  vibration  ampli¬ 
tudes  for  a  Chimney  A  configuration.  The  RMS 
displacements  at  the  lower  support  jumped  to 
higher  values  by  an  order  of  magnitude  at 
-125%  of  the  design  flowrate.  However,  they 
showed  a  gradual  increase  at  the  upper  sup¬ 
port.  For  the  Chimney  A  configuration,  D1  and 
D2  showed  consistent  patterns  of  jumps  for  all 
clearance  configurations.  On  the  contrary,  D3 
and  D4  were  somewhat  inconsistent  for  dif¬ 
ferent  clearances. 

The  observed  leakage-flow  Induced  vibra¬ 
tions  are  also  clearly  demonstrated  by  the 
horizontal  trajectory  plots  of  the  chimney 
movements  as  shown  in  Fig.  10.  Starting  with 
the  onset  of  instability,  the  lower  end  showed 
a  random  pattern  without  a  directional  prefer¬ 
ence.  However,  the  upper  end  initially  showed 
a  random  pattern  and,  as  the  flowrate  reached 
3830  gpm  (-138%  of  the  design  flowrate),  it 
vibrated  in  a  distinctly  preferred  direction 
which  is  perpendicular  to  the  axis  of  the 
bottom  support  eccentricity.  These  vibration 
patterns  are  consistent  for  all  clearance 
configurations  of  Chimney  A. 


(o)  PEFORE  LIFTED  (b)  AFTER  LIFTED 

Fig.  7  -  Leakage  flow  paths 


rim.  i 


Fig.  8  -  Displacement  (Dl)  signals  for  Chimney 
A  model  (A-15-25)  at  various  flowrates 


Fig.  9  -  RMS  displacements  of  Chimney  A  model 
for  A-15-25 


Spectral  analyses  of  the  displacement 
transducer  measurements  show  that  the  observed 
flow-induced  vibration  Is  a  band-limited 
random  vibration  in  the  frequency  range  of 


S-1S  Hz  at  the  lower  support  and  2-10  Hz  at 
the  upper  support.  As  discussed  earlier  for 
the  time-history  signals,  the  predominant 
frequencies  of  the  vibration  signals  slightly 
Increase  with  flowrate.  PSD  curves  of  the 
transducer  signals  (see  Figs.  11-12)  show 
these  trends  for  the  upper  and  lower  end 
movements.  PSD  curves  of  accelerometers  A5 
and  A6,  showed  a  predominance  of  energy  peaks 
near  the  natural  frequencies  of  the  chimney 
shell,  122,  364  Hz,  etc.  The  PSD  curves  for 
external  accelerometers  showed  quite  different 
spectra  from  the  Internal  accelerometer  spec¬ 
tra;  the  chimney  vibration  and  the  loop  piping 
motion  were  not  coupled.  On  some  PSD  curves, 
electrical  noises  of  60  Hz  are  shown.  In  the 
calculation  of  the  RMS  displacement,  the 
influence  of  these  noises  was  neglected. 

The  maximum  peak-to-peak  displacements 
were  also  obtained  from  the  time-history 
analysis  of  the  displacement  transducer 
signals.  For  all  test  configurations,  the 
peak-to-peak  amplitudes  were  smaller  than  the 
clearances  at  the  upper  and  lower  supports; 
attesting  that  the  chimney  was  not  impacting 
the  support  clearance  rings.  On  the  basis  of 
idealized  model-test  criteria,  the  vibration 
amplitudes  of  the  prototype  chimney  at  the 
supports  can  be  somewhat  larger  than  the 
present  test  model  due  to  the  following 
reason.  The  kinematic  viscosity  of  the  proto¬ 
type  fluid,  liquid  sodium,  is  four  times  lover 
than  that  of  room-temperature  water.  There¬ 
fore,  a  smaller  fluid  damping  in  the  prototype 
may  Increase  the  vibration  amplitudes.  How¬ 
ever,  the  conservatism  is  already  built  into 
the  test  results,  as  the  test  model  was  less 
restrictlvely  designed  for  its  vibrational 
movements  at  the  supports  and  the  test  parame¬ 
ters  were  conservatively  selected.  This  con¬ 
servatism  would  more  than  offset  the  likely 
Increase  of  vibration  amplitudes  due  to  the 
decrease  of  fluid  damping  in  the  prototype; 
the  present  test  results  are  considered  to  be 
conservative  with  respect  to  the  prototype 
case. 

The  pressure  drops  across  the  chimney 
(6pu)  and  across  the  lower  support  plate  (ApL) 
were  measured  for  each  test  configuration 
(Fig.  13).  Very  little  pressure  drop  was 
expected  across  the  upper  support  plate, 

because  large  cutouts  were  provided  to  simu¬ 
late  the  conditions  of  the  reactor's  upper 

plenum.  Consequently,  &p„  and  6p,  are 
expected  to  be  similar;  this  was  confirmed 
(see  Fig.  13). 

Based  on  the  test  specifications,  the 
pressure  drops  were  determined  by  dividing  the 
total  flow  through  the  upper  Internal  struc¬ 
tures  by  the  total  number  of  chimneys. 
Consequently,  the  expected  pressure  drop 
(2.2  psl)  calculated  earlier  for  the  chimney 

model  testing  is  an  average  value  for  two 
different  types  of  chimneys:  Chimney  A  and 

Chimney  B.  Test  results  show  that  the  total 
pressure  drop  (4pu)  at  the  specified  design 
flowrate  (2760  gpm)  are  respectively  -4.0  and 
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Fig.  10  -  Vibration  patterns  of  Chimney  A 

model  (A-15-15)  at  various  flowrates 
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-1.9  psi  for  Chimney  A  and  Chimney  B.  It  Is 
also  contemplated  that  the  actual  flowrates 
would  be  different  for  Chimney  A  and  Chimney  B 
when  they  are  subjected  to  the  common  pressure 
drop.  At  a  pressure  drop  of  2.2  psl,  the 
actual  normal  operating  flow  through  Chimney  A 
and  Chimney  B  would  be  -1900  and  -2950  gpm, 
respectively. 

The  vibration  characteristics  of  Chimney 
B  were  distinctively  different  from  those  of 
Chimney  A.  Chimney  B  underwent  low-amplitude 
random  vibration;  Its  amplitude  was  an  order- 
of-magnltude  smaller  than  for  Chimney  A  for 
the  same  flowrates.  As  the  shroud  tube  was 
not  blocked,  the  lift  force  was  not  large 
enough  to  levitate  the  chimney.  Consequently, 
the  leakage-flow-modulated  vibration  could  not 
occur  In  Chimney  B.  The  flow  turbulence  was 
only  attributed  to  Its  low-amplitude  random 
vibrations. 


CONCLUSIONS 

The  flow-induced  vibration  character¬ 
istics  of  a  chimney  structure  were  Investi¬ 
gated  by  testing  a  full-scale  model  subjected 
to  simulated  prototype  conditions.  Test 
results  show  that  an  unstable  vibration 
occurred  with  Chimney  A,  however,  not  with 
Chimney  B.  The  chimney  levitated  and  under¬ 
went  an  unstable  vibration  starting  at  -125% 
of  the  prototype  design  flow  and  a  pressure 
drop  of  5.5  psl.  Before  levitation  of  the 
chimney.  It  experienced  a  random  vibration  at 
the  upper  support  In  a  narrow  frequency  band 
below  10  Hz  with  a  small  amplitude. 

The  chimney  vibration  after  levitation  Is 
associated  with  a  leakage-flow-modulated 
excitation  mechanism  that  has  controlling 
parameters  of  the  chimney  weight,  the  flow 
lift  force,  and  the  eccentricity  of  the 
leakage-flow  path.  While  the  chimney  was 
undergoing  an  unstable  vibration,  Its  motion 
was  being  limited  by  narrow  support  clearances 
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Fig.  11  -  Displacement  (Dl)  PSD  for  Chlmaey  A 
model  (A-25-25)  at  various  flowrates 


Pig.  13  -  Pressure  and  pressure  drop  for 
Chimney  A  model  (A-25-25)  at  various  flowrates 


Fig.  12  -  Displacement  (D3)  PSD  for  Chimney  A 
model  (A-25-25)  at  various  flowrates 


and  their  associated  squeeze-film  damping, 
with  the  result  that  amplitudes  are  smaller 
than  the  sizes  of  the  clearances.  Conse¬ 
quently,  these  results  and  the  observation  of 
accelerometer  signals  during  the  tests  lead  to 
a  conclusion  that  the  chimney  was  not 
Impacting  the  support  clearance  rings. 

The  prototype  design  flowrate  (2760  gpm) 
Is  -802  below  the  critical  flowrate  (3440  gpm) 
associated  with  the  unstable  vibracion.  Based 
on  the  pressure  drop  consideration,  the  actual 
normal  operating  flowrate  through  Chimney  A 
would  be  ~1900  gpm,  that  Is  ~55X  below  the 
critical  flowrate.  Consequently,  the  observed 
leakage-flow-induced  vibration  would  not  occur 
with  the  prototype  chimney  under  the  normal 
operating  condition.  If  an  even  higher  margin 
of  safety  is  desired,  either  the  chimney 
weight  should  be  increased  or  the  flow  path 
through  the  chimney  should  be  redesigned  to 
shift  the  balance  point  of  the  chimney  weight 
and  the  lift  force. 
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THE  EXPERIMENTAL  PERFORMANCE  OF  AN  OFF-ROAO 
VEHICLE  UTILIZING  A  SEMI-ACTIVE  SUSPENSION 


£.  J.  KRASNICKI 
LORD  CORPORATION 
ERIE,  PENNSYLVANIA 


The  transition  of  the  semi-active  suspension  system  from  an  operating 
laboratory  prototype  Into  an  operational  off-road  vehicle  prototype, 
which  utilizes  a  self  contained  semi-active  suspension  system,  Is 
presented.  The  modified  vehicle  and  a  stock  vehicle,  with  a 

conventional  passive  suspension  system,  are  compared  on  a  designated 
test  course.  The  experimental  performance  results  of  the  "On-Off" 
semi-active  system  and  the  conventional  system  are  compared  and 
discussed.  The  Improved  performance  of  the  seml-actlve  system, 

predicted  by  analytical  models,  Is  experimentally  verified. 


INTRODUCTION 


Semi-active  vibration  Isolation  was  first 
disclosed  In  Reference  [1].  This  led  to  the 
original  patent  on  the  concept.  Since  then 
the  analytical  Investigation  and  experimental 
verification  of  semi-active  Isolation  systems 
has  been  well  documented.  References  [2], 
[3],  and  [4]  document  both  analytical  and 
experimental  verification  of  two  variations  of 
semi -active  damping  systems  conducted  at  Lord 
Corporation.  A  brief  presentation  of  the 
concept  of  a  semi-active  suspension  system, 
Its  operation  and  performance  advantages,  as 
well  as  a  discussion  of  the  two  semi-active 
concepts  are  Included  In  this  section. 

Figure  1  represents  3  different  types  of 
simple  single  degree-of-freedom  Isolation 
systems  which  are  used  for  discussion 
purposes.  Figure  la  represents  a 
conventional,  totally  passive  suspension 
system.  The  linear  frequency  response  of  this 
system  Is  Illustrated  In  Figure  2  for  a 
damping  ratio,  c.  of  0.7. 

The  second  schematic.  Figure  lb.  Is 
representative  of  a  fully  active  suspension 
system.  These  systems  utilize  a  force 
generator  connecting  the  ground  Input  Vln  (t) 
and  the  sprung  mass,  m.  This  force  generator 
can  Ideally  produce  any  size  force.  In  any 
direction.  Instantaneously.  The  typical 
realization  of  this  force  generator  Is  a 
hydraulic  actuator  powered  by  a  high  pressure 
source.  The  feedback  law  utilizes  a  measure 
of  the  system  state  (the  absolute  velocity  of 


the  mass  In  this  case)  obtained  from  a  sensor 
located  on  the  mass.  This  signal  Is  then 
processed  by  the  control  algorithm  to  produce 
a  desired  control  force,  F.  Various  control 
algorithms  may  be  used  to  obtain  desired 
system  performance. 
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FIGURE  1 

PASSIVE,  ACTIVE,  S>  SEMI-ACTIVE  VERSIONS 
OF  A  SINGLE  d-o-f  GROUND  VEHICLE 


A  typical  control  strategy,  which  provides 
excellent  resonance  control  coupled  with 
excellent  high  frequency  Isolation,  Is  to  have 
the  force  actuator  behave  like  a  damper 
connected  between  the  sprung  mass  and  Inertial 
ground.  The  force  applied  to  the  mass  would 
be  proportional  to  the  absolute  velocity  of 
the  mass.  A  passive  device  which  would 
provide  the  Identical  control  force  Is  the 
theoretical  "skyhook"  damper.  It  Is  a 
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fictitious  device  for  vehicle  applications  due 
to  the  absence  of  a  true  Inertial  reference. 
The  position  of  the  'skyhook*  damper  Is 
Illustrated  In  Figure  1.  The  frequency 
response  of  the  totally  active  system  Is  also 
Illustrated  In  Figure  2.  Fully  active  systems 
were  Investigated  In  the  1960's  and  were  found 
to  be  costly,  complex,  and  require  significant 
amounts  of  external  power.  These  systems  are 
not  very  practical  for  suspending  large  heavy 
vehicles  due  to  the  large  power  requirements. 

In  contrast,  semi-active  control,  shown 
schematically  In  Figure  1(c),  provides 
Improved  ride  quality  In  ground  vehicles  that 
approaches  the  performance  of  fully  active 
systems  while  requiring  no  hydraulic  power 
supply.  This  performance  Is  accomplished 
using  only  low  level  electrical  power  needed 
for  signal  processing  and  valve  actuation. 
The  Implementation  of  this  hardware  Is 
significantly  simpler  and  less  costly  than 
that  of  a  fully  active  suspension  system.  The 
semi-active  suspension  Is  basically  a  passive 
suspension  In  which  the  damping  forces  can  be 
Instantaneously  modulated.  Reference  [1] 
documents  the  Introduction  of  semi-active 
control,  while  References  [2],  [3],  and  [4] 
show  some  of  the  development  work  that  has 
occurred  In  the  area  of  semi-active  vibration 
Isolation.  The  semi-active  damper  or  force 
generator  can  be  most  easily  conceptualized  as 
a  conventional  hydraulic  shock  absorber  In 
which  the  resistance  In  the  fluid  flow  path 
can  be  Instantaneously  varied.  In  this  way, 
the  damper  forces  (although  generated  totally 
passively)  can  be  controlled  through 
application  of  a  very  small  control  effort. 
Therefore,  a  semi-active  system  would  consist 
of  a  damper  with  characteristics  that  may  be 
modulated,  used  In  combination  with  a  passive, 
conventional  spring  suspension.  Since  this  Is 
essentially  a  passive  system,  the  actual 
damper  force  can  be  set  equal  to  the  desired 
control  force  only  when  the  sign  of  the  actual 
damper  force  Is  the  same  as  that  of  the 
desired  force.  When  this  Is  the  case,  only  a 
small  amount  of  power  Is  required  to  control 
very  large  damper  forces.  Through  analysis 
and  experimentation  with  many  different 
dynamic  systems,  It  has  been  found  that  this 
type  of  semi-active  control  can  produce  system 
behavior  approaching  that  of  a  fully  active 
system.  Semi-active  control  Is  particularly 
well  suited  for  shock  and  vibration  control. 
This  fact  Is  clearly  seen  In  Figure  2  where 
the  frequency  response  of  the  semi-active 
system  almost  matches  that  of  the  fully  active 
system  with  relatively  Insignificant  amounts 
of  power  being  used.  Since  semi-active 
systems  are  Inherently  nonlinear  (or 
bilinear),  the  frequency  response  Is  actually 
Interpreted  from  computer  simulation  of  the 
system  subject  to  harmonic  Input. 

The  control  policy  used  by  a  semi-active 
suspension  Is  essentially  the  same  as  that 
discussed  for  the  fully  active  system.  The 


damper  force,  generated  passively.  Is  set  to 
equal  the  desired  force  that  would  be 
generated  by  a  passive  'skyhook*  damper 
whenever  the  sign  of  the  actual  and  desired 
forces  are  the  same.  The  major  difference 
between  the  fully  and  semi-active  system  Is 
the  semi-active  system  sets  the  passively 
generated  damper  force  to  zero  (more 
realistically,  some  flow  area  Is  set  to  Its 
maximum  value)  when  the  desired  and  actual 
forces  are  of  opposite  sign.  In  this  way  the 
system  minimizes  the  amount  of  energy  put  Into 
the  mass  due  to  the  base  motion. 
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FIGURE  2 

FREQUENCY  RESPONSE  FOR  PASSIVE  &  ACTIVE 
SINGLE  d-o-f  VEHICLES 

The  experimental  prototype  of  the  continuously 
variable  "skyhook"  semi-active  system 
performed  exceedingly  well  as  shown  In  Ref. 

[2] .  A  much  simpler  version  of  the 
semi-active  control  policy  consists  of  using 
an  approach  coined  "on-off"  control.  In  this 
system  the  logical  decisions  to  have  the 
damper  "on"  or  "off"  Is  made  based  on  the 
"skyhook"  policy  just  discussed  for  the 
continuously  variable  system,  but  the  control 
force  Is  not  modulated  In  the  "on"  state. 
When  the  damper  Is  on,  a  fixed  flow  area  Is 
provided.  The  theory  and  experimental 
performance  of  the  device  Is  discussed  In  Ref. 

(3) .  The  on-off,  semi-active  system  has  the 
advantage  of  not  requiring  continuously 
variable  area  modulation  nor  the  associated 
microprocessor  control.  Since  the  on-off 
active  damper  Is  not  generating  the 
theoretical  skyhook  force,  when  It  can,  the 
system  does  not  perform  quite  as  well  as  the 
continuous  force  modulating  system.  However, 


as  shown  In  Ref.  [3],  the  performance 
approaches  that  of  the  continuous  semi-active 
system  and  Is  superior  to  conventional  passive 
systems  when  enough  damping  Is  added  to 
sufficiently  reduce  system  resonance. 
Therefore,  the  on-off  semi-active  system 
trades  off  some  system  performance  against 
reduced  system  cost  and  complexity. 

The  research  efforts  at  Lord  Corporation  and 
the  University  of  California  have  demonstrated 
analytically  and  experimentally  that 
semi-active  suspension  systems  achieve  ground 
Input  Isolation  performance  approaching  that 
of  hydraulically  powered,  totally  active 
suspension  systems  ([2],  (3],  [*]).  This 
paper  documents  the  transition  of  the 
semi-active  system  from  an  operating 
laboratory  prototype  Into  an  operational 
off-road  vehicle  prototype  which  utilizes  a 
self  contained  semi-active  suspension  system. 
The  modified  vehicle  and  a  stock  vehicle,  with 
a  conventional  passive  suspension  system,  are 
compared  on  a  designated  test  course.  The 
performance  results  of  the  semi-active  system 
and  the  conventional  system  are  compared  and 
discussed. 


FIGURE  3 

SCHEMATIC  OF  THE  VEHICLE  PROTOTYPE 


The  vehicle  that  was  used  for  the  suspension 
modification  and  testing  was  a  commercially 
available  off-road  motorcycle.  The 
semi-active  suspension  hardware  replaced  the 
conventional  suspension  at  the  rear  of  the 
motorcycle  only.  The  front  fork  assembly  was 
not  altered.  Figure  3  schematically 
Illustrates  the  hardware  configuration.  For 
simplicity,  this  schematic  depicts  the 
modified  spring  and  damper  assembly  attached 
In  a  vertical  orientation  between  the  rear 
wheel  and  the  suspended  frame.  The  rear 
suspension  used  In  most  of  the  current 


off-road  motorcycles  Is  a  single  spring  and 
damper  assembly,  connected  In  various 
configurations,  between  the  swing  arm  and  the 
suspended  frame.  This  arrangement  expedited 
the  Implementation  of  a  semi-active  rear 
suspension. 

The  prototype  motorcycle  Is  a  self  contained 
system.  The  'On-Off"  semi-active  rear 
suspension,  the  required  measurement 
transducers,  the  control  electronics,  and  the 
electronic  power  supply  were  all  contained 
within  the  motorcycle  envelope.  In  this 
prototype,  the  power  supply  required  by  the 
control  electronics  and  the  control  valve 
actuation  device  Is  a  battery  pack  located  on 
the  motorcycle.  In  the  future  vehicle 
prototypes  the  power  will  be  taken  directly 
from  the  vehicle. 

The  absolute  velocity  of  the  rear  of  the 
suspended  frame  was  obtained  through 
Integration  of  an  acceleration  signal.  The 
relative  velocity  between  the  rear  wheel  and 
the  suspended  frame  was  measured  directly. 
These  two  signals  were  used  as  Inputs  to  the 
control  algorithm. 

The  experimental  performance  of  the 
conventional  suspension  system  was  obtained  by 
replacing  the  "On-Off"  semi-active  system  with 
the  stock  spring  and  damper  strut.  In  this 
way,  the  changes  In  the  vehicle  dynamics  due 
to  the  added  weight  and  location  of  the 
control  electronics  and  battery  pack  would  be 
encountered  by  both  suspension  sytems. 

Both  motorcycles  were  tested  over  the  same 
test  track,  affording  us  the  opportunity  of 
directly  comparing  the  two  set  of  performance 
results. 


The  bump  course  used  for  this  test  consisted 
of  4  Inch  by  4  Inch  wooden  beams  spaced  15 
feet  apart,  securely  attached  to  the 
pavement.  Eight  beams  were  used;  each  beam 
was  4B  Inches  long.  These  beams  were  securely 
fastened  to  a  smooth,  asphalt  paved  road.  A 
chase  vehicle  (a  pickup  truck)  was  used  to 
carry  the  Instrumentation  necessary  for 
recording  the  motorcycle  performance  data. 
The  testing  was  carried  out  at  the  Thomas  Lord 
Research  Facility  In  Cary,  North  Carolina. 

The  chase  truck  carried  a  Racal  4-channel  FN 
tape  recorder  with  which  to  record  the 
necessary  data,  being  the  acceleration  of  the 
mass,  the  absolute  velocity  of  the  mass,  the 
relative  velocity  between  the  wheel  and  the 
mass,  and  the  relative  displacement  between 
the  wheel  and  the  frame,  as  well  as  other 
necessary  diagnostic  Information.  The 
Instrumentation  on  the  motorcycle  was 
connected  to  the  truck  through  breakaway 
cabling.  No  electronics,  or  measurement 
transducers,  required  for  actively  controlling 


the  suspension,  were  carried  In  the  truck. 
Everything  was  on  the  motorcycle.  All  of  the 
current  test  runs  were  made  at  one  speed,  15 
mph.  Each  run  began  approximately  500  feet 
before  the  first  bump.  This  allowed  adequate 
time  for  the  motorcycle  and  the 
Instrumentation  truck  to  accelerate  and  enter 
the  bump  course  at  the  desired  speed.  This 
speed  was  maintained  throughout  the  entire 
bump  course. 

These  tests  were  run  with  two  different  rider 
positions.  The  first  set  was  conducted  with 
the  rider  seated,  and  another  set  with  the 
rider  standing  on  the  pegs.  The  latter  Is  the 
position  In  which  most  motocross  riding  takes 
place.  A  direct  comparison  of  Isolation 
system  performance  was  conducted  by  first 
testing  all  configurations  of  the  Lord  damper 
system,  both  semi-active  and  passive.  Then, 
the  stock  conventional  suspension  system  was 
Installed  and  the  same  tests  were  conducted 
for  various  damping  rate  settings.  The 
performance  data  collected  during  these  tests 
allowed  us  to  observe  and  verify  the  proper 
operation  of  the  self  contained  *0n-0ff* 
damper  prototype. 


were  tested  In  the  passive  mode  with  a  highly 
damped  and  a  lightly  damped  setting. 

The  acceleration  PSO  plots,  as  well  as  the 
peak  relative  displacement  versus  frequency 
plots,  are  calibrated.  It  Is  possible  to  read 
directly  from  each  plot  either  the  magnitude 
of  the  displacement  per  Hz.  or  (grm$)a/Hz- 
The  comparative  nature  of  these  plots  show  the 
relative  performance  between  two  damping 
systems.  Comparisons  of  performance  traces 
between  different  plots  are  also  valid  due  to 
the  consistency  of  recording  technique  and 
Instrument  calibration  technique.  In  all 
cases,  the  X  and  Y  axis  of  all  plots  are 
linear;  therefore,  relative  performance 
differences  are  easily  and  accurately 
Identified. 


ON-OFF  SEMI -ACTIVE 


The  criteria  used  for  evaluating  performance 
of  the  suspension  system  are,  acceleration  of 
the  rear  of  the  suspended  motorcycle  frame  and 
the  relative  displacement  between  the  frame 
and  the  rear  wheel  (rattle  space).  These  data 
were  measured,  recorded,  and  utilized  as  the 
comparative  measure  of  suspension  system 
performance.  The  taped  Information  was  then 
played  back  Into  a  Hewlett  Packard  5420 
digital  signal  analyzer  for  an  FFT  (fast 
fourler  transform)  analysis.  These  results 
are  presented  In  Figures  4  through  6.  The 
acceleration  data  Is  presented  In  the  form  of 
standard  power  spectral  density  (PSO)  plots. 

The  acceleration  PSO  plots  are  always 
presented  as  part  "a"  of  figures  4,  5,  and  6. 
The  solid  traces  always  represent  the 
acceleration  response  of  the  Lord  damper  under 
semi-active  control.  The  dashed  trace  always 
represents  the  acceleration  response  of  a 
passive  damping  system,  whether  It  be  the 
stock  conventional  damper  strut  or  the  Lord 
damper  used  In  a  passive  mode.  Both  passive 
dampers  were  tested  In  a  highly  damped  state 
and  a  lightly  damped  state. 

The  relative  displacement  (rattle  space)  data 
were  also  analyzed  by  a  fast  fourler  transform 
(FFT)  analysis.  These  results  are  more 
meaningfully  presented  In  the  form  of  peak 
signal  amplitude  versus  frequency  plots. 
These  data  are  presented  as  part  "b"  of 
figures  4,  5,  and  5.  The  solid  trace  again 
always  represents  the  relative  displacement 
response  of  the  Lord  damper  under  semi-active 
control.  The  dashed  trace  always  represents 
the  displacement  response  of  one  of  the 
passive  damping  systems.  Again,  both  dampers 
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a.  Acceleration  PSD 


b.  Relative  Displacement  (Rattle  Space) 


FIGURE  4 

COMPARING  THE  ON-OFF  SEMI-ACTIVE  DAMPER 
AND  A  LIGHTLY  DAMPED  PASSIVE  OAMPER 

Figures  4,  5,  and  6  represent  test  runs  at  15 
mph  with  the  rider  seated  on  the  motorcycle. 
The  results  obtained  from  the  test  runs  with 
the  rider  standing  on  the  pegs  are  consistent 
with  the  Illustrated  results  and  are  therefore 
not  Included  In  this  paper. 
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The  enormous  amount  of  Information  In  these 
plots,  revealing  particular  suspension  system 
performance  In  limited  frequency  regions, 
makes  It  Impossible  to  discuss  specific 
details  In  a  paper  of  this  kind.  Therefore, 
only  general  Interpretations  of  the  results 
will  be  presented  here.  This  leaves  the 
reader  the  opportunity  to  Investigate  any  or 
all  regions  of  the  data  plots  and  form  their 
own  conclusions  as  to  the  performance 
advantages  of  the  semi-active  suspension 
system. 


frequency  gives  us  a  relative  performance 
reading  between  hardware  systems.  It  Is  the 
author ‘s  opinion  that  large  acceleration  peaks 
at  the  low  frequency,  below  approxlmtely  10 
Hz.,  are  Indlctlve  of  the  large  acceleration 
forces  that  would  be  felt  by  a  rider, 
resulting  In  a  harsh  ride.  Higher  frequency 
accelerations  tend  to  be  Isolated  through 
structural  and  particularly  seat  compliance. 
The  rider  may  not  feel  these  accelerations, 
even  though  they  look  quite  prominent  In  the 
PSD  plot. 
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a.  Acceleration  9 SO 
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ON-OFF  SEMI-ACTIVE 


a.  Acceleration  PSD 
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b.  Relative  Displacement  (Rattle  Space) 


b.  Relative  Displacement  (Rattle  Space) 


FIGURE  s 

COMPARING  THE  ON-OFF  SEMI-ACTIVE  DAMPER 
AND  A  HEAVILY  DAMPED  PASSIVE  DAMPER 


FIGURE  6 

COMPARING  THE  ON-OFF  SEMI-ACTIVE  DAMPER 
AND  THE  STOCK  PASSIVE  DAMPER 


Generally  speaking,  the  magnitude  of  the  peaks 
In  the  acceleration  PSD  plot  are  a  measure  of 
the  harshness  of  the  ride  as  experienced  by 
the  rider.  The  magnitude  of  the  peaks  In  the 
peak  relative  displacement  plot  are  a  measure 
of  the  amount  of  wheel  travel.  Comparing 
these  peak  magnitudes  at  a  particular 


The  performance  results  presented  In  the 
acceleration  PSD  plots  clearly  Illustrate  that 
the  acceleration  peaks  In  the  lower  frequency 
regions  (0  Hz  to  10  Hz)  are  stgnlflcantly  and 
at  times  substantially  smaller  In  magnitude 
than  any  of  the  passive  damper  configurations 
tested,  whether  the  Lord  damper  or  the  stock 
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system  had  required  no  more  rattle  space  than 
any  of  the  passive  systems,  except  the  Lord 
damper  In  the  highly  damped  setting. 

These  results  demonstrate  that  when  the  self 
contained  seml-actlvely  suspended  motorcycle 
Is  subjected  to  the  described  bump  track,  the 
acceleration  levels  to  which  the  rider  Is 
subjected  are  significantly  reduced  without 
Increasing  the  amount  of  wheel  travel  required 
to  achieve  such  Isolation.  These  test  results 
experimentally  verify  that  the  self  contained 
"On-Off*  active  damper  Is  operating  properly 
and  demonstrates  the  performance  advantages 
predicted  analytically.  These  test  results 
also  are  consistent  with  the  test  riders 
evaluation  of  reduced  ride  harshness  and 
Improved  motorcycle  controllability  when  the 
semi-active  suspension  Is  used  In  comparison 
to  the  passive  suspension  systems  tested. 

CONCLUSIONS 

An  off-road  vehicle  utilizing  a 
self-contained,  "On-Off"  semi-active  rear 
suspension  has  been  successfully  developed  and 
tested.  This  vehicle  prototype  Is  a 
conventional  off-road  motorcycle  which  has 
been  modified  by  replacing  the  existing  rear 
suspension  with  an  "On-Off"  semi-active 
system.  The  vehicle  system  contains  within 
Its  envelope  all  the  necessary  control  system 
components  and  Is,  therefore,  designated  as 
self-contained. 

The  main  purpose  of  this  series  of  performance 
tests  was  to  experimentally  verify  that  a  self 
contained  "On-Off*  semi-active  system  used  In 


suspension  performance  by  minimizing 
acceleration  of  the  motorcycle  frame  In  the 
frequency  region  below  10  Hz,  without 
Increasing  the  required  rattle  space.  The 
performance  test  results.  Included  In  this 
paper,  document  the  fact  that  the  semi-active 
rear  wheel  suspension  of  the  test  motorcycle 
does  accomplish  this  objective.  Because 
higher  frequency  vibrations  are  Isolated 
through  structural  and  seat  compliance,  the 
Improved  low  frequency  acceleration  Isolation 
leads  to  Improved  motorcycle  controllability 
and  reduced  ride  harshness  for  the  rider. 
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DISCUSSION 

Volet  8  What  it  the  print ry  frequency  due  to  the 
spacing  of  the  two  by  fours? 

Mr.  Krasnlcfcl:  2  Hr. 

Voice;  Only  2  Hr? 

Mr.  Kraanlckl:  Yea .  He  hit  one  four  by  four 
about  every  half  second  at  IS  miles  per  hour. 
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EFFECT  OF  AIR  CAVITY  ON  THE  VIBRATION 
ANALYSIS  OF  LOADED  CRUMS 


SASAEHAR  DE 

National  Raaaaxch  Inatituta 
P.O.  Bankisol,  Bankura 
W. Bangs 1  (INDIA) 


The  paper  la  concerned  with  the  free  vibration 
analysis  Of-  loaded  circular  and  annular  drum  with  an  enclo¬ 
sed  air  cavity  .The  effect  of  the  conpresslbility  of  the 
entrapped  air  on  the  vibration  characteristics  has  been  stu¬ 
died  .The  membrane  over  the  drum  is  supposed  to  be  composed 
of  any  number  of  parts  with  different  materials  and  small 
loads  are  applied  at  the  junctions .The  modification  of  the 
frequency  spectrum  due  to  such  loading  has  been  mathematica¬ 
lly  analyzed  and  some  particular  cases  have  been  discussed. 
It, has  been  pointed  out  that  both  drum  essentially  follow 
the  same  rules  in  the  study  of  the  altered  frequencies  by  the 
application  of  small  loads  at  the  junctions  of  the  membranes , 
The  possibility  of  construction  of  an  annular  drum-head  like 
kettledrum  may  be  suggested. 


1  .INTRODUCTION 

The  effect  of  air  cavity  On  the 
vibration  characteristics  of  circular 
^“a-k J  and  annular  J  drums  have 
been  discussed.  The  vibration  charact¬ 
eristics  of  Japanese  drums, consisting 
of  two  membranes  at  either  end  of  a 
curved  cylindrical  body,  have  been  in¬ 
vestigated  /fm J7.  The  vibrations  of 
loaded  kettledrums  /~n-q_7have  been 
further  analyzed  and  the  early  works 
have  been  reviewed  ^fr,s_^.It  has  been 
shown  that  some  of  the  allowed  values 
of  frequency  of  a  vibrating  kettledrum 
can  be  mads  essentially  harmonic  beca¬ 
use  of  the  Interaction  with  the  air 


inside  the  kettle  ^~d_7,by  careful  adj¬ 
ustment  of  the  tension  ^ft _7and  by  the 
application  of  small  load  on  the  memb¬ 
rane  ^~n,o  J.  The  present  study  deals 
with  the  free  vibration  analysis  of 
circular  and  annular  drums  when  the 
membranes  are  cortposite  as  well  as  loa¬ 
ded  at  the  junctions.  The  harmonic  rela¬ 
tionships  of  loaded  drum  have  been  exa¬ 
mined  to  give  some  information  for  the 
design. of  drum. 

2. FUNDAMENTAL  EQUATIONS 

We  consider  a  membrane  composed 
of  n  parts 


0 


*  ■  1*2, . nj  s  0  , 

for  the  circular  boundary.  The  mass 
per  unit  area  of  the  k  -  th  membrane 
is  denoted  by  CK  .  The  membrane  is 
stretched  over  one  end  of  an  airti^t 
vessel.  The  vibration  displacements 

«*  =  M*  *  )  *  k  ■  1'2' . . 

n  must  satisfy  the  equation  of  motion 

Z~a*  qJ7 

i-  "Cs  -  v\-  (lit) 

C  *1,  %*  v0r7 

i  I." J 


(l) 


x'=t 


V-) 


Its  •,»-  *  efc  << 

where  is  the  speed  of  waves  in  the 
membrane,  JS  C  * 

tension (force  per  unit  length)  in  the 
k  th  membrane),  is  the  equilibrium 

volume  of  the  enclosed  cavity,  is 
the  equilibrium  density  of  air  and  <*. 
is  the  velocity  of  sound  waves  in  air 
at  the  equilibrium  pressure  and  tempo 
erature  in  the  vessel  (.S  VTVt  .  v 
is  the  ratio  of  specific  heats  at 
constant  pressure  to  constant  volume 
of  the  entrapped  air  with  equilibrium 
pressure  %  ) . 

Assuming  •  Ra  ^ 

cos  SS  (  S  z  0 ,  +■ 1 ,  + 1,  ••••),  we  find 
that  the  0 -integral  vanishes  for 
s^fco.  For  the  symmetrical  vibrations 
(a-o) ,  the  above  equation  is  rewritten 
as 


=  o, 

where 


C  K  +  xyp-{ Jt c  K *0 

K=  • 

For  an  annular  drum  (the  membrane  is 
fastened  rigidly  at  both  the  inner 
edge  of  radius  -fj  and  the  outer  edge 
of  radius  ),  the  possible  values 
of  frequency  are  obtained  from  the 
equation (la)  C*J  „ 

K  ♦  C  C1-  r‘)3  r  C**)  X,  (r**) 

-  Jo  (r**.)  X  003- 

CrxH )  -  j0  Cx^>  Y|  ( r  x*J-j  + 

T  Yel*»)  *|C*h)  -  $Cr*»)Vt*]Q}  u> 

+  I*2k  =  0 

where  Xx=  ^  ,  f  =  >  J , 

4  ^ 

the  equation (4)can  be  written  ae 

“  4  c  r  *n)  V0  (xh)3  4. 


l  *O»0  Jo  Crx»)  » 


(5) 


*  7^- 

"  *»  ae  s. 

Where  we  have  used  the.  relation  ^y^/ 

_  J_  J.  cvo 

i*  *■  (I.1)  (6) 


As  VOjthe  equation (5) reduces  to 


6>  is  the  angular  frequency  of 
vibration. 

For  a  homogeneous  circular  memb¬ 
rane  of  outer  radius  stretched 
over  the  drum,  the  frequency  equation 
Is  written  as  ^“a,x  J 


-  °>  (7) 

the  frequency  equation  of  an  annular 
membrane  without  the  air  cavity  ^f"v_7. 


4 .CHARACTERISTIC  MODE  SOLUTION 


Tha  fixed  edges  of  radii  and 
impose  restrictions  on  the  allowed 
values  of  ^  «  The  presence  of  the 

vessel  tends  to  raise  the  allowed 
values  of  frequency  ^"a_7.In  the 
case  of  a  circular  drum,  as  the  air 
cavity  parameter,  increases,  the 
allowed  values  of  frequency  will 
increase,  the  fundamental  being  much 
more  affected  than  the  higher  fre¬ 
quencies  .  In  the  case  of  an  annular 
drum,  the  fundamental  is  the  most 
affected  frequency  and  thus  the  ratios 
of  hi^ier  modal  frequencies  to  first¬ 
mode  frequency  are  decreased 
This  lowering  becomes  more  pronounced 
as  increases. 

3. INITIAL  AND  BOUNDARY  CONDITIONS 

The  initial  conditions  of  the 
problem  are  given,  the  same  functions 
f(r)  and  g(r)  being  u3ed  throughout 
the  membrane,  by 

W*  Cv.o)  =  f(Y) 

^1  =  ICO,  •c=t,V-Jn.(8) 

*  U--o 

The  conditions  of  continuity  and  the 
boundary  conditions  are  as  follows 
<fq.u_7* 

,t}so,t>o(for  an  annular  drum)  (9) 

M|  (0,t )  finite  for  any  t  >  0  (for  a 
circular  drum)  (10) 


^Cv.**)*  Wa-,CV«^)> 


=  *i  3,  •  t  >o 

are  the  small  loads  per  unit 

length  of  the  membrane  • 


“*(.**.  >*)  =  0  ,  t  >0  (12) 


The  integrals  i^tu^ r,ty  of  equa¬ 
tion  (la)  are  assumed  to  be  of  the 
form 

*«(*>*  MCto  +  VUVO,  (u) 

and 


T(()  ;  C  w  *tft  +  D  Si*  wt 

(14) 

*»  1,1,  •  •  •  •  >  } 

^  is  defined  in  Sec. 2. 

The  conditions  (9)- (12)  are 

written  as 

Rt  O.)  =  O 

(15) 

finite 

(16) 

**<>*-,)  =  **_,  C^-«) 

*-^l  s  fr  ^ 

'  u  *■»  y 

-V,  CVi), 

C^)-0  • 

(17) 

(18) 

Using  condition  (16),  we  get 

_ro 

ii 

o 

(19) 

and  from  conditions (15)  and 
get 

(18) ,  we 

h  J»  (^t)+  Bi  tVir» 

)  =  ° 

(20) 

".'.((yti.UU; 

)=  0  '  (21) 

Prom  equations  (17) ,  we  get 

\  =  %•  Vi  **-i  +  **-i  8«t-i) 

8.  =  "A +<„«.,),  (2!) 

'  V  C  K-t  0 

*  -*fr-  *C<w  V,)>W4t.> 


*4«t..v,u'ce,  Vl> 

**•7  *St-i  c**' *)  =  {  -  P  Y'  t.  >  y  ($  r  \ 

+,’V-‘  Vi,  v>h  (fv!)+t  m£v 

Vi  '*V?C"',>=  C4..V,)- 

4(1,  V,)>4(4v,)-{  4(1, V)  (23) 

V(tv,) 

1,*  <-,  <«•»>*  It-.  4'  (1/.-,)- 

4(l,V,)}4(tV,)-t4(t.,V,) 
4' (tv,)  , 

the  tension  is  supposed  to  be  uniform 
in  the  present  study. 

5.  EIGENFUNCTIONS 

Equation  (23)  may  be  expressed  in  the 
matrix  forms  /"w,x,  z _7 

Kk=  yiV, 

V  C  8*  )  > 

*  c“’  ■  v.  («> »)  <(“/»)) 

*  =  »>*,■••• 

From  the  above  equations, 

wrv, . V,  1, <“•*)(;;) 

(for  the  annular  drum-head) 

--  v  -ViV^C 

K-z  x,l, - ,  X 

(for  the  circular  drum-head) 

•  ••  <1,  («;*) 


Let  t;rt 


(25) 


Ch-i) 


■  ■  ■  t-  r<-*) 

*  > 

X  =  1,1,  •  ••  •>  C’V-O 

and  hence  the  unknown  constants  Ay  and 
By  may  be  expressed  in  terms  of  Ay  and 
By  when  k  ■  1.  Putting 

-  /  f  ,  £>,*J  1  J*  X> 

p«c“’>)=Lt 

we  get  from  equations  (24)  and  (25) 

B,) 

*  1  *  „  (26) 

k  |  k  |  <  CJ>0 

V(%)  Itw  <“'»>*« 

(for  the  annular  drum) 
k  »  2, 3, . ,n. 

and  the  same  expressions  for  the  cir¬ 
cular  boundary  are  obtained  when  Bj*  0. 

Substituting  equation  (26)  in  equation 
(20),  we  obtaion  rl>0  rt/Xj 

\  =  (.%)  *  {  C-,V 


Bx  =(rok',r,t-‘  le^,) 


(27) 


4(4 *)A.  (ft's )H 

*  si,3, . )H- 

Substitution  of  equation (27)  into 
equations (21)  gives 
00  ) 

H  ». 

>:o 


(28) 


1M 


The  system  of  equation* (28)ean 
yield  non-vanishing  solutions  for 
.  if  the  determinant  of  the  coe¬ 
fficient  vanishes.  Thus  the  charact¬ 
eristic  equation  of  the  present  pro¬ 
blem  is  given  by 

e°  <■•*>»)  t  (4  o} + x  (Ko 


*0*,  *)}=», 


where  ^  is  a  positive  root  of  the 
equation  (4)  * 

For  a  circular  drum,  we  obtain 

4  + £;%, » 

(30) 

t(AM  =0. 

la  this  case.  ^  Is  s  positive  root 
of  the  transcendental  equation  given 
by  (3). 

At  a  certain  eigenvalue,  « 
the  set  of  coefficients  is  expressed 
from  equations  (27)  as  _  _ 

/£>  =  <.%y- V-"*!.''  [ 

> »)  1 %«?*n)A 

'  *>  { *  Ctf  V.) A  («?<  >£• 

Equation (2)  gives  the  system  of 
quantities 

C'=  “~/V  ’ 

Substituting  equations (31)  into  the 
expression  (14)  and  using  the  expre¬ 
ssions  (32), we  get,  corresponding  to 
the  eigenvalue  f 


-  *Gt.VU«fy 

- 3 ■ » >  4 (l°n 

+  xCL°h[^!'c^,V  (14> 

k.  -  2,3  ^  x  ; 

Vx  (*) = /»£?cc «*,*  + d 

The  expressions (34)  define  the  eigen¬ 
functions  U. 

In  the  case  of  a  circular  drum,  the 
eigenfunctions  are  defined  as  ^""x J 

v£W40L°V) .  *(0,=  i 

*  hi-.  c»w»  ,  os) 

2>3, 

CO  =  CA  +  D 

6.  ORTHOGONALITY  RELATIONS 

The  orthogonality  relations  of  the 
eigenfunctions,  U,  can  be  derived  as 
given  in  refs.  ^fw,x,  z^.The  relations 


£.(«££!>  )T*« 

H-.)  r  ck  J  r 
00 

“  0 

^  "  1)2, 3,  * 

7.  SOLUTION  OF  THE  PROBLEM 


F-Tf-H 


.00 


We  can  write  the  required  solution  of 
the  problem  in  the  form 

w>=f_ 

Wvsl 

Vi  6*^1 

*■  -  #  s  *  (37) 

*  -  i,  a,  •••>*•  / 


where  the  expression  Vj^t)  is 
determined  by  the  expressions  (33)  and 
(34)  in  the  case  of  an  annular  drum  or 
by  (33)  and  (35)  in  the  case  of  a  cir¬ 
cular  drum. 

The  two  unsatisfied  conditions  (8) 
appear  in  the  forme 

f 

=  K»>  > 

from  which  we  can  determine  the  quanti¬ 
ties  CA,^  ,  D Altn  • 

Thus  we  find 


(39) 


and  s  1* /***•* 


where 


f. 


>1 


1 


•wv  *=l 


K-l 


K.- 

ICS  I  *  K-l 

**  =  1,  1,3,  -  •  •  •  •  4 


The  egressions  (40)  in  the  case  of  asy¬ 
mmetrical  vibrations  of  the  membrane 
(  S  O  )are  found  to  be 

is  ful^H  S\+,*)  ru^' 
Ks=k.  ***' V.K^)  * 


(4o«) 


. 

Using  these  constants,  we  can  write 


the  final  solution  (37)  as 

oe 


Ci^'x  t*  *CW\U^fS 

T  T  ,  *=  1  ,ly 


where  the  sum  is  taken  over  all  the 
positive  roots  of  equation (3)  in  case 
of  a  circular  drum  and  of  equation (5) 


in  case  of  an  annular  drum. 

8.  HOMOGENEOUS  DRUM  MEMBRANE 

When  a  membrane  is  homogeneous,  <57  =  S' 

<£  =  *•*  =  */*  »  4 


and 


*  a/e.  t  X  **  1,2,  . ...,n  and 

°-X  C»,  A)  =  1^  C">  *)  =  2-A^  (42) 


o =  iO,  *)  =  0, 

It  =  1,  2, . >  (*»*■- O  • 

So,  from  equations  (24)  and  (25), we  get 


M*  ^  n°t] 

.  ksU 

p'c"'>)=^7«  n  “j  <«> 

t=  “-A  • 


Upon  using  the  expressions (40), (41), 
(42)  and  (43),  the  solution  for  a 
vibrating  circular  drum  is  finally 
written  in  the  form  r*_7 

wO,t)=Z. 

T*7?0L*y» 


l  ’V  *-  OL*) 

+  *r> 


(44) 


where  the  sum  is  taken  over  all  the 
positive  roots  of  equation (3). 

The  express ion (44)  in  the  case  of  an 


annular  drum,  will  be  of  the  form  c-j 


'  - » TWw&w&m 


*f‘{v'LrK  ft$)- 


r*r 

(45) 


where  ^  is  a  positive  root  of  equa¬ 
tion  (5) . 


It  is  to  be  noted  that  in  the  case  of 
asymmetrical  free  vibrations  of  an 
annular  membrane  (without  the  air 
cavity),  the  final  form  of  the 
expression  (45)  is  ^f*W _7 


-/  •  7  ,-Vv  V  V  V  V 

..  ■>>  •  -A»  *-•  v  v.  .y ■<•-  •. ■.  •  .i  .'.it.'  -«-•  ■  •  -  •  «.■  i 
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*  *'*  fVctAJ-VwLA)}* 

Vl  »<.,«}*"  «*K»4LA<«> 

«&,*)  V&.tH&lft 

£  la  a  root  of  the  equation  (7). 

9. TWO  PART  ANNULAR  CRUM  MEMBRANE 

For  an  annular  membrane  consisting  of 
two  parts  Ot  ■  2),  we  get 

►,CMi  V(^)+ 
xtV'O+fUtfovcto) 
hf^  *icw 

\C^)^C^.)+l*»Y.C^)V(4ir.),  (47) 

4,  C«,*)  =  [  Pt 

The  frequency  equation  obtained  from (29) 


is  written  as 


s)  -ttf.t)  %(4  t;  _ 

'  ito)l/C  K  lx'C4i )  ^  (VO 
-  4'c4t)%  (4t)H  • 

In  the  absence  of  the  load,  we  get  the 
corresponding  equation  from (48)  by 
simply  putting  m^  ■  o  .  The  right  hand 
side  of  equation  (48)  can  be  written  in 
a  simplified  form  as 

[  { 4  (<!  *)%  ft* )  -  %  Cl  i)  * 

4  0*,  *! )}  4  U  *, )  ’.({ +, ){  J,  (f,  -.) » 
4(to)]/4C^)  *(£*•*). 


Here  ^  is  a  root  of  the  equation 
given  by  (5) 

For  a  nonhomo geneous  composite 
membrane  of  the  annular  drum, we  assume 


=  <r„ 


and  «l  =  <; 


assuming  the  density  distribution  is 
continuous . (Density  is  supposed  to 
be  maximum  for  the  first  part  and 
gradually  decreases  towards  the  boun¬ 
dary)  . 

In  this  case,  the  frequency  equation 
is  written  as 

-  -  Jo  ctv/cfc 

-  cot  a.)- 

’L 

Let  i^fr)  and  5UW  represent  resp¬ 
ectively  the  frequencies  in 
Vtn^>*.~  811  unloaded  and 

loaded  annular  drum.  Avoiding  mathema¬ 
tical  complexity,  it  can  simply  be 
written  as  an  approximation 

= u  ^KIXV)1 
<«> 

xM,  n 

4  C*eO 


4l*ex) 

where  x#K  can  be  obtained  from  eqv’i- 
tion(5)  for  different  values  of  4  CO. 

As  -*^;the  radius  of  the  inner 
edge,  C«>  *— *  ^  (**•)  .  The 

equation  (51)  (with  equation  (5)  ) 
shows  that  the  possible  values  of 
frequency  are  functions  of{feccentric 
load  m,  XfK  and  r  .  The 

variation  of  S^C**)  with 
is  shown  in  Tables  1  and  2  for  s  o 
and  2  respectively. 


0.0 

12.559 

25.129 

37.697 

50.264 

0.01 

12.182 

28.647 

36.943 

54.787 

0.02 

11.805 

34.175 

36.189 

60.819 

0.03 

11.428 

44.981 

35.812 

69.364 

0.04 

11.177 

87.951 

35.058 

82.432 

Table  -  2 


(Frequencies  vs.  mass  load  for  X  B  2,  T  /y  -  1.15, 

K  •/  0 

*/*  -  1*25) 


5 

XOn^) 

X 

1 

2 

3 

4 

0.0 

12.595 

25.129 

37.698 

50.264 

0.01 

11.335 

28.647 

36.944 

54.787 

0.02 

10.454 

34.175 

36.190 

60.819 

0.03 

9.698 

44.981 

35.813 

69.364 

0.04 

9.068 

87.951 

35.059 

82.432 

In  the  case  of  a  circular  drum,  we 
have  an  approximate  expression  ^~q_7 


-  I  +• 


(52) 


/ 


<<  i 


where  can  be  obtained  from  equa- 

'OTl  a 

tion  (3)  .The  values  of  (  = 

)  can  be  obtained  from 
Morse  (1948)  £" a_^f or  different  values 
of  The  frequencies  in  cps 

The  equation  (52)  has  been  analyzed 
in  detail  ^”q_7  study  the  frequency 
spectrum  of  a  loaded  kettledrum. The 
variation  of  with  different 


values  of  V* 


for 


0  and 


.  ••  V. /•  .*-  .v  -- .% 


-V-VV 


,N.\S  ,v 


ISO 


2 


Pig.  1.  Plot  of  x,n(**.)  VS.  for  m 

(annular  drum  ) 


2  is  shown  in  Tables  3  and  4 
respectively. 


Table  -  3 

(Frequencies  vs.  mass  load  for  Xx 


o. 


V\ 


- I - 

X 

^.nC^ 

X 

a 

i 

2 

3 

4 

0.0 

0.766 

1.757 

2.755 

3.7! 

0.01 

0.750 

1.767 

2.534 

3.8< 

0.02 

0.743 

1.775 

2.369 

3.9- 

0.03 

0.727 

1.788 

2.204 

4.0! 

0.04 

0.720 

1.792 

2.094 

4.11 
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*#  *.  V  »  '  4_*  •  .  •  1  •  *  »  •  «  •  » 


•  •  .  *  - 
'j- 


0.5) 


Table  -  4 


(Frequencies  vs. 

mass  load  for 

**•  “2'  ’t/s. 

=  0.5) 

r 

X 

X 

_ L 

1 

2 

3 

4 

0,0 

0.851 

1.765 

2.757 

3.754 

0.01 

0.834 

1.783 

2.536 

3.867 

0.02 

0.826 

1.818 

2.371 

3.942 

0.03 

0.817 

1.836 

2.217 

4.054 

0.04 

0.757 

1.853 

2.095 

4.167 

It  is  found  that  the  fundamental 
and  the  third  overtone  (odd  overtones) 
gradually  decrease  with  the  increase  of 
loading  whereas  the  second  and  fourth 
overtones (even  overtones)  increase  with 
the  increase  of  loading.  The  overtones 
of  a  kettledrum  due  to  such  loading 
also  follow  the  same  rules .  Thus  an 
annular  drum  may  behave  like  a  kettle¬ 
drum  in  the  study  of  frequencies  due  to 
such  special  loading.  The  effect  of  air 
cavity  parameter  and  the  harmonic  rela¬ 
tionships  of  an  annular  drum  have  been 
analyzed  in  detail  The  charact¬ 

eristics  for  construction  of  an  annular 
drum-head  like  kettledrum  may  be  sugg¬ 
ested  which  supports  Gottlieb's  ('79, 
'82)  investigations  (refs.  l,v) . 


10.  APPROXIMATE  EXPRESSION  FOR  SMALL 
FREQUENCY  OF  A  LOADED  ANNULUS 


For  small  values  of 
from  equation  (50) 


K 


we  obtain 


=  r.  t  SvffcTS." 

'  (53) 

and  ui 


Thus,  we  get 

u  (~>/*>  (o)  -  -Jiv?"  -  ft  > 

n  **■!  If*.  *\/%  J 


(54) 


This  singly  shows  that  the  added  mass 
(g/cm)  is  an  important  factor  in  the 
study  of  the  altered  frequencies  of  a 
freely  vibrating  membrane.  The  fre¬ 
quencies  also  depend  on  the  relative 
values  of  it  .  *  and  . 

O  J  |  & 

11.  CONCLUDING  REMARKS 


The  membrane  is  first  decomposed 

into  a  sequence  of  finite  parts  (e.g. , 
like  finite  elements)  to  allow  the 
separate  pieces  have  different  materi¬ 
al  constants  (or  different  thicknesses 
and  the  development  of  the  natural 
frequencies  has  been  analyzed.  It  is 
found  that  as  the  mass  load  increases, 
the  frequency  of  a  loaded  annular 
membrane  decreases.  The  same  is  true 
in  the  case  of  a  circular  membrane 
^”q_7.  The  pitch  can  be  altered  not 
only  by  tension  but  also  by  added 
mass.  The  effect  of  air  cavity  on  the 
natural  frequencies  and  mode  shapes 
of  a  loaded  annular  drum  gives  some 
information  to  the  drum  designer.  The 
frequencies  of  modes  (of  the  drum  under 
consideration)  are  in  order  that  would 
be  of  interest  to  the  acoustic  coinnuni- 

ty  concerned  with  the  design  of  musical 
instruments. 
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